Department of Mathematics, Indian Institute of Technology, Kharagpur
Assignment 2-3, Probability and Statistics, March 2015.
Due:-March 25, 2015.

. Show that the function
0 for z < —1

Flz)=¢ =2 for—-1<z<1
1 forxz>1

is a distribution function of a random variables X. Sketch the graph of F' and compute the
following : (a) P(—3 < X < 1) (b) P(X =0) (c) P(X =1) (d) P(2< X <3).

. Suppose that a random variable X has the probability density function f(x) = %e"x', —00 <
x < oo. Find the values xg such that F'(xg) = 0.5.

. Suppose that a random variable X has the following distribution function:

0 forz<O
F(z)=1< 2% for0<z<1
1 forx>1

Show that the random variable X is of continuous type and find its probability density
function.

. A random variable X has the distribution function

1
F(x) = %(g + tan™'x), —00 < z < 00

where tan~ 'z is taken in the interval [—5,5]. Find the probability density function of X and
compute the probability P(|X| < 1).

. Consider the function ( 3) .
2z -2 for0<a:<§
flz) = { 0 otherwise.

Check whether the function f is a probability density function? If yes, calculate the constant
c.

. Consider the distribution function

_ 1
 14e T’

F(x)

—oo<r<0oo.

Find its probability density function and show that the graph of the probability density
function is symmetric about 0.

. Find the expected value of a random variable Y with the probability density function

1
fly) = 56_‘7", — 00 <y < o0.

. Let 0 < p < 1. A 100p-th percentile (quantile of order p) of the distribution of a random
variable X is a values 1, such that P(X <1,) > p and P(X > 1,) > 1 —p. Find the 25-th
percentile of the distribution with the probability density function

fz) = 423 for0<z <1
10 otherwise
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. Let X be a random variable with the probability density function f. If m is the unique

median of X, show that

E(|X —a|]) = E(|X —m|) + 2/a(a —z)f(x)dx

m

for any real number a provided the expectations exist. Hence prove that E(|X — al) is
minimum when a = m.

Suppose X has the uniform distribution on the interval [, 5]. Let u be its mean. Find E(X")
and F(X — p)" for positive integers r > 1.

Let X be a random variable with the probability density function

x for0<z <1
flz)=¢ 2—2 forl<z<2
0 otherwise

Determine the m.g.f of X whenever it exists.
Let X be a random variable with the probability density function

ze ® forxz >0
f(z) = { 0 otherwise

Determine the m.gf. of X whenever it exists.
Suppose X is a random variable with the m.g.f

Mx(t) = e oo <t < 0.
Find the mean and variance of X.

Find the probability density function of the random variable ¥ = X2 when the random
variable X has the uniform density on the interval [—1,1].
Suppose a random variable X has the probability density function

%x for0<z<?2

f(z) = { 0  otherwise

Let Y = X (2 — X). Find the probability density function of Y.

Suppose a random variable # is uniformly distributed on the interval (=7%,%). Find the
probability density function of R = asinf where a is a constant.

Suppose a random variable X has the standard uniform distribution. Let F'(x) be a distribution
function which is continuous and strictly increasing. Let F'~! denote the inverse of F. Show
that Y = F~!(X) has the distribution function F(z).

Suppose a random variable X has the probability density function

fX($)=(1_6::x)2, —oo <z <O00.

Show that Y = HC% has the uniform probability density function on the interval [0, 1].

If the m.g.f of a random variable X is My (t) = e 6321 find P(—4 < X < 16).
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If X has N(u,0?) as its distribution, determine the probability density function of Y = | X —p/.
Further prove that E[Y] = O’\/g .

Suppose that the telephone calls arrive at a telephone exchange following a exponential
distribution with parameter A = 5 per hour. What are the probabilities that the waiting
time for a call at the exchange is (a) at least 15 minutes (b) not more than 10 minutes and
(c) exactly 5 minutes ?

Let X be a random variable with the Gamma probability density function with parameters
a and A. Compute E[X™] for all m > 1 and hence find E[X]| and Var(X).

Suppose X is a random variable with the standard normal distribution. Show that Y = X?
has the Gamma distribution with the parameters a = % and A = %
Determine the constant ¢ such that the function
@) = cx3(1—2)8 for0<z<1
10 otherwise

is a probability density function.

Suppose the bivariate probability distribution of random vector (X,Y") is given according to
the entries in the following table,

l\J>—‘O;.<

O olrxoiny
S QoH N

fololrnxolH O

Show that the random variables X and Y are not independent and find P(X = 0]Y =
2),P(X=1Y =2),P(X=2]Y =2).

Suppose that a bivariate random vector (X,Y") has the joint probability density function

2e %X 0 <,y <00
flay) = { 0 otherwise

Find the probability density functions fx(x) and fy(y) of X and Y respectively also find
P[X < Y]

Suppose a bivariate random vector (X,Y’) has the joint probability density function

2 0<z,y<l1
0 otherwise

f@MZ{

Find the marginal probability density functions fx(z) and fy(y) of X and Y respectively.
Hence find the conditional probabililty density functions fx|y (z|y) and fyx(y|z). Also find
PO< X <3y =3).

Suppose a bivariate random vector (X,Y’) has the joint probability density function

8y O<x<y<l1
flz,y) = { 0 otherwise

Find the marginal probability density functions fx(z) and fy(y) of X and Y respectively.
Hence show that X, Y are not independent random variables. Also find E[X], E[Y], Var(X),
Var(Y). Hence find Cov(X,Y).
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Suppose a bivariate random vector (X,Y') has the joint probability density function

1 fy<z<y, 0<y<1
f(m,y)—{ 0 otherwise

Find the marginal probability density functions fx(x) and fy(y) of X and Y respectively.
Also show that Cov(X,Y) = 0.

Suppose a bivariate random vector (X,Y’) has the joint probability density function

2 f0<e<y<l1
0 otherwise

fa,y) = {
Find the conditional probabililty density functions fyy(z|y) and fy|x(y|z). Hence find
E[Y|X =z] and E[X|Y = y].
Suppose a bivariate random vector (X,Y’) has the joint probability density function

1 fy<z<y, 0<y<l1
f($’y)_{ 0 otherwise

Show that the random variable X has linear regression on Y but the random variable Y does
not have the linear regression on X.

Consider an electronic system with two components. Suppose the system is such that one
component is on the reserve and it is activated only if the other component fails. The system
fails if and only if both the components fail. Let X and Y denote the life times of these
components. Suppose (X,Y") has the joint probalility density function

A2e—AMaty) g > 0,y >0

f(%y):{ 0

What is the probability that the system will last for more than 500 hours?

otherwise

Suppose a random vector (X,Y") has the joint probability distribution function

[ Q=) (1 —eN) 2>0,y>0
flz,y) = { 0 otherwise

Find the joint probability density function of (X,Y)
Suppose a bivariate random vector (X,Y") has the joint probability density function

y2€7y(2+1) €T Z O,y 2 O

f(:v,y)z{ 0

otherwise
Determine the marginal density functions of X and Y.
Suppose a bivariate random vector (X,Y") has the joint probability density function

b O0<zr<l,0<y<l-—=x
f(:L‘,y)—{ 0 otherwise

Determine the marginal density functions of X and Y.
Suppose a bivariate random vector (X,Y’) has the joint probability density function

12
) F2@2-2-y) O0<my<l1
flz,y) = { 0 otherwise

Find the conditional probability density function of X given Y =y for 0 < y < 1.
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Suppose a bivariate random vector (X,Y') has the joint probability density function

ez +y?) O<zy<l1
F,y) = { 0 otherwise

(a) Find the conditional probability density function of X given Y =y for 0 < y < 1.
(b) Compute P(X < 3|Y = 1).

Suppose a bivariate random vector (X,Y’) has the joint probability density function

2e= @Y 0<z<y
Jay) = { 0 otherwise

Compute P(Y < 1|1X < 1).

Suppose that the conditional probability density function of Y given X = x and the marginal
density function of X are given by

2y+4z
fyix(lz) = { o e

O<x,y<l1
otherwise

and
{1*34”3 0<z<l1

fx(z) = 0 otherwise
respectively. Determine the marginal density function of Y.
The joint probability density function random vector (X,Y) is given by

2¢~ () <z <y
f,y) = { 0 otherwise

Find the conditional distribution function of Y given X = x.

Let X denote the percentage of marks obtained by a student in Mathematics and Y denote
the percentage in English in the final examinations. Suppose that the random vector (X,Y")
has the joint probability density function

2
£2x+3y) O0<z,y<l1
5( Yy Y=

f.y) {0 otherwise

(a) What percentage of the students obtain more than 80% in Mathematics?

(b) If a student has obtained 30% in English, what is the probability that he or she gets more
than 80% in Mathematics?

(c) If a student has obatained 30% in Mathematics, what is the probability that he or she
gets more than 80% in English?

The joint probability density function of a random vector (X,Y") is given by

[ 122y(1—-y) O<z,y<l1
flz,y) = { 0 otherwise

Show that X and Y are independent random variables.
The joint probability density function random vector (X,Y) is given by

[ 4z(1-y) O<z,y<l1
flz,y) = { 0 otherwise

Determine P(0 < X < £,0<Y < 1).
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The joint probability density function random vector (X,Y) is given by

flay) = c(z? —y?)e ™ —r<y<z0<z<o0
S otherwise

(a) Determine the constant ¢ and (b) check whether X and Y are independent random
variables.

Suppose a bivariate random vector (X,Y") has the joint probability density function

f ze®tY) 2 >0,y >0
fla,y) = { 0 otherwise

Are X and Y independent?

Determine the correlation coefficient of (X,Y’) when the random vector (X,Y’) has the joint
probability density function is given by

2 v>0,y>0,x+y<l1
0 otherwise

f(w,y)={

Show that Cov(aX + b,cY + d) = acCov(X,Y) for any random vector (X,Y) with finite
covariance and for arbitary constants a, b, ¢ and d.

Suppose that U is a random variable uniformly distributed on the interval [0,27]. Define
X =cosU and Y = sinU. Show that X and Y are uncorrelated. Are X and Y independent.

If X has the standard normal distribution and Y = a + bX + c¢X? with b # 0 or ¢ # 0 then
show that pxy = ﬁ

If X and Y are independent random variables and g and h are functions such that E[g(X)]
and E[h(Y)] are finite, show that E[g(X)h(Y)] = E[g(X)]E[h(Y)].

Suppose a bivariate random vector (X,Y’) has the joint probability density function

_Jr+y 2>20,y>0
fz,y) = { 0 otherwise

Find the regression function of Y on X.

If (X, Y) is a bivariate normal random vector, then show that E(Y|X = 2) = py +27% (z—px)
where ux = E[X].py = Ely],0% = Var(X),o% = Var(Y).

Show that if X and Y are independent random variables, then E[X|Y = y] = E[X].

Suppose that a random vector (X,Y") has the bivariate normal probability density function
with px =5,uy =10,0x = 1,0y =5 and p > 0. If P(4 <Y < 16|X =5) = 0.954, find the
constant p.

Suppose X1 and X» are independent random variables with a common probability density
function

f(x):{ éezz if0<z< oo

otherwise

Find the joint probability density function of (X7, Xs). Also find distribution function of
Z1 = Xi=Xo EXQ .
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Suppose a bivariate random vector (X,Y') has the joint probability density function

[ 2x+y) 0<z<y<l1
Fl,y) = { 0 otherwise

Determine the probability density function of Z = X 4+ Y.

_J @ty 0<mxy<1
flz,y) = { 0 otherwise

Determine the probability density function of Z = X +Y.

Suppose that the bivariate random vector (X, Y') has the uniform probability density function
on the unit square [0,1] x [0, 1]. Find the probability density function of Z = 3=

Suppose that X; and X5 are independent random variables with a common probability density
function f(z). Let F(x) be the corresponding distribution function. Find the probability
density function of Z = min(X, Xs).

Suppose that X; and X, are independent random variables with the Gamma probability
density functions f;(x),i = 1,2 given by

®i~le—zy
fizi) = { “Tag - H@i>0

0 otherwise

Let 71 = X1+ X5 and Z5 = ﬁ Show that Z; and Z5 are independent random variables.
Find the distribution functions of Z; and Zs.

Suppose a bivariate random vector (X,Y’) has the joint probability density function

_J 4y 0<2z,y<1
flz,y) = { 0 otherwise

Define Z; = % and Zo = XY. Determine the joint probability density function of (Z1, Zs).

The ideal size of the first year class of students in a college is 150. It is known from an earlier
data that on the average only 30% of those accepted for admission to the colege will actually
join. Suppose the college accepts admission of 450 students. What is the probability that
more than 150 students join in the frist year class?

If X is a random variable with E[X] = 3 and E[X?] = 13, find a lower bound for
P(-2< X <8).

Defects in a particular kind of metal sheet occur at an average rate of one per 100 square
meters. Find the probability that two or more defects occur in a sheet of size 40 square
meters.

In a particular book 520 pages, 390 printing errors were there. Where is the probability that
a page selected from this book at random will contain no errors?

In a large population, the proportion of people having a certain disease is 0.01. Find the
probability that at least four will have the disease in random group of 200 people.

If a random variable X has the Binomial distribution with parameters n = 100 and p = 0.1,
find the approximate value of P(12 < x < 14) using (a) the normal approximation, and (b)
the Poisson approximation.
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Two jobs for the execution of some projects are randomly allotted to three companies A, B
and C. Let X denotes the number of jobs allotted to A and Y denote the number of jobs
allotted to B. Find the joint probability function of the bivariate random vector (X,Y).

Let X denote the amount of time a child watches televisions and Y denote the amount spent
by the child on studies in a day. Suppose (X,Y’) has the joint probability density function

—Az+y)
] wye , >0,y>0
fz.y) = { 0 otherwise

Find the probability that a child chosen at random spends at least twice as much time
watching television as he or she does on studies.

The joint probability density function of a random vector (X,Y") is given by

[t —y?)e® —z<y<z 0<z <00
) = { 0 otherwise

Find the conditional distribution function of Y given X = x.
Prove that E[E(Y|X)] = E[Y] for any random vector (X,Y) whenever the expectations exist.
Suppose that a bivariate random vector (X,Y’) has the joint probability density function

erfy(z+l) x> 07y >0

f(x,y)Z{ 0

otherwise

Find the regression function of Y on X.

For any bivariate random vector (X,Y’) and for any two functions ¢(-) and h(-), prove that
Elg(X)h(Y)|X = a] = g(z) E[h(Y)|X = ]

with probability one whenever the expectations exist.

Suppose that a random vector (X,Y’) has the bivariate normal probability density function
with ux =5, uy = 10,0x = 1l,0y =5 and p > 0. If P(4 <Y < 16|X = 5) = 0.954, find the
constant p.

Suppose that a random vector (X,Y’) has the bivariate normal density with ox = oy. Show
that the random variables X +Y and X — Y are independent.

Suppose that a random vector (X,Y’) has the bivariate probability density function defined
by

1

fla,y) = geﬂfp[—%(w2 + 31 + zy expla® + y* — 2]}

This function is not a bivariate normal probability density function. Show that the marginal
probability density functions of X and Y are normal probability density functions thus
establishing the fact that the marginal density functions of X and Y being normal does
not imply that the joint distribution is bivariate normal.
Suppose that a random vector (X,Y’) has the bivariate probability density function defined
by

fla,y) = ceapl-(7 +a2y+y° —z—2y)

Evaluate the constant c.
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A large lot of items manufactured by a company contains 20% with just one defect, 10%
with more than one defect and the rest with no defects. Suppose that n items are randomly
selected from the lot. If X7 denote the number of items with one defect and X5 denotes the
number of items with more than one defect in the sample, the repair costs are X7 + 2Xs.
Find the mean and the variance of the repair costs.

Let (X,Y) be a bivariate random vector with the uniform distribution on the unit square
[0,1] x [0,1]. The joint distribution of (X,Y) is

1 if0<e,y<1
0 otherwise

e ={

Find the distribution function of Z = g(X,Y) = XY
Let X and Y be two independent random variables with the probability density function

Ae ™ if x>0
0 otherwise

f(x) =
Find the distribution function of 7 = X + Y.

Suppose X and Y are two independent random variables with the probability distribution
function F'. Find the distribution function of Z = max(X,Y).

Suppose X7 and X5 are independent random variables with a common probability density
function

1 —z .
_ 5€° 2 o<z <o
I (z) { 0 otherwise

Find the distribution function of Z; = 5(X; — X3).

1
2
Suppose that the bivariate random vector (X,Y") has the joint probability density function

[ 2(x+Y) for0<z<y<1
z,y) = { 0 otherwise

Determine the probability density function of Z =X + Y.

Suppose that the bivariate random vector (X,Y’) has the joint probability density function

_Ja+ty for0<z,y<1
flz,y) = { 0 otherwise

Determine the probability density function of Z = X + Y.

Suppose that the bivariate random vector (X, Y') has the uniform probability density function
on the unit square [0,1] x [0, 1]. Find the probability density function of Z = 5=

Suppose that X; and X9 are independent random variables with a common probability density
function f(z). Let F(x) be the corresponding distribution function. Find the probability
density function of Z = min(X;, X2).

Suppose that X; and X, are independent random variables with the Gamma probability
density functions f;(x), i = 1,2 given by

z?i_le*zi .
0 otherwise

Let 71 = X1+ X5 and Z5 = ﬁ Show that Z; and Z5 are independent random variables.

Find the distribution functions of Z; and Zs.
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Let X7 and X5 be two independent random variables uniformly distributed on the interval
[0,1]. Define

D=

Zy = (—2log X1)
Zy = (—2log X1)

cos(2m X3)
sin(2wXs)

N|—=

Show that the random variables Z; and Z5 are independent standard normal random variables.
This transformation gives a method for generating observations from a standard normal
distribution from those of a standard uniform distribution.

Let X7 and X5 be independent standard normal random variables. Define Z; = % Show

that the random variable Z; has the standard Cauchy probability density function defined by

1
fZl(Zl)Z — o0 < 21 < 00.
7(

1+27)’
Suppose that the bivariate random vector (X,Y") has the joint probability density function

dopy for0<z,y <1
f(w,y)Z{Oy -

otherwise

Define 7 = % and Zy = XY. Determine the joint probability density function of (Z1, Z).
If X is a random variable with F(X) = p and Var(X) = 0, show that P(X = pu) = 1.

If X is a random variable with E(X) = p and Var(X) = o2, find an upper bound for
P(IX — il > 30).

If X is a random variable with F(X) = 3 and F(X?) = 13, find a lower bound for P(—2 <
X <38).

Suppose that X is a random variable with the exponential probability density function given
by
—* forxz >0
fla) = { 0  otherwise

Compute E(X) = p and Var(X) = o2 Compute an upper bound for P(|X — u| > 20)
using the Chebyshev’s inequality and compare it with the exact probability obtained from
the distribution of X.

How large the size of a random sample should be, from a population with mean g and finite
variance o2, in order that the probability that the sample mean will be within 20 limits of
the population mean p is at least 0.997

Defects in a particular kind of a metal sheet occur at an average rate of one per 100 square
meters. Find the probability that two or more defects occur in a sheet of size 40 square
meters.

In a particular book of 520 pages, 390 printing errors were there. What is the probability
that a page selected from this book at random will contain no errors?

In a large population, the proportion of people having a certain disease is 0.01. Find the
probability that at least four will have the disease in a random group of 200 people.

If ten fair dice are rolled, find the approximate probability that the sum of the numbers
observed is between 30 and 40.
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Suppose X;, 1 <1 < 10 are independent random variables each uniform on [0, 1]. Determine
an approximation to P(X; 4+ --- 4+ X0 > 6).
Show that if a random variable Y has the Poisson distribution with parameter A, then YT_AA

has approximately a standard normal distribution when A is large.

Let X1, ..., X15 be a random sample of size 15 from a population with the probability density

function ( )2
3(1—= Hfo<z<l1
() = { 0 otherwise

Find the approximate probability for the event % <X< %

If a random variable X has the Binomial distribution with n = 100 and p = %, find an
approximation for P(X = 50).

If a random variable X has the Binomial distribution with parameters n and p = 0.55,
determine the smallest value of n for which P(X > §) > 0.95 approximately.

If a random variable X has the Binomial distribution with parameters n = 100 and p = 0.1,
find the approximate value of P(12 < X < 14) using (a) the normal approximation, and (b)
the Poisson approximation.



