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Le‘L ub c/ombv‘de‘f @ C@HL W wheh we are

oltevvote luak\j, uvx\ucka, \uc,ka ] u\n\ucka,
luc,k\j, ..

Liw): 2V ("‘/z) + O Luck}
U Lvﬂ t L (_v\-—\3 + BLw) uw\uc\(a

éO\V.\V\} voe %QL
LIw): Q(LL Lvyz—»)) + @L"/ﬂ) +0n)
9 L(%-1) + 8L
0 (\n \ocam) Lucké

éo, even in Hala tase we ave l“f-ka.

How cen we wmake suse wWe eve ubuo”y

\uc,kj 9




Koncﬁowxi zed Quick Sort

Tdea: Poﬂ:i'Hon avound & Tandom element

- Ruvmin% osder 15 inde Pemden’c of the input
ovader.

- No assumptions need to be mede
'mPu’t distvibution.

about the

heits the LooTrst cose

- No 5F>ec_i¥1'c. 'mpu’t e
belhaviour.
- The worst cose w»s deleymined onla.

Ou\:Put o-? a 'ramo\om- number a.emefa{'o'l"

b& +he

Q@ndowﬁ zed Quick %ovt Anolv}fsis
Let Tlw) = the vondem variable for the 'runm'ma

‘{:ime o'f vandowi 2ed czuic,kboqt on Gn iPP"% o'? size

n, 055“““‘"‘8, fandowr numbers arve imole_PendewE-

For K=D0,\,---sW), c\egiv\e- Hre indicetor 7ondowm
Neriable ob:

) K.n-K-)
XK= {] a$ PAR‘TIT!DN <?-ev\e;raleﬁ 5;,{_

O otheywise

E lxxl‘ ?"’ixx“’i =Y » %ince all srh'tsa ove
C,Ci!ua“\& \fk&l!él ) @55;““;“(3 clemen’cﬂ
ove oUﬁHmc";-



(’T(o)-}T[n-Oa-GLn) if 0: n- sphit

. T +Th-2)+ gLn) i 1in- :
,(“.); |, 3] 3 | 3 -”P"L

(T +TI0) + gn) if n-1: 0 split.

n-)
= 2 X (T + Tlo-%-) + Bw)
K=0

C GlCulaHma e'n.PeCiOHOY\
g [Tew] - € [% Xe (TUO +Tln-te1) + 90"’)}

hc-1

7 B[ X Tt Tlaek) s o) |
K=o

n-
- 5 E[x]E [TLK)+TLn—k—n+91n>]
k=D

il -
i 2’_‘1 AUDIE -},—"Z_E[TL""‘"’]
k=0 K=0

-
-




(l)vove,: ElTiw] ¢ ‘3"“}” Jor constant 620

Choose 'a la-r%e. enou%'tnl so that Gml%n
dominates € [TLm] Jor :)uf?\ue,nt\a smoll n»2,

n-l

Use Jloct Z_KI%K £ -L "13"" L

n-

E[TCM] £ 2 Z- ak\ k + B

¢ gg_(.:lz_nllgﬂ - 8“ )-r Hin)

. ay\lgn - LQ-E-— 'B[Y\))

¢ Oml%vx

'lf 6 o»n chosen 1&115& e,noualn 50
than 92?- dowi nates Blv)

&uiokﬁm’t [ Pmal-fce

- &ufd‘( So'r*: s & %180*: cae,v\e:m\ -Puspose
bo-:-\'i\nz olcaoaritlnm

- Buitksort cen venelit 5u\os-\:onh‘a“3 frow
code \:uwm%

5 &u{c,kf,oq{ S “:ldlmcj\“:j ovey twice as fﬂbf

08 werge aovtk.



PT{OTi’blj &ueue.

A dete structuve iwx\o\ewxem’civxa,a set S o
Clemen’cb, each obsocio’ce,e\ with @ kc.at,
éuPPorE\\n% ‘Hae -@ollomim% oPe'ra'Eion‘b.

insert (&) : insert element % nto set S

setutn e,\ememt sk 5 with

\0‘(%&51‘: Key

setuwn element of
\eﬂf%est ke-z' ond Temove i

X)) inevease Hre value 0‘?

WG (.53 .

g with

eatract . wan [s):
¢ ¥'m\m o

WeTeRse — Ke,z, [6.'1 e,lemen\:

x5 key ‘o new velue K.

Heap
7 \m?\eme,n’co’cion o'?o F-rio-rih&

- An ow'rma,, visuoUzeo\ 08 0O ne,anr\g

O‘ue,u A2
com F\ 3‘!:&

b'ma\'\d vee

- Mean Hee? PfroPevi‘H: The KC'H
node Lo > thon the ke.gs °

oo oE a
P its c\ni\o\ven

(Mi‘h Hea? de?imed Ov\a\oﬁous\a)



HP—OP os & lvree

foot ot tvee : j—wst element in the avrea_,
c,oweeapor\c\;r% te)

Powem‘: W= i yeturns indea of nodes Pavenl‘

s Inden 0% node's 1eft

left = 21 : vetu
child.
Aaht ()= 2uel e qetuIns inden of wodes 7vight
i 3
C/lm)cl.

l?atamp\ei

& \y 0o B 2 9 3 2 &

/\lo Poivxkeﬁ «eﬂuhw\.

H&'\ca\\’l of o biv\a-nd heop ie Otla\n)

-
3



Hea P O?era Lona:

Mot - lnee-PQ EH : coyrect o 51\03]& violetion of
the heop onPev\:td in o0 subtree
ot jts voot

build- wen -heap: Pﬁroc\uc,e a woen- heap Rrom om

uwo'tdexe,o\ @vray .

tasert , entrocts wo, 'heaf;sodi:.

__‘:qG\‘)L.- V\BGFI'?H;

“Hhe trvees sooted at le?{—(f)

i Aﬁ‘;‘:u\me 'HAG}S
wt (i) ove woa- heepS

Ot\hcl 'ri%
- ‘3? A[i] viola‘:eb +he mam-—\ﬂea'f' P"OP“{H,
” 't-rick'ing " element

covyeet V) ole Hon blét
Hre sultree

Al dovin The tvee: makivx%

tooted ot waen Lt o wiam- heap.



MO\')L - ]ne,oPifﬂ, Ltpmom[)]ez

MAx- HEAPTFY (A2)
heap - ize [Al=10

Node 10 is the left ild »f node & bul & dvown o

Hae 'fiz‘ni Por conveniente.

Gmc)l\omﬂe, Al2]1 with Alu]
Coall MAR. YEAPTEY LAM)

beconse wion - heap Prm?e::ta Ls

violated



é-mchon?e Al4] with
Al7]

No wore colls.

Time = O (l"}"‘)

Moa. Hea P:‘PUA ?5euc\ococ;e.

|- L= left (D)
2. e > 'Ti%lf\t l.'-)
3, ;P(L¢ \heap -size (A and AlY) >A[l’1)

Q. then la-rﬂesl <l
S- else lovaacs‘t e L
6. f (r¢ heop- $i2e (A) ond AlY) 2 A[Iasﬂcst])

- Phen —meaeets Y

2. f law%esl: 3 U

T then enchange Alil ownd Allargest]
10. Wision. He.q[)iftj Uk.lwﬂes*)



(Build -Hem. Heap (A)

C@wvef‘ts A[l,.--, ﬂ] +0 6 Wi \Ae.a{:

Bu”d - HQQ\- He,af: LA) .
j‘o‘f L= "/9_ down 1o 1

do Man. Heafn'?!j, L’n")

. We stast ab iz Vi vecause elements A[‘%*‘.---M]

ave all leaves of Hhe tree

2i>n, Jov £ > n/y 4l

G uild- MHen- Heap €fnamp\e._‘

4 1 % 2 16 9 10 W & 7

o
%e
& d

Mon- Hupigu LA'S)
no c)no-ncdc.

Htm—Hea?;’E‘d (A1)
Swa p A4l awnd Als]



Mo - He@Pi‘E‘a (A.8)
Swap Als] and Al1]

™Mo - He—ﬂ?"g‘j LAD
Swe‘a Alr] ond A[S]

Suaa p AL5) and A L10]



Mo - Hem[pif:'d (A,\)

Swap [A1] with als]
1 Swop [A,2] with AlY]

Swap (A,u] i bin A1l

A: 1% 2 W a9 w0 v & 7




Bui ld - Mo - Hf’,a f__U_\? Aﬂa\\d,bii

We con observe +aet Meon - H%Pffg takes

o] Y jor noded thalt ave owne level above +he

leaves, and in ae,neval, o) jo'r Hhe wodes

Haol ove L levels above the leaves .
wi th

We wheve nly wodes with level 1, "%
{: hode

level 2, and so on Hll we Vove owne 799

thet (5 l%v\, levels above Mre leaves.

50, total amount o-? wor K in the -?o-r IooF

con be summed 28! )
nly L) + 7e (20) ¥ 80 * 7 r1llge
56{:{:,‘\,\3, V‘/q = QK OV\C‘ 5.“”‘?15 faihg o

CQK( 120*' 9-/9. + 5/2:,-1- s = o 8 Lku)/zk)

e ae‘t

m\ne Leyw in byasketks is \oc:uncleo\ bv O
constant -

This weans that Guild- Maa . Heap 5 OL")



He,a.F - 501{7

501’:'1\«\% é-\:-rei’(,eang
. Buia MML Hean\") j’l‘ows Lmow\e'le.a! ot'rmg-)
2. Find moasimuw element AL

te Alvd and Al

> Swa? elewen
is ot the 2nd mP

NOw wAG e,\e,me,nk
o'fm\d.

4. Djscava ~ode N j-rom heap

UDH decTem emi:ing Whesp-oize
'vowia\o\e)

5. New TODt maa VBO‘GL@ YWABDL '[AwF
clre,n ore. MOAL

P'm?e-r'\:\é}, bub its chil
£ia this.

Ruw woen-heap to

hean-
6- Qo ‘o 5-‘(,31: ‘2 um\ess \nea{_) 'S5 e,mpjcv,

Heap Sovt Ru\nninﬁ Time

— after n ':’cen'al-iowg HeoP 15 emPh&‘
akion ‘nvolves & swep ond A

0 L\O%h) Hme.

- evevy itey

WO - \neap;fﬂ

o?eToH on;

Hewnce , overall : O(vx\og\n).






kaof) size = <

E @ g F,.-r]; of heap

Men_ \,\e,ql); 1213 [.A")







How $ast con we 507‘:?

Al the 9or-¥'m8 a\eaoriﬂnms we. hoave seen so
'ko-r ave cmmpa'rison 501’03: mnlwa_ usie cpm?a'rfsons

‘o determive. Hahe welakive ovdes of elements.

- E% insevtion sovt, mc'nae. sort, Gluic,kso'rb

heap sort.
The best worst case Tuhv\fng kwme thoet we
have seen Jor cowparison sorting i® otn\oaw)
[4 o[nloan') Hoe bask voe e do]

aDecision lvees con helP onswer this 7ues+lar\

Decision Tvee Model

A decision tree con wode| the enecu tion a-e

Omd wmporisow sovt!
. Owne *tvee ?Oo’ each 'mruk 2ize N.
« View the @\301‘? thw os SPI;’{HV\g,
it compaves two elements.

© The tvee contains the c,ompan'é ons a)ong
al)l possible instyucton tyaces.

* 'ﬂne “lu\r\niv\g Hwme Og olcao'riHnwu = the
16\«\?'\% of e PaHn token .

: WOTSL Case 'runv\iv\a Hwme = ‘/\8.38}\[' Df +Hae
tvyee.

wheneve?



D ecLsion lvee E’—:xam p\e._

Sovt :{2,4, 6

32)

« Each internal vode s \abelled U3 for

L’\i € {1[2; 0--15"’}
» The 1*-19{: subtvee shows 5ub5e.c7ue.ﬂ3c
Covnpowisonb 4 Oy £ 9f

que,n‘i

v The vri%\a’r. cubtiee shows sulbse
'7,@:'

c.,ompan-ﬁ sONnS it ag

125




2 39 32

[1a2 312 |

(182 212

hept 9

tOOL\ ‘ea-" ccw'\:o?ws (¢ ] ?eku{ah'mh

{xY, "D, - - - ~L “5> +o jnds cate the o'm\eﬁvxg

Grryy A& -7 Rulw) oo been

es’oa\olis\nec) :




L.ovser loeund Jaw decision_tvee Sorling

Theorewm:
A\n o\er_ieion %'ree, thaet con 5o-ri‘ N

elements wmust hoave he,iaht ﬂt”‘%“)

Q'TOOE .

The tyee wust contain zn) leaves, since
there ove n) Possible- Tevmu{a’donﬁ-
A \f\e,i%\nt~h, biwoig tvee hos 52“ \eoves.
Thus nl ¢ 9™
h>f ‘Oa (—“1)
T eter) [ strings o]
E h\%n - Y‘\je—

Q (wn \8“)

Co-rol\a-rg-.
He,a\abotls and T”\uge so1l owe osa

OPHW\G\ c.ow\Fa'riéon& ‘.'DO'iHng o\aoa’it’hm.

m P}'OHCG"#



Week 4. Lecture Aloles

ToPicsz Lineor Tiwe 501-’:\'v\g
Counting Sort
Rodin Sort and Bucket Sott
Ovder Statistics
Kondomized Order Statistcs

Wor st Case Llinear time orwder
Stody stics.

.50“'ng in Lineay Tiwme
o J

COUWHV\% Soxt
o U

/\[O Lamtvavisom be{ween elemen):s.

Toput: Al1ooorl, uohere AL{] € o]

Ou’cgu’c . By, sovted

Aumi\a‘w%) 5Eomag
e DyeX]



g(Duvx'%;ivxg 501’"41 ?5e.udocoo’e,

b
fb’f L e 1 4o XK

2.
) do (C[i] «©

. Jor § &) Yo n

b, 3o CIari1l < ClAL ]+
5 Jor ( «— 2 K

6.

do ([i] « clil+cli-

3. j-o'l 3(—— n down Yo 1

3. do B[cC [Atjl'ﬂ « ALj)

2. c[atill < elaril-l
[:/f)Lam‘vle:

Acsﬂqi\
Y 28 ‘GL 719"'
A: 1S 4l C'w

v 2 3 4_ S

g [T L LT




do ¢ [a CJ]] — c[aCy1]+]

do C[C]e—~0
R
LODEZ:
j‘m’ :)4'—'4'0 n
A laf1(s |y —ﬂ
B: |
Laor :

j-o-r (e—2 4o K
do ¢ [i] & clils o]

A: [}

l

Boo

G: | T

[T

g D_

N




Loop b
Jor j‘—h down 4o 1
do B[ claryl] & ALj)

c[af1] «— c[acji]-)

214
1 5 4|3 C"!Ol"

*Avm]v\dsfs of the ?Seuo‘occole

.
Blk) | Jo7 L1 +ok
L do CIL] «o0

r .
Olm) | o7 jer b
do C[A(;]]ectkfjﬂﬂ

QLK) —]-o'r le-2 4+ K
do CLt) e clil +c[i~]

Jox j & n down o )
do B[c [ati] ALy
¢ [Arj1] « c[atj1] -

B [n)

kQ (nar)



qumivxq T_i’W\C’,
o

4 K- 0("7) then couvx’n'vw7 s0¥t tokes D(n) Hiwme,
’ %ML, 5o-f|:\'vxa tekes ﬂ(mloam) +Hwe .
Where s Hre jo\hca‘z

Avx&weﬂ

5 Com?@'ﬂ'sah 501’%{\!\3 Jakes L0 LV\loan’) Hwe
- CwnHV\? 507t 6 nol 0 compoarison sort

. 5“ jﬂtt, wot @ bivx%)c, c,ow\Far'tsoh between

clewment oecurs .

;Jcodole 5ovtivxﬁr

COun'HV\? sedl (s 0 Slable sont,rve. it

?qcbe-(vcs "Hne, iV\Fu{ o'rd&'l OW\OV\% eunI

elements.

S nnne

B X\ 3\3 y | o




KOC’!"% Sovl

O'n%m Herman Hollerithh'’s Covd - 5o'ttm?,
meachine —gvo-r tHhe 1890 U.5. Census.

' b'a"t" by -dt'a'll’. sort

Hollewith's orngwm] Llbad) jdea: seort own
wosl - 5,%\;\‘ cont &iait Pivst

¢ Qood idea - %08t on least- sign"ﬁcawt digit
9] \Y

._'E—{—bj' with Oumi)u‘wra stable sovt.

QFemHo\n of KRodin Sovt

—_—

329 202 1o PP 329
et °171® 3129 35
6 5|7 4|3 |6 yla¢ yagog
gaq|7  4S|79 |2]sqF ys3
4 36 §l5|? 3|ss ¢ sq
1 2(0 31219 415 1 79 o
%2 58 8Eﬁ cls+ ¢339

Sovted.



_Cowec,{neﬁs of Kodia Sort

3w)uc’cion on d\'ait Fosﬂ:ion.

- A ssume That the vumbers are sosted ba
their low- ovdes -1 oliat"c&
- Sort on digil t.
+Two wumbers Haat differ in d;ait 1 ate
C,owec,{:lsa sorted.
* Two numbers e_c7um\ i ol;.ait t eve put in

the sawme order as the iwgui
= (Covrect ovder.

A na‘jbis of Raoh"x Sevl

- Assume couv\i'\na sov7t is the auai l:’a'ra 5table
Sovt.

- Sovt w c,ow\Pui:ev wovds of b bits each.

»
- Each word con be viewed as \nawin? b/.r bose -2

da‘cas'fb.
B % 3
Emamfle: 22 lbit word } 1

%
:@ » 94: 4 passes me Couwh'na so1t on bose-2
AA‘U\"ZS', o T=16 © b/.,'; 2 Passes O'? COMV\HV\Q,
Sovt on base- Q”' dja;’cs.



How \Mama Pesses ghould we wrake |
Qeca”:
Ceuv\'\'ina 507t tekes BHln+k) Hiwme 4o sort 1

Numbers jy Hpe Yﬁﬂﬂe 0 4o k-)
1¢ €ach b-bit word s broken in b/, e,?ua) preces ,
eaclh pPoss o-? c.ouvsHV\Z s07t takes 0(7\42') Hwe.

Stnee Hreve ave by passes, we have

T(wv): B ( %‘ L”""'—’—'))

Choose ~ o wminimize Tlw, b)

) 3vxweaa\ma 7 meéns -?ewe;( qmsses but as

Y2 \D?V‘: Hhe Hwe grows eaPonemh‘GnJ-

C\nooain A
s
Tlw®) - 8 (& (~+29)

: 'nal0
Miw‘w‘i—ze T(V\.\o) b‘d o\;ffefenho\—ins ond se;thna

0.
O« jubi: observe Haal we don't woant 27>5n, and

. wn Clhoosing 7
Here's w2 no \arwm os.dw\[;hhusl\g n oo s a

) Y Hrie consbtreint.
a5 \@'fcae ae Poasab\e_ , bu\oje,cl Yo thi

o o
C\noobivxa T« \ogh ¢> Tlmb) - 9( h/% )

d
o Foy numbers in Hae 197\86 j'rom O o -1, we
hove b. dlbah 7 ¥0dia sort vuna in O ldn) Hwme




gOV\c/luﬁiov\ﬁ

)w ?voc'Hce, Qoob'ot Sost is -?Gb't dos Ie«ge inPuiA

a5 well as simple 4o code and waintain,

gﬂample (‘bl—bﬂt humberb)

- At wost 3 F’ntses passes when soﬁ:ing
> 2000 wwuw bers.

. Me,-rae sort and c!ufc,koo'tt do atleasl
Tl”? 20007« 1 passes.

Dowmwnside:

Uwnlike a‘uickbovt, Todin sort ob'sP)aa_s
\ittle low\i’ca of 1eference , and thus o well-
tuned Glu\ckaod: foves lbetter on wodern
processors; which feature steep wemory

hievear chies.



Bud(e't 501'4!:‘

Io\ea-.
- Divide the interval [0,N into wn ecluel—bized

subintervel, or buckets

- Distribuke Mo v inru'}, number s into tHhe
buckets .

Since Twe ‘w\‘)u\:‘b arve assumed 1o be uvfx‘?ormlg,
dist+i buted over [on), many numbers do not fall
who each bucket.

To F'roduf,e the Ou{:Fut, S'HMPlz sovt the numbers
wn each lucket oand then ¥° 'Hn'roua,k the
buckets, W order, \isﬁna Hhe elements ineach.

Pﬁcuoloc,oo\e of Pucket Soqri

BUCKET - soRT (A)
L N e lengH«[A'l
2. Jor L&) 4o n

3, do insert ALl it Nist B[ LnAL]
4 o1 L« 0 4o n-)

s, do sovt list Ofi] with insestion sort
(. Concolenate the lists Blol, 80 ...

&ln-1] -l-oac'\'kef n ovxder.



F’;LGW\FkL

HRY o
2.9 ) i —- al/
> [ : [ Eo-E -
b .26 3 —+— Tat]/]
s .32 L, 7
6| 9y s
i ¢ | +— Lesl/]
;- 3 [ e
1 2% S|/
1o .68 9 > m
A B

A: 3V\Puf ovray
) on‘unl 01’ &oq{ed lists (buakd:%) o-r{cy \ivse, 5 o-?

Hre eboove 0‘3 ovithw ,

C ortectness of Pseudocode

Considet two elements Ali] ¢ A[J]
Since  Ln AL ¢ Lnalil] ] element AT is ploced
either into the same ucket as Al;] o7 o ouwcket

with lower index -
3} -Hne& ove ?kacec) n same luckel then the

*Y_o_'(_ \ooy of limes U-§ Fub Hhem in p7oper order .
line b

W +\net( ave F)ac.ed in different buckets
?uts Hem jn propev order .

Therefore , bucket sos bt works c_oncct\z{‘



Aﬂal%bis O'P Ruvm\'nq, Time
0

- Observe that all lines eacept line & tokes 0 (»)

time in worst cose .

- We need 4o blrlance the Yota) Hwme token ba He
v cells Yo insertion so1k in line S .

Let wn; be the vendom vewiable denoting the
nuwmbey o¥ e)ements F)oced wn bucket Qli] .

50, 'o'uvmima o—? bucket sort (s

= | .
T o 2B ol [ e s
tL=D?

Yuns in 0ln?)

-
> gfito]- €] Bt 2 otn))
L=0

n-!
. g + 5 € loun®]

(=D

Bl T OEDne]) —— O
=0

We cdoeiw Haat

E[«V\E“X: 2—},'\ j‘Of l:‘- 01’)"')'\"‘- _“‘:(2)

be-ﬁ)‘v\e.
Xij e 1 iACj] ga\\b in bucket 13

Jo¥ C:0.. nel, Jehlyy . -onN.

n
S ni= 2 Xij
=1



> el e (2]
g, ‘2;_25_ X iy Xiw

57—) Kz

D e
=E[inj"2 e Xi)'Xi,J
J= 1¢j¢n 1eken
K$)

n
)2 14 )5::3"

A3, Indicator voriable Xi; is J wit probability ),

ond O pHhex wise, 5o

E Lxi;] « 1 hroi-%) L

When K2, Xij ond Xix ove inde pendent , 5o

E Lxg Xix] = Elxi7 EDxee]

= L1 )
ron = TR
o0, -
Elntl. 5oL+ 2 & L
= 1€jen 12kén P
K3)
5 n.-'; + V\U\—'))s,q
2 I+Q;,-
N
= 21
N

=

Lohiel, proves (2)



Uéin% this expec'l’eo\ value in Q),

wWe con 5&3 Halt Hae 'ruvmiy\a Ywe of
bucket sorxt wo eqLFe,CJceA to be

Ty = Blw) + n. Ol2-1m)
= Hln).
¢ Thus, Hre entire lucket sost alaovit‘hm 7uns

in linear em?ec}ed Hwe.

COmc\usion

- Buc,ket Sort Yyuns in ineary Hwme when Hre im,:u{‘

1% d¥auwn ’S'row\ @ uvx'\-?orm distvi bubion .

- Like Counting sost, it is ek,

- Bven ¥ Hee 5h‘>ut is not drawn Jrom &
uni form  disteibution, bucket sost i) TUuN in

inear kwe, as lOv\ﬁ as -Hre input has the
?"0?6“%3 ot e suwm of Hhe 5(11,40765 of Hhe

bucket msx sizes is linear in Hre tolal number
0'? (’,\cvv\ew"cs.



D+dex Statistice
\ —

Select e _L_*i swallest of n elements (e

element with ~vank i).

-

L)) wivimung

L=V, yMeanioauwm

b L@ﬂ)/zj - r(m-\)/z-) 5 \Me.o'ian.

/\]m‘ve Alg orithwm.

Sovt awnd index i element

Wovst cose ‘ru\nm‘wg time - QLV\IDa“) + GL')

r B nlog n)
ubin? me'rg,e sort or HeaP sovt (not @\W‘dd"'t)

Q@ vxolomizeal (‘)\'vio\e- avsd - Lovs<7uef alaov'v tHam .

Ranp - seecT (A, P,1,i)
f P=q ~veturn ALp)
T e Rand - ParmiTion (A, p.9)
ke—T—P+)
i ook vetuvrn Alv]
il t<x
Heen veturn KAND. SELELT(A,y,'r—!,z')

clse veluvn RAND- sELECT (A, v41,9,i-k)
e K —

< ACY] >»A0] ]
P 7 ?




EmamPle
Select the (= ™

S\Mtv\)esl’.

6\0\5533

2|0 ts 7
? |
Pivo't
Po'r*:i'liom
215121 6] 8] 3] w]n] Ky
t i,
select Hae - o

T-4: 2" element 'lccufsive)a

Totuition for Analysis
- U

Al our analy sie heve assume Huat all the
elements oave dushnet.

Lueky : h’"/‘ °
2}'I‘Lmh T(W)p) + Bln) [h Sl l]

Cose %

. Oln)
Uvs\uo,ka:
Tl = Tlne) + 8L [mf’dmeh‘c]
Sevres
s 9(‘”2)

Worse than sor%ng



Awa\} 518 o-? E—OkPec\:ed Time

—

The G\V\a\zbis '?O"Owb “‘hal O'? TGV\ADVV\;‘ZCA
CIuiaksoﬁ, but it's @ litlle different -

Let Tn): Hie vondowm variable Yo Hhe 'runm’v\a

tiwe 0'? RAND— S5ELECT on on inrui O'F si2e n,

assumiv\g fondow numbers are iv\o\ependemi-

CO‘( K=0,%..., n-l, d&&'ﬁe e ivdicator Yondow

vaviable X as

T PART)T!DN cae,v\e,m-leb o K:n-
:Xx=

k-)spw{
0O otrevywise

To obtain on upper bounc{, assume Hral the ith

e\emex\\: a\wazb -?a“ in the 107361 Side o-? Hae
FOK'HHDn.
Tman i""‘”])-'-glm) if 0: n 5};)1‘{-
T(ma'uL\m-zﬁ +yBn) if lin2 split
Tlw) =

T (wan L na, 2) + BLn) % G PR 9F)-‘}

n-!

- Z xk (TLMM\, ikm-k—"g + 9Lﬂ)> .
K=o



Ca\c,u)al'n’v\a L(OLFed:O’dOh B
d

w): < Ra (T(_mam {K,“—\t-ﬁ)*m"’)]
AUCIEN LZZ

. “i_ G [X,‘ (T (o {x, n-x-"i)+ 9Lv~))J

'2. 6 [x '1 E\:T(w\av\ {K,V\'k’ﬂ) * el“))]

K=0

n-
g ,L ne E [‘Ttmomik,n'*’)]).)*—l; f:oe LV\)
N k=0
A
’ L
: 4 5. g [T]+ 6Ln)
N Kx:\"h)

P'rove,: E' lTLv\)] L en jmr constant €20

« The constont C Con e chosen larae e,mougk

oo thet E[TU‘)] ¢ en Jor the baoe cones .

n-l
v Use jac,t: S Kk ¢ 2t
ks L) 3

We have,

“" . -
5\»‘06"“*“"‘1 n?
Z. ck + Blw)
E [T(n)’} ¢ - %‘hl \ELTU"’ S s



So. using Hre foct steted above
e lrm] ¢ 2 (5 i) + BLn)

= Cn ~ -c—:"" 9‘."))

L Eope ssed o0 1

desived - vesioua)

L en

-

'Lt C A0 chosen \wnae e,vxougk so ‘Hhat C“/‘,
dowminates Hhe 9{"‘)-

c§ LW RTY ot 7ovrdowmized ordey- ototistic selection
e =

S

« Wor ks fast: inear eaP&ctcA Hwme
. Emcellent a\aofif‘nm " f'rac-h‘ce

but Hhe worst cooe o VETY bad: HLn®)

A. s Hieve an a\aor'\'ﬂnm Prel 7uns in Unear
%

Hwe in Hhe worat cowe.

A.. \fes, due to BGluwm, C\oaa, Qra’d:, Rivest awd
Taf)an [H?S')

\dea: (ﬂenera’(e o ?ood Point ’le,cu-rbs‘ve)y.



\f\lowsk Cose Unear Time ovder statistics

seLeet (in)

. Divide Hhe wn elements into %raup.s of 5.
Find the wedian of each 5- element 7rou‘>

2. Recursiveln SELECLT the wiedian 2 Of the
s | grou p wmedians to be the pivot:

3. Qartibion arownd the pivot . Let Kemanka)

Y, if tsk Haen Teturn A

else i <K . S
then wre.cw'bive\\J SELECT Hhe .
smallest elewent in loweY CELECT
part - A

5LELT the Ut
Pﬂ'(i’

e\se 'ret,w/bive’
smatest element in uppe?

C Woosing the P‘V"E
@)

@ o [ ®
[ ]
. * o, e e o o
® ® [ o ® ° ®
0 L2 & ° ] » *

- bivide wn into 870\.«?5 of &

- eecmsive\nd SELECT the wedian o a2 L%l

qToup wedians @5 P?\w%-



'AV\G]&{;LS
Assume all elements ove diskinet

Atleast halp Hhe ?rouF medians £, which
ls atleast LLMI;J/zJ . Wil group N

/’I«evefore, at least 3 L"1o) elements ave <o

é‘.w\"]a'f\g, at least 2| "™io ] elements ave %2t

[ .
o

S

/X 8

T‘jiv\m 5§mpl§ﬁa’ﬂ‘on
o Foy N2 %0, we howve oL he) % ny

. "ﬂnevefote) fow n? 50, Hae 7ecursive call fo SELECT

* —n"“b; the T@ currence -gmr sunnine Hwe can

@ ssuwme thet Step 4 takes hwe TL3"4) in
The worst case.

. for NESO, we know Hrat e wort cone Hme
(> W) L)



l)e,ve\o P!wg ‘Hie Tecuxrence

Serect (£,n)

Blw L" Divide +he n elements indo ca-roups of 5. Fnd

e wedian of each S- element <a70uf>.

T(-“/S) {2. Re.cwrbive\a SELECT the wedian A of e
s | %wu? wmedions +o be Hae ?ivot-

LAY ﬁ Pa't{-ih‘on avound Hae ?"vm" A .
Let K» vonk(2).

b. i£ tzK Haen retluyn N
else if i<x
’T(sh/q> 4, then 'rec,ursivc\g S5ELELT Hae stk
Smalle st element in the lower parl.
N
else 1ec_wrsive\\& SELELT Hhe [v-K)

Smallest element in the uppey

Pow'l -

/
lhus ‘the Tecuyrence is,

Tlw - T(-:;;")-r T(%“) + Bln).



éo\v?m% He Tecuwrence.

—

We \ave

Tn)= 1 LV"S) +T Cb“/"') 3 6w

Tlw) ¢ ls,c,vw- %c,v\-r An)

= 1V en o+ BLn)

20
: Cn - %BU" QLM)

Len

,.f C wn C/‘/\Ojcr\ \Qyze 2“0\‘8‘1\., {o \n@V\Ale bO‘Hﬂ "“»\Q

9(.\'\\ ond the wiHa\ conditions.

(. onclusion

ach leve) of Tecuy sion i3 &

e Sinece work at e
‘the woosk f@'f

constont Pyoction Qq/zo) swalle,

level (e>acae,ow\ehic sevies dowinoated b-a “‘Hre

\inear work at the oot .

'\“/\M TUND S\OW\S)

+ I prethice, Hais o\ao'r‘\
3v‘ovx\: of N i \owae.

because “he conotant in

oxi thw 18 Ear WOTE

« The vondowized 01?

?'a’oc\'\'ca\.



h\leek 5. lecture /\lo{esﬁ

Toticaz Hasw Function
Open Adci‘rebe,in%
Universal Hashin
Per?eot ﬂaswnz
Bino«vg Seavch Tyee (85T) S04t

étimbol Table P-roblem
4 .

5\awx\ool toble T ]r\o\ohnz n vecovdls:

Tecord
A—s
kcj (] :
other
- Helds
aon‘:odni\nﬁ

sate \lite dlata

J

How should the dota structure T be ovaomiZed ?

OFe-(a\-iovxs on 1:
s INSERT (T, o)
*DeLETE (T,2)
- SEARcH (T, K)



b'wecb - access table

IDEA: Suppose thet -the set of Keysis K € foun,...,

m-—?}, awd the kea,s ave distnet .

Se:tup an ow-mx T(O--) W\".li
2, if x ek ond keg[mj:—K;

T[] = ,
NiL, otherwvsée -

Then Hie oPem’n‘ons toke 9(13 Hwe.

QOBLEM: .
The 'mmza of Kcas con be lo'rze 5
1 6k,4ub,Fuv,

* 64 bit numbers kaidn vepresen
6319, 309,616 different Keas),

¢ Chavacter b{ﬁi\mas (3‘/@” le%&T)

Hash Cw\d—iovxfi
Selulion: Use @ hash juncﬁow h o wep the
universe U of al keys into {0.1,---,w~-l}:

.«r
0
K - k)
K ) Kn,*ir y i = h(Ky)
- w[k,) = W¥s)
U wiKs)
™ -\

Whew a secord 4o be nserted wops +o on

0\13@&\3 occuﬁea\ slot in T, a collision oceurs.



erolv'w\g( Colli 21 0ns by U/\O«ivn'nq,
4 ¢ —
T

: "*"h’ —18¢ | 52|/

AYua) = W1ge) = hig): L

"'Aiha\%sis o-? C/L\ain'mgt
We wake the aesuW\PHOn of W&m

\nae\n‘ma :
» Cach key K€K of k63$ is eﬂuo\\a bkcl& to be hashed

Yo ony. slot of teble T, independe\nt of where
oYher keas ove hashed.

Let n e te nuwmber of Keys in Hie table, and
let w» e +Hhe number of s)ois.

Deline tHe \oad factor of T 4o be

A= Wm
. avemae_ vumber of keza per slot-

Seavch Cost
E'oLFed:eo‘ Hime o search Lor 6 record woith 3:’ven

Kc\a < 9&‘4’ k
a?p\a hash Sunchion
ond access slot

o E%Pectec\ seaych Hwe = QL) i _Z‘L_OL')J
oY eqm'velenﬁﬁz, ¥ ne Olm)

seeych Hhe
list -




Q/\oosina a hash 'Euvxc;HOn

Tb\e Gbsuw\p'h'ovs O'? Sivn

hervd +o czuo'rontee , but 5
tend 4o woork well in

Ple Uhi'ﬁ)'ﬂm V\as\ning s

e\'e—f@’ cComwmpn ‘L‘edwn??ues

P-mch‘c.e o \OV\? as Hheiv
o\ef-n'ciencies con be avoided.

Des'vra’co:
o A cacoc‘ hosh '?uvxc,'h'on should distribule Hie

Ke.as uv\’neo'rm)j into the slots of Hie toble.

. eezular’tiy in ‘He kcy distyibulion should not
offect Hhis uni-fmrwity.

)\ iv;sion‘Me{—kod

A ssume all keas ore in&egers, ond olee{ne.
h(K) = K wmod m
]}eficie,nc,a: Don't pick on wm Hrol hes o swmal)
divisor d. A prepovderance of Keys Hnot ore
Congruent vmodulo d can oolveraely ofPect
u“;gom-.tj.
E-od:reme o\e-e;c.ienca-. 10 m: ‘2—(, then the has h

doeshot even dePend on all bits o—" K:
e 1%

K« 10“000\\1
O“OIO
h (k)

7 2 ond v=4
en

Wik): on o0,



biv\sion Me thed (Co\n’dv\uedl

hlk): K wod m

Bek m 4o ve a prime net too close 1o o power of
'J ov 10 ond wnot otheruise used FfowﬁvsemHJ in

the cowxpuh‘vxﬁ enviTonment.

'AV\V\O\jGV\CG'.
Sowme imes, wxmkivxa, +Hie table size &

P'ﬁwxe ies inconvewnient

&u'\:,‘l‘\nis wmetrod 18 FoPu\aW, o\ﬁnoug_k Hhe

neat wmethod we'll see is usualla éuperiof



MU\\'HP“CG'HOV\ MeHrod

/-\ssume that al) keas are ;n":eaexs,m—. 2" ond

our meutea’ ;\05 w-‘oit word s . be#ne

(k) - (A~ K mod 2“’) voh (w-r)
wWhere g5l je ’Hnee\oit-wise -ritaht-shi?t“ operator

~)
ovd A is an odd w.{eaer in the range 2" ¢AL2"

* Don't pick A Yoo close 4o 2%
* Multiplication wodulo 2% ;4 fast

* The +¥sh oPerahr is ")as{-.

Mu]h'?)v'canl-n'on wetHhod example
hk) = [ A. K wod 2% ) ¥sh (vo-r)
5uppose, that w= %= 2% ond Heel our computer

has w: 7- bit words.

loneoy = A

1nNoYol .k
"DO'O‘D o\) 601}
wniw)
K1
Modulay wheel:
A



bot P'mduc,’c w e-Haod

Rovsdovnizec! 5{:\'@%&3\1:
Let w be prime. bec.ovmpose_ Ke.a K into 74
o\iai{s, each with value i Hae set {o,... W‘"?.

That is, let Ke { Ko Kyy--r Emu ), tohere DLKiewm
Pick a: (Be:Qyy oo+ s O 7 OWE¥E eath o i3 clhosen

'fov\dowda from ibd,...‘w—l}.

"
Defive: o LK) = S 0K modwm

C&D

Qesolvmc/ar colisions by open O(J\d'(eésw'n%
~J U ~

No s-+om%e, is used outside +Hre hesh table itself.

* Insevrton saf,temaﬁ c,e“} pro bes Hre table
unt!l an emp-l-'d slot i & Found

e The Wash -Euv\c:h‘on o'e.pehals ovn oty Hhe key

owd probe vumber
he Ux {o,... wa) - $04)5 .., w-f

¢ The prove sequence {nlko), Wik, ..., w(xm-)
Should be @ \De’rvnu{'o’((on of §ou,... wal,

¢ The table wa fin up, ond deleton cs
diflicult [ out not iwpossibM)



EMMP\Q of open add-ressin%

- T
© Iwnsest Kea: K= 49¢ 0
i P’rbbe, NN 586 collision
' [ 13
I Probe WU, .
20\ collision
L P'tobc h[quvZ} yat nsey Hon
U
-1
. Seavch Jor keg ks 446 T
o
0 Probe Wl ute,0
\. 596
Probe wl4as ! —
2. Pvobe WlUe,2
20V
was
hEA
m-)

Search uses the sawe probe sequence,
‘l‘.e'rm'wm’\\'vs} 5uccess¥u)hj P it Ands Hne Ke«\d
on uwsuuess-\?ull:’ i-f it evncounters an ew\p¥3

slot .



Ro bing S’Cfo’cec/aries

Livear 'Fq'o\o'yn :
(’l‘\'e“ an ordinery hash ‘?V«V\C'Hovx h'(K), Vinear
?wobim} uses the hash funeHon
h(ki) = (W +i) wod m
This wethod, 'Hnoualn simple, suffers £rom F-n'wm'ry
c\ub'*e'riwa, where lov\% Tuns of occupied slots

build up, c\us-}e'c'mg Hhe Ove'(oc?e searth Hwe.
Moveover, Hae Iovx? Yuns of occup'sed slots +ends

1o %e{: hmczev.

,bouble V\ash’w\%
Given two o-rdivxar‘y hash Punchons hlk)
and W, lX), double \nos\'\'w\a uses Hre hash funchen

Wi ) s (Wel) + 1yt ) mod w

This method caemexa\la produces excellent vesults,
but by LK) wust be velatively pime o w- One

WOH s Jo make W & Fbwet o-e 2 ahd o\eyak
h;lﬂ o ?'roduce ov\\d ©dd wnumbers,



Mﬁ\s of open Odo‘vessh\z

Ne moeke The assumph’cn of uni form aeshing :
Each kca, s ec?uana \ikelg 4o have ony one of Hhe

wl peswutations @s ite probe -Sequence.

ﬂEO'f&W\Z
G”wew awv open- oddvessed lash table wihh ]OGC’
j@Ci’O’f ol Yn <1, the empec'l:e,o\ number of probes e in
on unsuclce 551‘\41 seaychh is abtwost ‘/(l—-al)

Koo

* At least one probe is necessavg,alm %,
¢ With P'ro‘oabi\s'f} or » the fivel proloe hite an

occupier) slot ond o second probe is mecessary

Ouupi&J slot and @ +hird Probe 18 necessory.
e With pro 'oa\oﬂ;fy ("'13‘{,,,,2)) Hre Hrird probe hite
or occupied slot, etc..

Ob =L o, 0 ST YO
serve that w,(m,o(jo{l 1hdy .

-\

’I'lne-re&re, expe.d:e,d Nnuwmb ey a-F onbesis*
v 2 (e nl (rem (e (s J_y..)
¢ taa (Ve 14 [0 [14R)- .)))
< 1+ ou-p(z-!- o(3+

0P .
¢ 5 ot

t=0




Im?\iﬁmﬁons of Hae Hheorem

e P & 3s constant , Hhen aaessiwg o BpEn

oddressed hash table +okes constant
Hwe.

¢+ 17 the table is Walf- Full, Hhew Hne expected

nuwber of probes is

1 h-08) = £

. 1 +he loble is 07 Full, Hien Hhe em.ped'eol

nuwber, o P'robeﬁ is
Yi-oay s 1°



A weakness of \nes\n?n%_

?VOb‘3m= Co-r owna Whash juvxc"'iovx h, o set of \“—35

enists Hiat con cause the evevage access Hwe of
o hash table Yo 5kd-rocket.

AY\ ac\vetsarg cown Ps‘ok all kﬂds -Efom
{K € L:wlK =i} jov some slot L.

Iber: Cloose the hash funeton at 'f°V\°\°"”’

§nc\epeno\en{'\3 of Hne Keacs-

. Even ig an oolverso«r(j con seeé '\douf code, n
:'omnot f-\wd o bad set of Keacs sinee he of she
oesnot Kwouwo ev\ad:lj which \Whash PuncHon will be

chosen.

e o7 She

Universal Heshing

be-t'm\-h'ovx: Let U be o univey se
be 8 finite collecHon ol Lhash Lunctions, esch wapping

Udo {On,....wx—\}. e 50y H j& universa) f for all 'M.\JGU

wheve % 34, we have
| the H: i hipd] e [l /m

af kegs, ond let H

That is, the chance
of 6 collision bet ween
w ownd Y 15 1/\m it we {h‘. h[ﬂ:hl\pl H
C\’\Dbse l,\ 'fGV\dD\M\S
T H
jow M— --.\4._,_,”
m




Uwiver s@\{{:g 19 c’(ood

Theovew

Let h be o hash -?uv\ch‘ov\ c\hosewn Luv\i?o-rwﬂ\:’) ot

Tond ow frowm 0 universal set H of hash Punctions .
Suppose h is used 4o hash K avlo) brary Keys into
He w slots of o tavle T. Thewn, fos o 83ven kez] X,

we lha
v £ [# collisions with a] < "/m

ool

Let Cyo lbe The +andow ~oviable dwo\—iw%i‘he

tota) wumber of collisions of Keab in T with 2 o
Ve 1, i him: w1y);
Cay * 0. otherwise:-
/\‘O'le: E[C«:’] . ‘/M QV\J Cﬂ. c Z_ cﬂj
YeT-1a3
So, | ;
E[Cm} : € [Z__ C'U] . Take emchka-hovxb o
YeT-{a} o tHn s 1de S
: Z E [Cav] . Linearity of emyechﬂ-iovx
Je T-1a)
® L, ‘\'/M . E IC'M]] - ym
JeT-is
& .1\:-‘—' . A\n&\o'fa

124)




Co\ns{vuc-}iv\% (e 5et O? um"\le'lsa‘ hash 'ﬁav\ch'ons

Let m be prime. bewmr,ose kcg K into 14) o\;?:’rs,

each with value in the set $0,0,.-o w1}, Thet is,
‘C‘: K: (Ka,\(s,..., kq) , wheve 0 ¢ Ki ew.

Kandowized Stret ey

Piok O: €BosOy,.-+1 0y Wheve eaclh a; 18 chosen

'S :
L e Not YO@“‘C{:
hevemc |- L\() ; é__;a; Ki wmod m ( w\gdulb m\

cME tR
How b‘% is H-= il"‘} 2- (lH\ g m"""]e KL:::B

Universals {»& of dot;podud; hash funuHons

Theovem : The set Inl- i‘no} is universal.

P'roofz SuFFobe 'H/\ﬂ‘: Az L ANoyNy- -+ , Ay ) amd
\1’ <‘504 TR "r) e dib‘Hhc{ k&vso Thus, 'Hne,:j d%ffer
in ot least owe diait Fosih‘on, 50y Fogih‘on 0.

For how> wany he € H do & and Y wl“de?.

We wust have hal2): ha L‘j), wo Wi ehh imP'h'es Hnat

Y '
iai’)li -3 i_ai‘j; (moo( m)

L0 fFD



E}?uivalen{’lj, we have
i
S _ala-yidzo ( wiod wn)

t=o

r
S aglAe-gs) + S %ilni-vi) s 0 Lwodw)
L =)

v
D 0plM-Y,)® = - SOy (o-Y: ) Lwied w)

Lel

A jac{: trowm Nuwber 'ﬂneory

Theovew: Let ww be Fﬁme. G)-/ on} 28 Z suech

Taot z#0, theve enists o unique Z' ¢ Z,., suth that
Z. z"‘ =) Lwod w)

EmamP\e: sl

z|) 2 % 4y ¢ b
1y us 2 3

o~

forot conipmeds
We have 0, [7-Y,) = -

éa; (2:-9.) Lwod w)

te)

~)
Sinee Ny $Y,> OGN Inwverse (76 -Ye) wmust exist, 60

A -)
Qo = (-— Z_Q{ Lﬁ;"di)) . Lmo"‘ﬂo) [wwd W')

Le!
Thus for any Choices of ay,0;, ... ,0y, enactly

one clhoice -of Q COuses o and Y }o collide.



Qroo-? c,omple{—eca\:

&: How W\avné \na‘s cause o and Y hw\‘;de?-

A: Theve eve w choices 'c:n' esch Qy,03, .-+ Oy, lout

) Gy CauseS
once these ave chosen, emad:\a one choice -?Of °

A and y o col\'de namely

(( ZG; (ne - \)) (9\0":’.’) )Mbdm

tel

Thus the number o W,'s Hiat cause o ond y

collide s w'lom’ = [M] /i .

Pew ?eak Ho shivxa

Q?ve,n a set o-? n Keys, c,omq,-b(ud: a5
toble of size w0l such Hiot SEARCH fakes BLY)

tatic hash

Hwe in +he worst Cose -

IbEA: T .
Two— \eve] 0 !

Lniversa) \mswnj
at beth levels

ha L) e hy, (22)=]
Sy

00| o [26
5¢

m

1 |86 —3 Yo 97 22

No eotlision s
at level 2|

hv\:\”"

m a



C olli sion :?*at level 2

-—

| heorewm:
Let H be o cdess 0‘? universal hash junchons

got ()] !:G\o\e O‘? siz2e W\=V\7'. 'n,\em 'r? we use & 'ranolom
WeH 4o hash n ke&s into Hhe table, +he exnpected
number of eollisions is at most ’/2-

P'rooﬁ Bﬁ the defvition of uv\ive-rsa\ﬂ'g,"‘he-
onba\oili’uj Hrhat 2 %ive\n kth(s in He table collide

N .
under his —:—n- - ':3_ Since ‘Hreve arve (.z\ poir e of

kﬁab et can possi \oiu collide , Hae empec&eol nuwber

of collisions i o

BEX e

2 n* 2L nt

/\10 colisions ol level &
CO""“"Tg: The Proba\oi l-'*:y of no collisions is at
leab*: 1/9_,

V'fbbg'- Mar kovs 'm&ctua\-'%j ﬁa‘db Het -fof G“H

now—\ne?a’n‘ve, fandow vavialle X, we have
Cefntt ¢ EIXT
A?P\tdiv\a Hais ine‘?ua\;{:a with E=), we 'E"\d Hrat

Hee P'IO‘OG\O”"{'H o-ﬁ ]l or wmore collisions s at W\O&'t’lg_
//‘

Thus, just loy -\-es-Hnj voandom \aslh funchHons in
H, we wail) Tﬁckla ﬂ-hn& one Yol werks.



"[\y\alq sis of SYovage
@) Q

Cor the leve)-

1 hosh table T, choose wmi=n,
ond let n;

oe Yondowm variable for Yuwmber of keys
that hesh +o slot i in T Ba usin?,_ nt slots jor

the level- 9 hash table S;, H.e expected +otal

Sh*a?e 'reﬂui'real J‘D\’ Hhe two-level scheme is
thevefore

E [f_ e(w.ﬂ}: Bln)

C =
Since the avxo«\ysis is Tdentical +o Hhe ana\asis

‘;"DW 'rec,i{mh'on o-ﬁ the e_mpewEeA -ruvmin? Hwe
a’e bucket sort.

po’t o onba‘oi“iﬂ bound, Gpply Mar kov .



B{V\O‘Ni - Seavech- Tree Sort
J —

T <}> » Cveate an empl-d BsT
jn'( t=) ton
do TREE- INSCRT ('r, Atil)

Pes foxm av inorder tree walk of T.

EMmFle:

A-L3) 82 ¢ 95] %

% TTree- walk Hime = 0[w)

but how \ovu(wr doeo it toke +o louild Hre BST

"Analyrbis of B5T sort
4

35T sort Peneofms the sawme cow\faa-risiov\s as
c‘m‘cx‘aov'l; but in aoli-ffe-rewl order

The @cpmal eﬂped:ea’ Hwe 4o build Hre tree i¢

ossdmpbﬁml\g e same as Hhe ’)‘uvming YHme o
cl!i ck sovt.




/\lode cle,‘pHN

The de‘P'H" of o node = the number of comparisions
mode dwﬁ"% TREG- WWHERT

Assuwﬁna oll iwput ?e'rwsul:o{-ions oTe e,alua\\y—

\ikely, we have

average node de&’cln
: - E [Z_ L# wmpa-r‘\ sons 10 insert v\oo\ei)]
n i#)

z Jﬁ D L“\ﬁ“) La'u;c,\( sort a\no\aois)

. 0 lign)



Week 6. Lecture Notes

Topics:  Ravdowly built BsT.
Red Plack Tyee.
Augmen’co«ﬁon of dale Structure.

Interval trees.

Ro\nol ovized B5T seort

Rond. B5T. Sort (Al ...w'.\)

). Ranc\om ?e-lmu{w\-imn on A

2. BST. %ot (A)

The cmpec_{e.d Ywme 4o build tHhe tvee is
of,amP'\'oHua\\j the sowme as tHhe Tum\ina Hwe

o? R endomized Quicksort, wwieh is pthlb}ﬂ).




/\loo\e cle,PHN

The de‘P'H" ot a node = the number o comparisions
mode o\uvrma, TREG- WWSERT

A‘bsuwxiha all mpuf )ve'rmu):a'hons ore equa\\v

\ikely, we have

owe*m?e, node deﬁ{'ln N
[Z, L# mea-r‘\ sons 10 inseyt noadét

is)

z -,;’- D Ly\\gn) (un;bk so:k Gﬂm\aﬁiﬁ)

Ach«ze node o\e_FHn of o 1avxolovn13 built
BST - 0[\03 n), doesnot necessavily meon Hhot itsim

eotFe.d:ed ke\gk’c is also Ol\oan) (a\“‘hou%h it '9>

Lmawwﬂe

//}\D
Ave. depth ¢ .L h\oan-q- w5

- O(n)




HeigWt of 3 [
n wg o1 Q& 'mvxolomlc\’, built bww@«fg search tree

Oulline of o He analasie:

o Urove Jensews inequalily, which oy Hhot

j(E[’ﬂ) ¢ € [’]’[X)],j:-t 93\(\] cone Punction ! ond

Yandows verialble X.

i Amo\ 2e Hhe eqponenh‘a' \neig\nt o—fe 'rav\clomly
built B5T on n nodes, whidnh i% Hre rond o veriable

w , wowere R is The vondew vanable deno'h'ny
the lne,ialnt of the BS5T.
)\
* Prove Hat '?E['X ¢ E[Z - AR

ond hence that E__LX;.]: O“Oﬂ“)~

. 0ln®)

Cvaef)L fuvxdﬂ‘onb
A 'fuv\c-h'om d: R—s R is convea G-f -?ov al B 2.0

such Hhal P =1, we have
jlaarpy) ¢ afa* gfly) ov ol Ay € R




Convem‘bj Lewmma
J

Lemma: Le{ j R‘-’ R e a convex -euwschov\, ond let

z“" Ky, ... j be e set o-? Now - neae-hve aongtowte,
Sueh ﬁl\ot Z_ ’<g °' Tb\eﬁ j‘D" GV\U S&t {’x))m;, ..’)hn‘ﬁ
of Yeal vmmber.s we lhoeve
o
J ( Z.'(R'xk) ¢ 2 Ry Hame)
Kz Ks)
P"'Ome’ We P'rove ba induction on n.

for nel, wale Whave o, =), and hence dbtnm) ¢ o4 3la)

Twdu ctive step:

gam). slometom & 252)

¢ oln J(an) +L)-x..')i LL Ax j

ke 17%n

n-!

Lot () + - %0) & 2E_ tlA)

Ke) \’“n

5w ),
K=

f}( i"‘x"lk) ¢ 5 AxHnx)
Key K=1
gt



J ensen's Inequality

Lewawar Lel § be a conven -Ew\ch‘on, ond let X be
0 Tdandow vevialle. Then

3y ex1) ¢ (3]
Froot:

fleba) - g v w;)

K= -0°P

U Deliniion of
en Ped‘d'h'vh

¢ 5 U0 P §x=x)

ke o2
O Convenn 4 lewaw &

(ﬂeq\ef O‘iteé)

ARy



Ahalﬂais of B6T \nei%\n‘t
J

Let Xn be the Tomdow veriable o\e\noh‘wg Hre

heiaWt of @ 'randowx\j bwilt \OiV\O'rﬁ seavech tyee own

o wnodes, ondl ek T 27

\neiaw; :

be its eap onenha)

T—f ‘Hae vool o? Hre tree \nad rank K, tlen
x“ t |+ mam ix“_‘ s Xh—K‘&

sinee ecachh of Hhe lefl ownd -rig\ni sublrees of the

Toot oxe -tomdow\\a bui lt.

Hence, we have

Yo = 2. ‘M”‘SLTK-MT“"‘]

Detfvxe, Hre mdicator Teandowm veviable Z,, 02

1, f 700t hes tenk K

Cose *
0, otheswise.

Thu
S TS P2 £ P

o\vxol n

T“ s Z Zux (2‘ Ma iTl'h Tﬁ"‘1>.

Ke?



—

(SOLEowevaa) Heig\nt Rec,urrev\ce,
U \

We have,
| ™

y 4 .
K% N ( AR { Tk-h Tn—n 3}

SR A P

K

Ls To k\‘ma e.aPe,d;Gh'o“b b-f ot sid

) E: E [va (2. man { Y., Thew 3)]

Ls Limeo-ﬁl‘v of eapectohon
)
- '2"2- E [z“w] . E[MOR {-Tk-h .Th—k }J
%)

b Twde Pev\o\ence of ‘He rank

of 7v0l j-rows vonks of

Sublyee 7ropts.

"
¢ 2 2 €[t Vo]
K=
L The weon of two vxovvvxeaah‘ve

nuwmbers 15 atwost Haeir suwn,
ove  E {,z\nn:” l/\'\

n-l
= 5 5 Elr]
n oD
L é;dn terwm oppenrs +hwice

Ond ve-inden.



éo]vivxa Hre Tecurrenee
dJd

Use substilution o slhow thet E[Ym]é cn® Jor

Some Fos‘»kve constoants C, whith we con ?ic,k

Su-f\eiu'ewtla_ lavae Yo hawndle Hne inika) conol ihons .
We Wave, n-! ]

m
s|¥&

m
B
(&
O'——-‘
=
W
Q.
X
N
2
s
‘-Q‘
4]
)
-
S,
3
®
o
-4

s n
PU"'HV\B it all -}oze;Hner, e have
AR
o2 ¢ gle™]
.
Jensen's iv\equa\ﬂ:\i, since i(m): 2778 convea
So
' €[xn]
2 ¢ E[2%]

E [Xﬂ] E 3 J.Da\n + O(!) - Takv‘ma )og both sides

Hence, -
ElXa] € Blogwn + 0L




Pcﬁﬂ Mo'r{:em

&. boeb Hhe av\a]ae,is heve 4o be Hnis \r\avo‘?

&. Nlﬂ\a bO'Hf\&'( w'\'Hf\ OV\O\&Z\‘V\? e‘XFQV\eV\i‘\.@\
he,ia\nt {
5. N\m} not ]ubk de"eh’? +Hhe Tecurvence own

Ko 1+ wama § Xpys Knor )
d.f'\'ec‘ﬂ\z.

A nswer:
The iv\e,qv\m\a‘l:‘a ™o §

poev upper bound, sinee the £ 5.

f.a.b.i ¢ 6+, on\n’o‘eb a

QF?-roabhes ‘Hnre

L-H.5. slouo\xd 05 ]o—b\ increades .

The toound WO {Qa Qb's .‘—Qq-’tlb
-_______,/’_—__

ollows Hre R-H.8. Jo aquoaan +Hie L-H.S, 'Fa‘f more

ctuic,k\a, as la-bl incvesases.
119\)= ’Lq vie Jensen's

e)!d ubivxa ‘Hie c,ovwe'/\i’(:’ of

‘W\equa\\'{j , Loe cewn VV\OV\'\PU\G):Q +He suwm O‘f

evtPov\ev\Ha\‘b, 'reau\h'vsg v @ -Haln‘\« oma\\jsfs.



Balanced Seavch Trees

PBaloneced Search dree. A seareh- t1ee deta structure

‘Fof which o \o\ei%\nt of Otboav\} s 8uo'ram\:e—ec\ vowen

o\\ay\ovm'c cet on W ilewas .

\mPlewer\Hvxg, o
AVL Trees, 2-% trees
2-%-4 tijees, B - tvees.
Red - Dlaek Trees

gmew\p\es:

Ree\ - Black Teees

—n,\is da’ca 5\1ud:ute, 'iequi'fag on em}.'m one-

bit
F'\eld . coVoT, in eath wooe .

Ked. black 'F'roPe,-rHes'-
V\Dde 'S el 'Hl\e\’ ’fe,& o7 blgc,\(

. Eve'na
) ove black.

9. The oot owd leaves KN!L'!-

3. )% & wode s ted, Tren its ?ofevx’c js olatk

4. Al 5;w\?)e, Fa‘\'\ns -E'vowx owd wooe 2 1o @

lea} hWove Yhe sSawmme nuwmloer

descendant
black- \Aeiah’c ).

of blatk wodes =




aow\?\e of & qed - black tree

N @" YCJ V‘an—
@ O = black node

h+ 4 ANL .

g E\Ie'nd vwode is either ~ed ov blatk

2. The voot owd leeves LN\L‘s) are blatk

3. ) @ wede 15 ved, then its Paren\; is black
4. Al ‘.siw\‘-:\e PQ‘HAQ g-;ow\ owxd V\oo\e m to O

\%f hove Hie samée wuwmbev

des mdew\’(
Of black V\Odeb : block wnei 8\'1'& L)



Heicah’c of & ved black tree

'ﬂr\e,o'rem-.
A ved blecK tyee wvith n \(eas Wnos heia‘n’f
B \ocaLV\-\ﬂ.
?‘Taogz
e Trntituiton: Y’\e-cae, ced wooes inwto thelt etk
?mevxts-

Ffmduces @ tree wm

= /nf\ib »r'wc,ess
94%, o Y cwildven .
uv\'\Em'm deﬁ‘\n \n‘ o f leaves

. The 2-%9 Yree W
- We Whave W, Vo, biwnce otwost holf The \eave s
own ovx\d ?G'HA axe 'reo‘
e 15 nt)

of leaves n each tie

w

\ » 2

. The nuwmbe?



S\ue-na O; evahion s

Co-rol\a-nd:
g TREDECESSOR oll aun in 0Ly

black tree po it Nn-wodes .

The quevies 5aren, Min, TAR, Suce E550R

w) Hwe on @ ved -

MOdi‘?\*;V\g OEem’n‘ons
S

The oFemHOns TnserRT ond DELETE (mudé

moo\iﬂ‘w}ions to Hhe Te
o The oPemh’on 3tsel£

4 black tree:

. color cthen %@5

. yestyuctum ng the
»

* sotahon

inks of Hre tvee:

Rigur Rovate (A)
"LEFT ROTATE LB)

onaHOng

> ©

/A

®)
AN

KO‘EDHOV\& wintein the inovoler o-role'rin% O? k?—g-‘ﬁ



-

lhbe'f'hovx o o Ted- blaek tree

-

—

IoeA: Tnsert a in tyee. Color o 7ed. On\\d
3 wﬁaln{, ve ~ioloted . Move the violehon

red-black

\':-foPev’c\d
up Hne tree ba 'Iec_o\o'ﬁn%
Wit tototons omc‘ ‘(ewlo'ﬁng,

unhl il can b€ Bimed

l’fmample:

)




2. Qecolo-f, moviv\% He violaHon up e bree

A. LEF'Tv RoThATE (4) ownd YecoloY

\
.
?f



Fseudo code.

2

0

n.

2.

IS .

TREE- INSGRT (T.a)

RB - TNSERT LT, )

be
or [a] RES  sorly KB PP 2 Ty
colo
: RED
while 2 ¢ Toot [T ond covor Lplal)

do if plal. \ef{:[\o frtaﬂ]
1 Lp Lpmal] vye ount]

uno\c 0‘9\.

Then Y & T'\a
W color [\d] = RED

ten {Case 1)
else ig Az ‘ﬁa\n

L Lptn]

» Cose 2 Jolls

tren (CaSe 27
into Cade 9

{case %)

clse Q"Hnen" claunse with 1eft and

) ‘ﬁa\n‘l "’ 5wa f?eo\)

color [7oot [ﬂ] — BLACK



le?’bv'.calll\]o’caﬁok

Let A dewnote 0 suwotves with e Viack oot

. A

(07, children of Push C's black onto A
ond D, ond Tewurst
since C'S ?Ne"‘{ W'y

be 7ed-

ove 5\»@??&

Transfosm to Case 3



Done ). No wore ~elations

of R® Fco?e.r‘c? 3 avre
fosb':b\e.

-Ana\g,sis
)
¢ CIO up ‘the tyee Fe'l‘?o'lwsin?

~ecolot WO des

» 1§ case 2 o (ase D
o, and Yerwinate.

(ase 1, whith ovly

O0CLUTS ?e'f?o'(m ] of 2
1otakon

Ruwn'm% Time:
O(logv\\ with O 10latons

Note:
Riy-DELETE - takes
Hwe.

Seme Gba\mr)‘}u'ﬁc Tunm‘v\?



b\.{ namic Order Statisties

DS - SELECT l,':» 5) : teturns the i smallest element
in the agy\omic sek S

05- RANK (a1, 5): Teturns Hre Tank of 265 in the
sorted order of 5's elements.

Jben: Use o red - black tree (r)mr the set 5, but
Keep subtree sizes \wthe wode.

No*oHon -ro« nodes: m

E’K&\mg]e, of an 05 tree

size [] = size [left {a1] + size [‘”a‘"* 1s1]+ |



SELECTION

ImPlemew}aHovx Trick: Use o Senhine) (dum
m

7ewral)
-;b-( NIL suth Hapl size [N!L]:O. ”

b 09%- sereet ()

:. ke size [1eft 1] +] » k. Tonk (2)
q. i (=K Hen veturn a
’ if i<k
2 then qeturn 05-sELeet (eft 1ad,i)
‘. else veturn 05 SELECT (vignt al, (-k)
E")Law\P\e'-

05- seLeeT (root, 5)

c@
i:f
ggz

A —— 2 c.
A PN CIER A

tz)
5 B

Kuv\niv\z‘/“’me: 0(_&0: OU.na,n) £vr red- black {vees.



Data Structure Maintenance

Q. Wkﬂ not Keep He 7anKs Hhew selves in +Hhe nodes

nstead of subtree S’ze‘a?.

A. T‘"’H ave ol +o waintain when Haie ved - black
tvee 19 wodified .

Mooli?yinz oPe'{aHOnb‘. INSERT ond DeLETE

5%1@{3?:’: Updﬂl:e subtyee size s when infocf'Hn?, o¢
o\c\e_-Hv\a.

EMGm?le o—? insertion

Taisery K")

(1)
1o/



Hav\cu\.n(a, Tebalancina
d d

Don'} 'Eorze.{: Hral RB-\NSERT ond K B- DELETE may
also need o w\oa\ifg ‘Hre ved -black tree n ovder +o
maintain balence. '

kcwlo'F'\V\ﬁﬁ" no effect on subtree sizes.
Rolatons: S up cublree sizes v QL) time

Efxaw\p\e :

7 3 s
> RB-INsgRT ond RB.DELETE vun in O(loa n) Hme.

Data- styueture ovamentolinn

d
ﬂeﬂnodo\oan: (ea., ovdey- statistics trees )
' Choose on uv\o\eﬂs&iv\g deta structure L"A' black ’c'recs)

2. Deltermine odditiona) 'mfwmah‘an to be stoved in +Hae
dota structure Lsubtree sizer)

3. Ve:ﬁ?:, Haab tHais nformation cow be weintained Jos
modif\d,iwg, oFemHons (R#B- \WSERT, RB-DELETE - dont
-‘oragt <ote Hons)

4. be\;e\o? new o\ansmw‘(,—se’c OPGU'O‘HOV\b Haet use tHae
informaton (05- SGLECLT ond OS5- RANK)

These bLePs ove Zuid&\iwes,not viﬁid Tules.



T wterval Tvees

Cloal: To maintain o oltanomfc set of intervals, such as
Hwe 'm’cewais.

ict'}, 107

lowl¢l- 7 — J — 10 = \nia"\‘-i]

sg

—l

1" - *

L} 2 9

P e e ety

22 2¢

® : .
uersy For given query ‘wterval (, find on interve)
" Hhe sel +Haot overlaps i,

Co\\owima, Hie wethodoloay
47

L Choose on uwndey 1‘5;“% deta structure.

* Red vlack tree kcwjed on low (1eft) evo\poin!:-

2 Detevrwmine additons) infoymation Yo be stoved in
‘e dete struckure.
* Stove in each node o the \owﬂeb{: value wmial
M Yhe sublree vooled at o, s well as the
interval int (2] covrwpondin& ‘o Hhe ke.a,



Eaa W\P]e, ‘nterval tree

'/.\’ high Lintlal]

m 1eft ]
™ (via\n’c \‘ﬂ]

mn] : mon

™ o&'\gg nq oPe-mHov\s
d

3. Ve'nf ot thie m?ormahon con be meaintained

| A Mod\f-a\na OPe'mH ons.
Cia m's on +he wmd dowon

: 0L Hwe pev rolation.

o JNSERT :
¢ RoTATION Cv&u?

@

Total insert Rwme: OL‘Oa'A)‘,
| Delete siwilar.




New operations

b, bcve,\oF new o\\avxmmic -set opevaHons that use +re

in Porwo Hon.

T NTERvVAL - 5€AReH (i)

ks A e—vook

2. while o3 AIL owd (lowliI> Ligh Lint 1a1]
or \owlint [a1] 2> \m'ahtt"!)

8. do P iond ivtTal dov't ovevlep
. if 1eft1a]# NIL and low [ ¢ m{1eft 1a1]
5. then A &« IG‘?{'/ IQJ
lag o = ,;ﬂht[a]
+. Teturn a

Eawple 1: INTERVAL- SEARCH (T1i1)

(0 1213\
Y. o
RS
A & vool

fluy] owmd T1Ined down't
Qve'(\oP

M8 > ae 1eft[a]



<

(0.8
(w167 and [s07] don't

ovevlop

1uy 8 mé—-'ﬁ%\n’c ()

&

P @
R £

GE T

[\“I,Nﬂ ,o'\né tﬁ,\ﬁj o\teﬂ\ap

s sl

veturn




Emample 2. TNTERvVAL - SEARCH Lt '2,"-11)

A %‘

22 25

. A & yoot
Tiz,14) ond 113,197 dow't

ovevlop
12618 S a « \eft(a]

%‘

m @
%v [214] ond [Sa7) dont oveﬂap

RYE D & 'raa\nt (27

(12,14] ownd (15,187 clon't ovevlap
2710 > A ﬂam [a]

((3,0)
2N .%E
%%% (L] © no interva)
: MeNIL] H No intevrva

@ ” et ovu\aF 4
o/

ist.
(12, eni



Ah@lﬂ_ 5 S
v}

Tiwne = OlW) e o(\or), Since INTERVAL- SEARLH Odoes

constont werk at eaclh level as it -fo)!owb a simple PO‘HI\
down Hae tree.

List all ovev\ePPivxa intervals :
» Seevewn, list,delete, 're,Pe,o&
e Insert Haewm o\ o\bm‘n at Hie end

Tiwe OLK\oz nj, where K is Hhe total number of

ove-v\appmg intervals.

'“Ais is an ou%pu{'-su\gikg bow\d.

(beb{, a\aoﬂﬂnw’ Yo date : 0 U“" loa V‘)

Covvecltness

Theovewm: Let L be the set o-lg intervals in Hhe le?t‘:

Sublree of wode x, and let K. e Hhe set of intervals
n s ‘riah’c sulbs tree.

1§ Hhe seearch goed 153\\1', Hien

{i' eL: U overlaps 'LS e <P
if the searth qoes \efl, Haen

$i el: U overlaps il= o

2 {i' €ER: 'b'o-ueﬂopg ¢ty = <

Tw other woovds, its e\waas bo?e Yo teke @i
o\n\a ] of e two cdhildven = we wi) eitaer ?ﬁnd

Someﬁnimz oY vsoﬁniv\a waes o be quv\o‘,



C orveciness @ooﬁ

Ficnds Su?rose -ﬁ‘-wl Hoet seareh Joes via\n’c-
v 18 13-(’}_[0\3: NIL, then we ave done, since | = &+

* Otevwise , Hhe code dittates Hal we must hove
low U >wmteft 1), The value mlielta1]
c,o-rve,aponds to Hae 'ﬁah\: ewnd Foivsl: o-t’— sSowne

intevval je L, and wo oHier interval in L con

heve o \a'rﬂe' 'riz\v& end point Hiewn Nak(j)

LI —— - b

By ¢ — -

r ' §
wau t) » m{teft 1] low i)

+ Thereore, {1/ €l: ' overlaps (§ = o

Neat Suppeose that Hae search caoes 1eft, ond assume

Hel
{etl: U overlaps 1.3 = <

*Then, Hhe code dictates ot low i1 ¢ mTleft]al] =
h;ah [11 for some jel

¢ Sinee JEL , it doesnet ove-r\ap i, and hence
high Lil < low 141
¢ Bul, He b#vmvna-beara\f\ tree FwPeﬂ“g implies Haal
‘?01 el l'é K, we Wave |ow T,j'x ¢ low 1i']

¢ Bul
oL = i[, eR; i ove'r\aps ifS = =p.
=



Week 7 Lectuve Alotes

'ToFics: Fimed universe successor
Nay Ewde PDoas data structure

Awor tized On&\abis

Computation Geometry

rimeal -untverse SuceessoY je'_rLlolgm_

C]oa\'. Mointain o o\\d\naw\ic, subset Sof size n of

e uwniverse Q: §on,.... u,-nj o¥ sSize _g_subjed'
‘Yo Yhese oPevaHons.

AdOlm-PoS
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Use sed black tree 1o stove O\Hnawn'c set 5.
Total 'fuvw\’\v\% Hwe: Olwn \ozv\)

C orvectness
Theorew: If There is an inter secHon,

Proof: Let X oe the \ePtwost ivtersecton point.
Assume LA 5§m‘>\icj¥\d Hrat
»owly +we 5e3w\evd:f> S\, 5, pass ‘Hn'foua\n X, andl
' no +wo Foiv\’cs Wave Yhe sawe M- co-ordinates.
Al sewme point vefore we veach X, 5, and 6, become

the a\caov‘\ﬂnm -emdb Wt

consecutive in ovder of 3.
g&%ef MiHa\\n Consecutive when 5, and 5, inserted

or became consecubive when ownoHaer deleted .

=




Week @: lecture ANotes

TOEiC.’:'- Dav\ow\ic P'ro%'raw\mfvxa
Longest Cowmwmon 5u\o$ealuev\c,e_
C\‘IGPP\S
Prim' s A\ao'ri%\w\s
Qraph Seasch.

D\i\r\eﬁmic ?'focg,z‘awswﬁngr
\J \ J

Deai n {ec)mn{ca[ue‘-
Like dividle e c.ovxciuer

E")LavnP\e;.
Lo\nqet& Comwion Subsequence (LC&E
U L)

Glive\n two 5&1 uence 5 9([]... m] G\Nl\_at‘-“"—.(.

fwd S \O\haeb{ subsequence cowmon to Them both.

T R
‘0' not %ﬁ'
t A B c B Dd>AGB
/ ‘ \ l RCBA: LCS(G.\J)
"} ® D ¢c A & A

juvxc'h'ovml vnoleton

bul ot e -?uvsch'on



gdu\:(*;-(:o'rce LCS Algovi%kwl

Check evevsa bubseqUenc,e, of al)...m] do see it is

elso o 5ubseczue,nce o-? d[‘--- '\J-

Aml\asisz
¢ C\neckinj . 0w Hwe pes Subseque\nce

P ]

’ .‘_'2: 5“\053‘1“3“665 0'? A Lewln bit- vettor of \evsaHA
w dele'l’wnv\eb o distinct 6\1\0561“@“(_3 D.P.Q.L)

Worsk case 'mmm'vxg Hwe = OLn 2”)
: cox,FonewHa\ Hme

Towerds a better alaorithw

SimP\i-ﬁ'caHom

l. Look al the len%% of +he | esl- common
6ubseC1ue.M.e. 0"3

7. Ealend the altzoﬂ'ﬁ\m Jo -ﬁv\o\ the LCS of sequence 8,

/\lo{ahon:
. Dev\o%e ‘e \emaﬁn, o-? o 5ec1ue,mce_ S ’oa E_\__

&miecan:
* Considey F'leﬁ'mes o-? N GM‘U'

* Defive ¢lijle |ies La[\-uil,v[""ﬂ)l

* Then c[w\,n‘l: 11,(_5(.9!":_[)\.




zec,mr sive Forwulation

Theorem: climt, 3m1 4 J alile “LJ]
C[i,j] 2 I tct‘i_hsl , 5(6,3"] othey wise
Prood:
Case alileylil:
a: | | 2 ¥ @
' RRE; K .

Let E{n... k] = Les (alr... i3, utt---ﬂl wwere cli)] =K.
Thewn, 3[1(]: alil, oy else z could be eatended.
Thus, zli--.k-11 s €8 of altemi-1] owd ylr...jI

Cloiw: 2[1... k4 = Leslmliominl, gl o)
§up?o.se SR XN hma,ev CcS o-? Ol[l---i"] av\o\ \d[l--\f"ﬂ)
thaet i |wl? k-1
/—_— .
Then cut awnd Pa&te v wlz 1] (w conto tenated with ‘LCK'])
15 & Cowmmon su\oseque\r\c& of % end y with
lw 1z0u] 2.
Contraclicton, r'rovs‘vxg cloiw .

Thus  ¢[i-), jnls k-1, which impléed that cliil=

- cliry, g7+,

OHrer co%es ave Siwilar,



DHV\G\M{C. P'rog'mmmivxg, hallmark 1
J J g

O P-H wal Subsatyuctuse:

An oF-Hmal solution 4o o Prob\em Lt’wsiomw)
containa oF-me\ solutions to sulbproblems.

v 1% 2. Les Lay), Then any Ive?\'m. of z is on LCS of &
f_‘re?\'m. of x and o Pvegivt D-Pj.

Qecwrbive, A\%ov's‘*‘km %1 LCS
Les (ny, 4,1)
f ali)e ylid
2. ‘hen clig]ells (@,y, -1 §-0) +)
5 else  clijl e \Ma'n.i Les (2y, 145 ), LCﬁ(ﬂ.\,,i,')—’)'S

Worst cose: olil qhd[j'l, n which case the a\caotiﬁwn
evaluates two Su\o?m\o\emb,eac\w wiHA ow\v
owne Pemwxe-}er decoemented .

Qe, cursion ] ree

mz S
Nz Yy °

.
Sewme o,

-

e - o~

prollem 4

Hei:akk = M = workK Po{enﬁalla e_-;\?ov\en\"ia\, but we
ove 50\"5*\3 Subproblems a\feada solved.



bznow\ia @co%mmivxg hallmark #2

0ve1\af>f>in8 5u\o1>10\o\emb=
A Tvecur Hve 60\“'\1‘013 va\{OiV\b 0«“ 5W\a“' nuwmbeyr

of dishwnet 6ub‘>ro\o\e\mb 'reFea\:e& wiany hwmes.

e The nuwmber o-? di shinek LS wbyvob\evnb 'eotf
two 6’cr'wxc?s of \enca-Hns w ond v is ownly wn.

M embizalion Algornthm
(

M ewoi zation:
A?\;ev cowxpu\-hn
store it in & leble. ﬁu\obecluent calls check the

o solulion 1o & sulbpo blewm,

tolole to awvoid "redoin% worK.

LeS (“"Jv‘:'i)
£ elil = AIL
then 1§ alil =~d[5]
then cliyj) & L(,ﬁ(')&.\g,i-\.s'ﬂ +) | sewme

else clujl & &Lcst'x.s.i-\, 1), ”go
LCb['M‘!:LtS'n e

Time: © (\mn) - constant work per table eV\\J»

Space: O [wan)



g'rcap\r\b ( review)
\

Pefimikon
o A QJivected ?raP\n [d’s%fep\\)) G- (V,E) i» on ovdered pai e

conaisting OF:

-a sel v of verhces L.‘»’vxzu\ar vev{e'o\)
-6 set E ¢ Vvxv of ea\ge,s.
e Ivn on undivected ca-mt;k, G = (V,E). the eo\ae. set E

cons st s of uv«o'rde.'aree\ Faw owP vevrHees.

* In either coase, we have lE[s OLV')

¢ Move over if G is comected, then |E|% V1=, which
‘\\N\P\\.eb Hrat (D? \El = B Llog V)

Adjacency waetrin vepres enlation
d |

The ao\]acem\& wotvin of @ ca«m?h 6+ v, ), where
Ve (1yeees 0}, i Hee wekrial ALLon,)-- ") given by

o . §1 L) e
ALS] io i Ly )gE
E-maw\p‘e-
AlYy 2 9 4y
: ) | © ' v o

@ 210 o 1 0

olv*) shovoge

> dense fepre sentahon.



Adjaceney - list  vepresentation
] |

Awn o«d’locemg list of o verter we'V is the
list  Adilv) of vertices odjacent to V.

Enawm P\&:

(?«——(D ag; T [218)
@{ Ad;yl2) ¢ $8)

Ad; 12 = i3
Ady Tul: {}

for undivected %far\'\b‘-
|Ad; tv]\ z ée:avee(‘v)

For d'\cﬁra?\n.‘:, | Adj {01\ * out—decatee L‘U)

Hond shaking lewwa:
J

2 P 2| el Jor undivected %mphs

\J

= odjocency list e use 9(\’*5) 6‘\‘0"0\36

(0 6yfmbe '(e,‘rlesem\:o\'m“ ‘fm’ cithev

—hz)pe, of ?'ra?\n)



Minimum  Spanning Tree (MsT)
' d

Infm{: A comvxed:ed, U\w\\"tecie.e’ ﬂTOP\" C), (V.E) witth
wdz\l\\: PuncHon wi G- R.

® CO'( 5‘VV\P\.IC.H:'3 , 3565 uwe %at 0“ edae Wcza"\\)b ere
distinct.

OuiFui'.
A spowning iree T -0 tree thet comects ol

verHees — of minimuwm we§a\n{~

WLT) : Z__ wluw)
(,“N) eT

E;tava\e of M5T




Ophmal Substructure

Cownsider MST T of qraphb. >—°—‘/
sider 9rap 6 T

Rewove any e,dﬂe_ (uv) 6T,
Then T is Pwrﬁ'h'ovxcol iwro two .
Subtrees T, ond T . (other

clges of Qw)

'n\eo-re,m-.
The subtree T, is on MST of G, = Vs BL), The graph

waueed b-a Hre vertices of T, :
V,+ verhces of T,
€, s flnye € mye )

S \aﬂa Poy T, .

(root:
Cul and POSLG :

wlT) = wluw) +wln) +wlh)
T¢ T', weye o \owe'r-we,‘\%k’c bpowmiwg tree Hron T, |

Qi} then T’; {L‘h")}UTl'UTQ, wau‘d be & lowe'o’-

wei%\«’c .SFGM\MV\% tree Thon T%r C’?/

Do we alto have ovev\appi\ng 9ubP10blew\6?,
* Yes
- C\'re_ai:, Hren d\dwaw\\'c ?1077awsm?ma, w\m& wby X

e Yes, but M5T eahibits another Powu?u) Pfrope-vky
whickh leads o an even wore efhicient alﬁori'ﬁnm.



Hallmark Jor Greedy  Algorithw
< G

Clveeda Choice P’toFe'rb\a:
A \oc,ollg OPHW\GI choice 1o ﬂ\obo\\a optwe)
Theorem-,
Let T be Hie MST of G:(V,E), ond let A\, Suppose
Hrot (Lhv) € E is the least- we,iawt eo\ae, connecting A
4o V-A. Then [uw) €T

?700*?:

éuypobe L““V) %T.

T :
o €A (uw) = leost -wcia\n’t eo\ae
* € V-A (,ov«v«e,c,HV\? A +o V-A.

Cownsider the uvxiciue, simple path N in T

5wa‘> (uiv) Wit tHhe £i’rb't cd%e, onn Hals PG'HN ‘+Hhat
CQV\V\Q.C.%ﬁ (c V&TLQ”L 2} A -)-o 6 ve-‘{em_ N Ne A

AN N
Ed u/,\\/.

* Lu) = least - wes‘a\r& ere.
Czbvw\evh‘v\z A Yo V-A

A [izh\:er - we\‘?\n’o b?OV\Y\iv\% tree Hon T wbu\’c.s/)_



Pr‘mn 's  Alaorithw
0

Tdea: Maintoin V-A os o ?-ﬁoﬂ%u queve Q. Ke\a eoch
verten v & with Hae wej%h{ of least- wcia\ﬂ"c
cdﬂe, conned’\ma it 40 & ~vector ivn A,

L Qe V

2. ke\d[vlé—- oo for oll WV

3. Kesa [4] <0 Yo some e'rb’:’cmn& seN

b whwile Q= ¢

5 do u«— EXTRALT- MA (R)

¢. for eacdh v € Adj Tu]

1. do if W el ond wluw) ¢ key [u]
%. Then kea [v] & wlu,v)

q. 7c vl «u

At the end i‘\% TT[‘U]} Jorws e MoT.



E%amp\e o-? P«im'b A'gfﬁﬂnm













Awa\g{éfs 0'? P'ci\m
J

total

r

whle O F <P

Ywnes dearcc (w)
Yiwes

Heawna 5\!\@1&51\3

Q&N
O(V) &kexatﬂ <« o0 'Fm ol veV

kea Ls] « 0 ‘?Oi Some av bl ‘b'ar}i seV

do L <« GXTRACT- MIN (B)
Nl ‘ (g'meuok v € Adj Tu]
do if ve @ and wlu,wv) ¢ kea [v'l

then key [v]e wluv)
nNvlieuw

lewwa > B[E) implicit DECREASE -XE XS

Time = 9 LV) -T’Emmpﬂw + @[E) 'TDECREAf:E- KCY

Q Texreacr.min Tyecease-xey  Totel
orvay o(V) o) olv?)
bivery 5l150v) oligV) Ol oa V)

Whea P | a 2
Cib;\onacu OUO? V) O(\) o(E-y \Hoa\!)
eap
Owor bized omortized worst cose




M5T Algorithms

Kxuskal's a\%oﬂ Ham
e Uses the disjoin't—.sci: data structurve

' guvm;n% Hwme - OLE‘O%V)

Best 1o Adate:

. Ke'lzef, Klein, ond Ta-r}an [1'4‘13_]
g Rendomized a\taot'lthm
0 (v+E) equc’ced Hwme.




(q'{eph Seavchh

“E‘mp\ove e ca-repk': e.q.:

¢ find o ?otk Prom sterl vertea 5 to edesived vertea

o visit ol vertices e edtaes of ca'rapk,ov o\nhd those
reocheble Lrom 5.

Po cket Culoe

Contider o 2x2x2 Rubiks cube

I

C OV\QGQU\TG)‘\'OV\ cqtm?»\'-
d

vertea for eadh Po»ﬂo\e stote i
edae For each loasic wwve (e.q. Y0 turn) $rom one
state 4o ownother.

undivected : vvoves ave reversible.

L hordest
con 2‘? D)

W\

Solved

L~
T ssible

Fivel woves b {eachalo\e in

+wo steps ul not one




Diameter ("God's Numbes”)

* ) Jor  2x1%2
+ 20 Pov ax3x3

. Q(V‘t/logv\) Jor nxnAn [bew\oine, Demeine , Eisenstot,

Lubiw Winslow 20u]

g8
¢ Nuwbes ofve-r-h'c,e‘a = 3.3 - 9264h,5%%,520

where 8l ecowmes - \na\n‘mz % cubelelts v
a\o::’crov\a ?obﬂ'ions OM& '3;B comes :gﬁmm 0s each

cubelethas % po.ssible tuwists

This can be divided bva 24 if we Temove cuboe
5\Aw~w\etﬁe5 and -?ur-Hne-r divid ed bn % 3o ecCwunt

fox aduall% veachable chg‘?uraHonb ('Hnere are 3

Connected cow Ponenl:.s).



_\i\\eeK q: Lecture Notes

Eﬁiﬁf: BFS and HFS
Shorle st Fot‘" l:vroblem
Dijkire's Algerithm
Ema\mP\e of Dijkim
Bellmen Ford

Dieadil - Ceak ekl

E%Flo¢e (a'faP‘l\ level totc.’ level Frowm o Lb'}s-rt vestea)

* level O= {5}
. level i = vertices veschable b‘j path of iedaes

but wot fewen .
* build |evel £>o famm t-1 b';) haing al\ ou’ccboing
edaeb, but ica\naﬁnﬂ ‘\leﬂ-\'ub-rvom Fvevious \evels

P "
AL ae o
s | %8 —
=0
leveld O leve!

level £



B read tn - First- Seavch A\g oriHavn

BFs [\, Adj. 5):

. level= {5 .0}

L. poavent = is-. None ]

0=

4. fronter= [s]

5. while fronher

6. neat = [1

4 for uw in BronHer :

8 Por v in Ady ful:

Q W u not inleve):
10, level [vl= t

W pavent [v]= u
2 nent. append (v)
‘:“ Pronties - neat

(s L+4)

3 7 "‘vov\he'lo.; {53
s-mvshev,c {a.us
: g'lonh'evz .

{z,a’,c}
e 8

@ -fvonh'er!’ . {},v}

level 2 (hb‘: n,c¢, d)




Aha\%ﬁ\ s

. Vertew \/ enters neat Lm\c\ Hren Q-ronh'et) ov\\\a onte

(becouse level [5] Hhen oet)

Yose case: V= S

¢ = Adj[v'] \oope.o\ Wrouah om\a once .
el Pos divected carey\nb

we = 5 1aditi] -
Hwe = lAdJ (-Vl %Z\El for undi retted
veN queph®

. = OLE) Hwe

' O[\J*@ L'\w\ear time") o also list Verhices
unreachalble P v (Hose SRU wnot Os‘at‘zneo‘ le.uel)

é‘nov\es‘t Pa'\’lns

¢ Szor eue'r'a verkew vV, Qeweo’c e,c\aes ‘o ﬁc’c ?vovn s bov

)
\evel Tvd i ovois abs’s%neo\ level
\evellvs
es) else Lvo Pod'h\

. Pmev\’c Foi\n’cefs Q'IO\M 6\nod:eb’c—‘>aﬁ\ tree
= uwion 0f dSuch shortest Pot’lﬁ For eoch w.

=3

D> to find shoriest path., take v, Pmrevxt ],
pa'renk [pmren\ lmﬂ , QEQ_‘__Mi‘-LQ (0\’ l\)one)




Deptr - Cinst  Seaven [b65)

This 15 like eﬂp\ovin% a waze.

u fo“ow @ Pet‘\n unk) A4ou %e,’c stuek.

* backtrack a\oma breadcrumbs unhl veacl
uwe«P\ovea\ V\ei%\n\oouv

* vetursively enplove

. coveful wot to 7epeat o vertex.

DQP’H\’ Grst - Seareh A{ziri Hw

b Fafevx{ ¢ {5: Nov\e} — j-ro'm

2. pPs-visit (V. Ady, 8): \ Start venten S

3 —Fov v n Adj[s]: (_o\n\a see stuff

4 ;f v not in — 7@achab\e Srow

P s)

s povent vl « 5

6. DEs- visit (V: Ady ) |

2 enplove entive
DES (v, Adj) qropn

¥ pavent = {}

1 -Fw s wn V:

12 ¥ 5 et in PO'”&" cov\d do sawme

n. Po'(ewk [s7= Nowe b Bnland 8Fs)

DEs- visit (V. Adj, s)



K:/om'm?le, of Dfs

5, c-roo; edﬂe_
forward ’
e_dae_ —
back :
cdae.@
Noacked 22

Ed qe Clossi fication

nontree e dge s

—3 loock eo\ve: +o ancestoy

/ﬁrwar& eﬂﬂez +o c\escenolon{'

CTD%e,Jae: to onother subtree

* to compute this classi g‘c.a‘h’on Lbock or not)) war X
nodes for duyation 'l‘l/\ez ave “on Yhe stecK'

. c.')v\\u trvee awnd back eo\tae.s " uvxo\ifecl‘eo‘
q-{GP\A. '
Analy sis O‘P DS

d
* DfS. nvisit caeib colledd with o vertex S on\a, onee
= Hwe in DFS-visit: 5%1&0\3&3): OLE)

* DF5 outer loop odds ju.st olv)
? O[\H-E) Hwe [livmear-l-fme>




Cg,c/le Detection
U
(;l-mp\n G hes o caele, & BF5 hes a back eo\ge,

P‘Y DO‘?-’

(¢=) tvee e,o\cae,b
back tc\ve : Yo tree awncestor

(=) consicler -?\‘rbk visit to cade:

Vs
v, D/ \
v, O /O Ve
WVO
Fivrat

e before visit Y0 Vi Finishes,
will visit Vi Lomd -g'm‘b%'):

will consider e,o\%e (vi» 'U\'.h)
= Visit Vip Wow o alveody diol

o« = vefose visit oW, finisnes
will visit ay [ owd dudw't e fore)

o \erove visit +o vy lor Vo) Hinishes
will see (Vx)Vo) 08 lbock e,c\ve-



T . Snbpaluli a

Given Divected Audc,\;c Oreph (bAG), where verkees
TeF-reben{:.s tosK ownd edges 'tePfeberrl: o\e,Peno\ev\deb,

ovder tesks witnout \:iola-\«‘vxg dependenties.
O—p O
Yy > 2 |
G —®

o

F’T be?"“ae'\w <3~mp\r\‘- YE5 Fivﬁswwa Hwes.

SOufce:
Source = verten wirA wo 'mwwxing ea\zeb

: 5b\neo\u\im% ot beﬁinina (A,6,1),

A'H'emp":\
Bes 2romn emch source

o from A Binds A, BH, ¢, F
’ j'-mm D gw'ndb D, BC, (F <« s\ow. - and w'rov\d).

v Jvom G Finds 6, W
e From I Zinds I.



Topological Sort

Reve-tbe o-? PFES Ei\nblmma Hwes DFs-Visit(v)
(hwe at whida LFS- uisit (v) ov&er.appeﬂd’(‘v)
&“{b“eb> ! order. yeverse)
CO""CC{v\ebs

'U) - o'rde*recl be-?ore YU, te. A ‘?‘V\iﬁa\neO\

F;W ow“é ee“ae ~ vefore w

O—0O

- \'f v visited beﬁ)o'e N

- before wisit to u Eivsis\nes, will visit v (vie Luy)
o'roﬂnevwiae)

= v Pivishes lbefore w

if & visited beforeu
can\?k 15 c\at)ic
> u cownot e seached from W
D visit to v -&w\a\nes \oegore v%s%-\-iha w.



_P_a’d«: n Gawe}a%s
C onsider o JJOZ‘NF\*— GV E) with eo‘ae-we;gh-t

funchion so: E2R. The weight of poth povis v, =V

s defined 1o e

K-
5 wlvivim)

tet

wlp):
Eaawm Ple:

O W

Shortest taths

A })\Df’ceﬁt POH'\" ‘Pfovn w o v ise poth o-? WAt I UL

wei%k‘. —P'roww u Yo v.
The “slertest poth u)eiql_\j; Powr u to v i deg'neo\ as:
— . g

S[u,v) : wAin iwLP'); P i5 @ pa'Hn Prowm L Yo \J}

/\lo)(e: Sluw): o0 'n? no Po-Hn ‘?rowa u o v enists.

O bHMG‘ Su‘o styu etuve

The ovem:
A bu\opaﬁn of @ Shorlest ?ofb\ s @ shortest

Fo’c\n .

T’ﬂ'@nq\e 5V\eq ual?".ﬁ
J S )

For all uy, 26V, we have
Sluw) € slua) + (V)



Well- oleﬁ'nedvxess of shovtest Po‘tlns

I? » %mpk () contding o me?a’dve— wei%\n'& cao\e,
then some Shorlest Pa’c\n Woa not ensst.

E— NG W\Pleﬁ

éihg\e - souvte Shoytest Poﬂx&

P'rololevw. F‘rom o %,‘ven sSdbuxce verten Sé V, E\‘no‘ He
Shortest - poth we'sgh’cs $luy) for all veVv

LP all eo\cae. weigh’cs wlu,v) are v\owne%ai-«‘ve, al)
Shovtest - Po\:k weizhb wust enist.

T dea: C\-feeala

I Mainlain o set & of verkces whose shortest-
poth dislance from = are Known.

2. Al eesch step odd to & Hre vevylea ve V-5
whose distence estimete From S i5 wninimal.

8. Update -he distance estimates of ~vertices
odjecent ‘o w.



D ij Kstra's A\goﬁﬂn_\@
v

d (8] «0O

for eschh qle\l-{s}
do dlv]e—e0

Se— &

Qe— N »QRis o Y—rioﬁtg clueue mainbivﬁvsa V-5
while G+ ¢ |
do u < EXTRACT-MWN (8)

S¢ SV %ui
for esen ~ & Adj Tv]
do if V1> dtu]-\-wlu,\o j"‘”’ﬂ’a’on
Yaen dlv] e d[;] +wluny) step

j‘mFI;ci’c DECREASE - KEY

’E:)Lewx_ple 019 b’\jké’lfa’s A\%OT"‘H”M

Cympl« wita

nown-wnegahve

ﬁd%e wei al‘vx’cs

Tnitialize




A « ExTRACT-MIA (R)

8: A B e ¢

A eooe

5: {A}
Relan all edzeb
leavin A
J
8 A B D €
[0 oo @ oo




Qelm all edraeb

lccwi\r\% C
Q: A B c o ¢
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leowivx? E
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( omectness - ?o'rt 1

Lewama: Iwikalizind 4181 <0 and d[v] o0 for o
VEN- 18} establishes dlv]> 6(5Y) fovall VeV,

ond Hthis invveriant 18 wmaintained over oany
59—‘7“3““" of velanabon steps.

Croef: -
5“??"”3 not. Let ~ be Hre g‘r.-,t verten fmr vownich

d vl < 8 (sw), ond lel ax be the verter thet counsed AWv)
4Tyl dlul +wluw) . Then

.5\4?9056%{0“

v) '\ﬁmvxa\e ‘\nec?v\a\fhj

ch. pottn & specifie path

+o daovxcaa :
dtvl ¢ 5o
¢ $lo,u)+ Blw

¢ gls, u)-!-w[\a,v’)
¢ dluls w(“v\l) YL g‘ﬂp’o vielahon.

whith &2 G covmtvadicHon,



C orvectness - Cort il

The ovem: bijkb"m’s o\abviﬂnm lerminates woith
divl = 8ls,v) forall weV

Pros £
Tt 5u-?gice§ do show 'ﬂn@{ dlv] = §5,\V) Sox eveva

veN when v is adoed Yo 5. Suppose w is Hee Hirst
verlen odded Yo S Por whith dlul # Sla,u). Let 3\De

Hie -Ev'-rs’c vertea n -5 a\oma a shortest W'U'\ from

5 Yo u, and a be its predecessor:

51 SUb%
pefore
Odc\ing u.

Simce w is te Frst vertea violaki ng e claimed
nveriant , we have dlals §1s2). Since subpaths of shorlest
poths ave shortest poths, it Pollowos Haat dtv] wes set
+o Stﬂ"")“' w Myl 3(51‘;)_ when (’)\.\’) was velaned
just after % was oadded to 5.

Cb\nﬁec‘ue\n’c\a, we have _d_t")h Slmy) ¢ $(sm) ¢ d{HL

But  dlule dlyl by our choice o) U, and hence

diyl: glay): Slou): dlu]

wWhich W @ contradicHon .




Analy 619 of Dijkstia
g |

while QF ¢
do We— EXTRALT- MIN (@)

6« 5V{ul
fov each v g Ad) (u]
do if dfv]> dlu] rwluy)
Hoen dlv]e—dlul+wluw)

Hevxds\r\o\(\‘ng_ Lewamna ;\
= BlE) iwmplicit DECREASE - KEYS

Time « E(V‘)'—‘Eﬂknm—mm ke G(E>'T;5¢RGAQE-KC'T

Note: Soawme -ﬁnw\u\a as in Hae av\a\a ois 0F Privm's

Mini wiuw bpavmivsa tree o\aor‘f\nm.

EO\ TEX’TRALT» MA TQECRE ASE - th TO {0)
By oW) oLV olv?)
biner o
\:%; O(\ocﬁ\l) O(\o?\l) ole o9 )
heap |
OVV\O"{i Zed QMDTHZQA oo st




Neaah ve Weight Cy cle
U qQ -

Lecall: 1 a camp\n G- (V\E) contaims a ne?d—ive —wes‘glnt
c,\dc\e, then some shortest paths ey vot enist.

Rellmon - ('\ord )\\%oﬂﬂamt
C%v\olg all 5\\012:95’:-?0% leha'Hnb from o source

5eV 4o all we'\l or determines Haat a neaoh've CJC)Q
eaniste.

B ellmon - Fosd  Algorithm
I dlsl &0

2. Jor each veV-ist ini tiglization
do dlv] e— oo
fort 1 40 W\ -1
do for each edge (uw)€E
do if dtvl >dTu) +wlun] relanotion
Haen dlv] & dlul +wluw) i step

» & 0 o

% for eaclh edae (uw) € E
a. do if dlv] » dlu] + wluv)

0. then -fe,pcrt Het a neaah‘ve»w-d‘ah"
c\dc,\e enists.

At the end, dfv]: SLsV)

Time = O(VE)




EMm?\e of Bellman- Fovd
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Week 10: Lectuye Notes

Togico i Correctness of Bellmen Ford
A ppli cation of Bellwan ford
AW pairs shortest path

1 O\da - Woarshall
Jownseon A\a orithw

g@vvec{nebs &y Bellmon Fo-ro\

Theovem: IF G+ (V,E) contains no ne,ao’cwe we,oaht cUdes
then after Hae Bellman- Ford a\%o'n'\’b\m
executes,  dlv]: §lsv) Jovall vev

PTOO?:

Let veN be an verlen, ongd consider a sWhortest
POW P -r-rows 5 1o & within He miivium number of eolves.

o NG\ P

Sivnee P is @ Shortest aﬂn we have
ERD P sLs Vi ) + W Vg Vi)

I\niko\.\}, alvel: O $L5.Vo), and ds] is unc\wv\%ed by
swesequent velokations .

- After ) poss ‘wao\aa\« €, ave have 4lV,]- 6 (sw,)

¢ A?\:ev 2 passes 'Hnmuak E, we have alv;]: §15v,)

- F\?lew K passes, we hove d Tve: §L5wy)

Stwee 6, contains wno heaokve— wciaht cvdes, P simple,
Lomzegt simple path has < lvl-| edges.




D e{.eCHO (/] V\QQO}{VQ wes C |
L"a) -f - e \nt [ L\’es
‘ %

Co»ro\\m*\&: T o ~value dTv] fails Yo converge ofter

W-1 passes, theve enists a v\easﬁ'ive,-

we,'sawc cbc\e n (] +eachable ?rpm S.

DA § Shortest poths

I e ouaph is @ divected acac)a‘c %na?h (DAG), woe
fyeat —)*o‘po\lo%ica“\é sort the vertces.

Detevmine {: V- {\, 2 ..., \\1\3 such Hhel (uw)EE
2 Hw < W)

O(V+E) Hwe using depth - Bivol seomchh.

Walk Hrrovaln the vertices ne NV in this order, 1elem‘m3
the e,d%eb n Adjlu], Theve by obiaining the shortest
pothe & in o total of OLV4E) Hwe.



Linear Prroqua wmm iv\%
4

Let ry be on man watria, b e om wm-veetor ond

« " 3 ™ . .
¢ be ew n-vector. C\‘nd an n-veetor A ‘ot wonimizes

Cle subject t0 A £V, or determines tHhot no such

soluton enists.

n

q (]
" . ” & MO wmi zim} L 7
T -
C "

||
A« 1 ¢

Li“e«@'f P'roq'rammivxq Alaorithms
¢ 0 U

A\%ori-\-\/\ms for Hhre zev\e‘m} problem
* Simplex methods — prachical but worst cose
enponental Hwe

. E\\'\Pboid G\vori'Hmm - Fo]\dv\mia\ Hwme, lout slow in
prechve

* Intevior pont wnetnods - Po\vdhowsi o] Hme and competes
with simplex

Ceebi\oi\»"c'a, problem:
No opHwizoton Criterian.
Just find o such thet Aat b.
e Tw %ev\era\, ')ub’c a5 Werd os o'fo\\'nor\d 2



Solviv\ﬂ, ¢ sﬁstem me di PPevence constraints

L'w\e,m’ onavow\w\&ng where eachh Tow 0? A contains
emad:\\& one 1, ove -1 and Hre vest O's.

Em@myle: Solubion:
M- Ny & k- N = 3
Ny~ Ao, € -2 - A ¢ w\'.j Xy = O
’A.\ o '1'5 £ 2 "(3: 2
Covx&t're\‘vﬂ: Q'YGP‘M The A woalrin has
N = £ Wy C:? @——E}-}——’C\ID a-A'W\evs sTon s
e lE]x1V)

U naat bgia\ole Constraints

Theovem: If Hre constraint caorapk contoins o negoeHve -
weia\nt ca,r,le., Then Hhe ba:tem o? o\i-f?erences
is unsatisRable.

2 |
qwﬁuF?obe That Hne vxe,aeiive weia\«’c cdc,le_ 'S
Ny - Ng =5 . .+ =Ny -—O‘Vd ‘ 'T\(\cy\. we \l\e‘\le_

Ny ~ Wy £ Wy,
Ng- Ay ¢ Wg,

M= Mg~ € LIga, e
Ny — A €& Wiy

B

e 0.

There go'fe, vo velues for A cewn saHs\e\J the constraints,



Sdis‘ﬁgiv\g Hhe constyeints,

Theovews SuPpbbe no neaa\ive weigkl Cade, enials in the
Constyeint %mpk- Thewn Hae constreints are
soXsfalle.

froot:
Add @ wvew vertexr s o V¥ withe zero wejg\ﬁ eaae—
o each vertex w; g N

Note-
No necz elive - wei%\»t

("#de ¢ ivwtroduced

= shortest poths
enist.

Claimw:
The ebsi%v\w\evx{ an =6 Lov;) solves Hhe constraints,
Cowsider awa_ constraint Ny ~-N ew;i one consider the

Shorviest peths from o 4o vy ond Vi,

The '\‘ﬁovx%\e, iv\e,que\&a %ivcb us S(sV;) ¢ 815'\"’3"'"0"3-
Sivee ag: 505,v) and Ay = 5(5V)), the constrain
K- Nt Wi is  salsPed.




Be\\msv\— Co'rd ovnd linear P'rogmw\mm

C°"¢“°*3' The Bellwen- Ford a\aoﬂﬁnm con solve o
Sldb{em o w diffevence constreints on

w veriobles v Olwn) Hme.

. 5'1\'\%\2- souvce Shortest PG'HA:‘; is @ simple LP problewm.

* Tn fad:, Bellwen- ford wanimizes A7, 4 --. +2Ay,

subjeck Fo The comstreints oj- i ¢ wij and A;¢0

* &enw\am— po'ro\ @50 wiini mizes WM {ﬂi}—-w\ini im}




S hortest Po'l'llg

55\/\%\@— soutce shostest ?Oﬂnsz

. I\lo\n.-\neaeh've ed%e we.i%h\:s
- b%ikstm‘s o\za-r'\‘ﬂnvn - O(E’\'V‘O%V)

- C\ eneve!

- Pellwen Ford - OKVE)

+ DAG

- One pass of el wman Co-ro\ O\\H-E)

A\ - peirs shortest porﬂnb
° /\\o\n— vxeza\ive edcae, weia\\’os

- Nikb’cm‘& a\aoﬂ'ﬂnm W\ twes - OLVE*V“%V

Al- pairs Shestest Pathas
W G¢ (VL E), where V] & n, with edﬂe-

Im?u{:-. b?%’f@?
weiz‘h’c 'cuvxc’ﬁon W '\l-—*g

Ouk\w!:'- NAN  metrio of b\nodeb't—yo‘\"n \eha

Yo HLEY

Tdea #1.
o Run Hellwon Co'ro\ once Yeowm each veviea

°—Y.';VV\€ s DK\IQ E.)

« Dense %.,G?\N =y O\\]"’) Hwe

“C‘oo& j’ifst ‘\'f@_‘”




b Yneawic Qroq-mmming_
=) U (@)

Consider the wan oadjecency weltria A= (04) of Hhe A;amp\\,
ond Aeeiv\e,
" ikt of .
de; : wexalrd: of & s\Whortest Fo% Peomn i Yo ] Hhad
nses ot wost w ed%gg,,

Claim: We wave . .
0 if i}
d"to‘) .
") oo ¥ i¥]
ond -?o-r Wz W& -0 on=),
wm-
d‘,ibﬂ\) T MiNy {d{\:w‘ 3-‘- a\&S’S

ono-? of claiwm:

Lelanotion |
?o'r Ke— 1l town
doif diy >dix *®;
Then dij — div+ 0y

l\)o’ce'- I\)o' v\e?ah've uueig\n’c cua\e ’»mphes

S(i,‘)) : d;-)(“"); d‘i(ﬂ" A‘jlhﬂ):’.



Mokria Mutk p\s‘ cation

Covv\PwEe, C= A. B, where C, A ond B ave nin matrices:

Cq ® Z‘_-a‘.“bks :

Ke)

Tiwe = 9(\05) us'mg_ Hhe stavdord a\%ori{km v
Wwet if we wep "4 o win and s 4" ?
C\“) : 'VV\‘Y\'K {Gig + bn',}

'nnub, blm) r bb“.'\\va

0 o0 o0 00 103
Tdenkity wotrin » 15 (%20 % |- (diy ).
00 o0 o2 O

The (wn'v\, +) mu\\-ip\icoh‘ov\ 5 ossodaﬁve,av\d with The
1eal vumbers, it -gofmb on a\?eb'mic structure called

0 closed bemi‘rhﬂ%

Cowsec‘uew"\&, we con c/ompwfe

bm e Bmo Eig K

(9)
bg - bmo Ac'— A?’

L]
.

b\\r\--\) ) bl'\"'). A - Aw—\
\jie\o\\‘wg b"""\: Lg(a;.p)
’ﬂ'w\e 2 9 (V’-hs) = 9(1\.')
No etter then nx B-F.



'Iw»Pfroveo\ matrist wmultiplication alaorithm

ereded Scyua'r'aﬂ%:
A A% x A

l’!g tn-d |
COW\PuEe A" Al', e e Az
~ o

0 [ \ea \n')f .Squa'r'\ V\ab-

Note:
Ah-,-; A“= Av\-ﬂ

1

Time = 0o lan)

To detect \neaah've weia\n't cadeb, cheek Hae o\a‘avom\

fm’ -ne%o-’n've velues n Oln) odditona)l ¥Hwe.



[ loyd - Warshall Algorithn

Also d\amow\ic, F'roa'row\m iv\a, vut fester!

bCEiﬂ& Cq(ﬁ: weia\«t of o shortest Fa’th from i -\-o:)
woitth intermediote vervlices \oe,lon%ina
'\0 Hne 55'1; {\lzl ---:K’f

() —F—D—B—0)

Thus . S“.,) s Cy L) Also , _(:i"w); Gii.

£ -
v

- O\Aclr Woarshall Recuvrence

;%) Lx-1) [x=) X
Cii s VV“.V\K{Cl'i ) Ci\l . 2 Cgit 3

interwmediote verlces w {\J:-"’k]



Pseudowde tor F\D\Jd' Wershal)

L ‘fof Ke) 4o n

2. do gb'f ie—4 bon
3. do '?O‘f J —)Yton
b, : . 4 Co
do "r Ci’ >Ctk+ k) Ye“xah.o“
S. Hhen C“ «— Cie * Gy
No’ceb:
OKa\a Yo owit 5upevac'riF":$, swee entra velaxations
Cav't hurt

Q“"‘b in  Bn®) Hme
S5imple to code
EfBcient in proctee.

Taonsi Yive Closuve of @ divected %mpk

3, if theve eaists & ?o-hne-fvm t¥o)

COW\Pu&e ‘E;,’: {

0. othevrwise

Ibea-:
Use Plo\(.’d— Warshal), but with (¥, A) jnstead of
rnin, +) ¢
) L)

b Lke-1) Le-»
B o=t v e A by )

T;'W\e = B(V\S)



G!'feFk e we{a\n-\-\‘ng_

—r“\eO'fe‘W\'.
Given @ label hlv) for each veN, 1ewe,38h£ eocl
e,o\%e (uv) g€ by
w (Wv) = wluw) + hilu) = wiv)

Then all poths between The some twowvertices arve
'feweialr\\:e—o\ b\a the same awmount.

PVOOE:
Let pe=visv, ... -—-k\':,‘ be a path nthe caroPk.
Then we \I\OV&, w LP) . Z' w [’Vi'vi‘“)
£

2 :{" LW’.V\'N\‘»') *hlvg)- H\'m))

ie

: wlip) + Wive) = wlv)

To‘l\ﬁsov\'ﬁ A\ao'ﬁ‘ﬂlsm
l Fivxo\ R Nev ten \gbel;h 8 bUC)I\ -\‘b\a-‘; &)L‘Q‘D 20 '?0'( o\
(uw) e E b\d usivig Bellmon- fovd Yo solve Hre

difference constvaints: hlv) —hlu) ¢ wlu,v)
oY deterwsiv\ims Hrot @ ne?aﬁv‘e uaeja\l\\: C'Ude enists.

« Time. O(VE)

2. Qun Dijkstrvals a\zovi'\‘\nm from each vertex woing
*Time = QL\IE-P-‘\IZ\O?]'V)

»
>

3 Reweiaht esch shortest-path 1enca’r\~ & (p) +o produce
‘the bhov%est—?w\‘k \ema-\'lns _ug_LE) of He oﬂ%iwa\ Tm;:\«

*Time:= 0 L\f:)

Tota) Hwe - O(\lg‘.\.vlloﬁ\l)



Week \l. Lecture Aotes

ngigs; b‘sjoiv\’c sel dete styuciure
Uwnion - Find
Augmer&ea\ dis‘]oint set deta stvucture
Network How

bis')ofn{-se{ dela shud:uwe LUYH'OV\—' de)

P'ro\ol em:

Moeinlein & o‘\anamic collection of Paifw\se—o\'ss')oiv"k
sets S-: {5\. Sg, 0 513 ~ Each set 5 has one element

dib“"‘\htaui shed @5 Hne 1e1>fesen’roﬁve, element, 7ep [5:]
M\lbt buPPo'r{ 3 OFeiah'Ohb:

* MAKE- SET (2) - adds rew set fa} to S with
TeP[{'A’Sl:iL Ljor any A ¢ 5 $or all i)

* Unon (ay): replaces sets Sa
S for ama 4\,3 in Distinet sets 54'53,

. FIND' SET (QQ . ‘YG‘!’.UYV\& 7317;3,53“'\'3'}'\\1& 762[5al
of set Sa con{ai\niv\a element 2.




‘5iw‘]>\e \inked -list solution

. r’xka s an (uvxo-ro\e-reol)

5"‘073 &G\Gk _‘)et 5{. € {’lg,ﬂ-‘l)"
ement ferfsi]

aou\o\a \inked \ist. Peline -re,?«esen*ah've el
fo be the front of the list, 4.

5% %,{ ’:‘F‘_:__"“'_f lq, ‘j"“ ‘____L_ Ny \

rep[5i]

e MAKE-5ET (2) inikalizes % 05 & lone node  — B
* CIND- SET (a) walks \e £t v Hhe List conteining o unk) it

reaches the front of the Ust — O(w)
ng N @Y\d \j ,

* UNoN (’)\vj) concotenates the lists containi 1

\eov’w\ﬂ Tep- as FwndD-5E6T \’ﬂ i (9("‘3

5'1“/\‘2\8 balownced - tree golution

Stote each set %:: {m,.m,,... .mg'ﬁ os o balanced tvee
Ua\’“"‘"“a kcab}. Define Tepvesen¥a\ive elewmerl 'repibi'l
fo be the vool of Jhe tvee.

e MAXE-SET () wikalizes S¢s {‘h.'h. Ng. Aus “"}
a5 a \ove nede — Bl

lep (5] ™,

s FIND- SET (2) walks up Hae tree
com’ca\mimﬂ o unh) it reaches

the voot — 9(%3»)

e Unon (1Y) concatenates the
trees contolning ondl 4

c\r\ev\caivx% Tep. = 3 Uag ")



Flias of altack

We wilt build o simple o\isj'oiw\; union dete structure that,
in an aworstized sense, Pe-r?ovmb 9;8wi&mn‘\'\n better
Hhan 9(\3 n) per opevaton, even better Haan Q(Qz lz "),

0(lg19da n), et buk ot quite BL).

To veach +his oal, we will inkroduce two Key tricks
Cach trick comverks o trivial Bln) solubion inte @ Siwmple

9[13 n) omortized solubion . Toae'hner’ +Hhe 4wo tricks vd\'eld
o0 wwuch better solubion .

First tricK arises in an au mented linked \rst.
Second triek ovises in o tree Structure.

Auvawented linked - list selution
U

Store set S+ {“-',9(2.:'“’7‘-\(} a5 unordered o\ou\ala )inked
list. Debine -re,?[bx‘] Yo be front of Hre list , &, .
Cach element 2] also stores pointer repla;] to rep[5;]

| IE ——1 ~
s:[ [m] d==l Tm] T L a

1ep Us:]

* B SET (W) veturns vepla] — pLy)

* UNWON (My) concatenates Hae lists cov\\:o\‘\m‘ns M end Y

ond uvpdetes the vep pointexs for all elements in
Hhe \ist ¢On+9u'nfna y. - Bw)



Enomple of augmented linked-list solution
J

Each elewent w; stores pointer vep (%] 4o rep[5].
UN©oN (2.y)

* Concatenates e \ists an‘}-o{y\{nq nond y, avol
s uPc\o{e5 Hae vep Poin*:ers for o\l elemente inthe
list c,owtaiv\ina a

98 usy, [
| T—F
Tep[ S {\: —F
Tep(sy] ._

SaUby :

= N

X, 'JT:A \:,
vep[savsy]




Al 't e'maHve C@wCG{CﬂG‘HOV\

UNoN (my) could instead

¢ concatenote the lists containing v and %, and
+ updote -the 7ep pointers jor all elements in Hhe list

wa\'ofnina .

TCP
f..J
5, . N )
tep » w1,
o YCPtsu’
N
SD.' 3’ ‘--j- "L S . Ys
Yep[Sy)
1ep
l i |

7ep




,r'a:\'ak 1: Swaller into laraer
J

To Save work, concotenate smaller list into Hie end of
the lavger list. Cost . 9(“"“8”“ of sweller list)

Auawxewl; ist do store its weight (#e,lemevsl:i)
3

Let*n” denote Hae overall number of elements
(equ'wa le_wH%, the wum ber of MAKE- 5 T operation s).

Let “w” denote Hie Jotal number of operations
Let .'f” denote He vwumber of Find- 56T opevatons,

THEOREM :  Cost of all UNION's |8 OLn\a n).
Cb'roﬂera: Total cost is O(m-i- nla n).

AV\Gl\ébL‘J of Tyier d

To save workK, concatenate smaller list jnto Hhe end of
The lavger Yst. Cost . g1+ leng#h of smalley list)

Theorem: Total cost of UNION S o OLv\
P‘VOO?!

Monitor awm element o ongd set Sa conmtaining it
Afler initial MAXE- SET(2), weia\n!: [%a)%!. Eocw R Hime
S is united with Sy, weight [8y] > weight 1241, pay 1

1o updlate 7ep(a], and weja\nt [%44] @t least doubles
("V\vfeabiv\a \oa \Nb‘a\f\“tt*"g-}).

18n)

Eaech Hwe 'S‘d wo united with swalley set 5,,7.:&5
hoﬂinrﬂ, and weja\n’c 1447 bw\y intreon bes .
Thus pay £ 18 " fovm,



Re pre $enHV\% sets as trees

Store each set 5;» {’)(..0!3,.--.4&«3 a% an uwnordered ,
F°’fe“"‘0“a unbalenced, not V\ecebsa'rﬂa loiv\avr\d tvee,
5*'073\1\? OV\\& r)mrev\\: pointers. ’(epcbij is Yhe tvee voot.

S {ou.'»u"'s.ﬂ-u,’ﬂnﬂsj

* MAKG- SET(7) iwitializes

a5 @ lone wnode — B
* FIND- SCT (2) walks up Hae
tree contoining L unh) it
teaches the oot - O [depthind)
* UNVON (my) concatenates the
trees r.ow%ainina n av\o‘n

Triek ) adapted Yo trees

LAION (1Y) Con use o Simple concatenation s\:re%eaﬁ:
Make oot FIND -SET(Y) 0 child of reot FIND- SETIM).
= Fwb- sET(v)e Fwb- 56t (2)

We con ada pt Tviekd 4o il SV
Hais content also: \ ~~E
Ny 1[«3

Mevae Yree with swalley 3
we\'a\nt wo tree withh 1ﬁ EA @ 9s
\argey weight.

R &

Heiz\\’t of tvee ineveases °"‘“6 when it's size doubles,

So \neia\n\t is \oz@‘ri‘\’hw\ic in weiah{:.
Thus Yotel cost 1o O(W\-\"hg\n)



ek 2 patb\ cowmpression

When we emecute o Finp- SET op evation ond welK up
0 path p o the Yoo, we Kwnow Hnre -re,F-rebev\\:a'Hveo

fov oWl nodes on Poan P

Poﬁ\ compre s5ion makes all
of Hwose vodes direct cwild ren
of Hre root. m m m

Cost of Finp- SET () 18
Ng
i)Y O( depth (ﬂ) m @

Fine - 2€7(Yy)

B
Cost of m Ao m m Is

b - SE T \‘
s st (é ﬂ

D(deptnial) Finn - 56T 19,)



Av\a\\d:ﬁs ot Tariek 2 alone

Theorem:

Total cost of CWD-SE’T is O(W\Lg ")

Proef:
Awortizakon ba Po{'enHa\ -Eunuh‘ow.

The we’\a\n\: of o node A (5 # nodes in its subtvee.
begiv\e P(My.ocrP) & Z‘i \3 weiﬂht (]

UNON (i, 25) inereases Poien\-{a) of voot Find- SET(W),
b‘d at wost Ja weigt Lroet Frub- setla] ¢ \%r“'

Cach step dowwm p->c made loy Find -sBT(20), .
y {
encept the Eire&, woves c¢'s sulbstree out o pe Su lee.
. -
Thus if —“i“%‘\'"‘ SR wg%hipﬁ s < decresses b‘J >
?‘a\'\ma Por Yne step dowon . There con be at wost
lan steps p—cC For wowich —‘fd‘?‘,h’c Tcd <}’z_weiahtf.p'].

Theovem:

1f all UnioN opem‘dov\s otLuy beeore all Fwb-5gr
operatons, Hien ‘otal cost 35 Olwin)
PTOOB'.

TP o Cwp-sgT Ofem\w'on troverses o poth voith K

nodes, c,os-Hng OLK) Huwme, then X-2 viodes ave wede
new children of Mo vool.

This c,lr\cm%e, conn heppen on\a once for each of
the n elements.

S0, the Yolal cost of Amd. SET jo 0l 34m).



ACK&" Mown'S ‘Euv\r}ion A

3¢, if kO
be&‘ne Axu) N A(i") ), if k21— iterote ja Hmes
-}
Aol})e §4) Aoli)e 2
Alp~21 A

A ~2i P22 AW

a0}
) 2

,f. 204%
A L) iv o lot \oi%%er. A 07 2

2
’9'. ii Asth" 20‘14
All3) > 2

DBE\'V\& ANz wain SLK'. Ay V) 2> h; 44 '?01 ?-mcha\ “

Analy 5is of Twicks L+ 2

'Tkeo'fem-.
Tn qeneral, fotel cost 13 Olm alw)

=




A?Ph cation:- bqwemm Conneerivity

5“??"53 e %TGP\/\ ) caiveV\ ‘o us ivsc;remew%-a“v by
AbD -VERTEX ()
ADD - EDGE Lwv)

ond we want +o Support cormechivity quesies:
CONNECTED [u.):

?
A"e u OV\d N Ywe Same cpyw\eded CJOMPOV\QV\‘Z-

CO" emew\p\e, we want 1o waintain o 9?"‘"“‘8 'Eofef”l;

50 we check wwether eaclh vew e,o\ae connects A
F-revioub\j Ais connected Paiv of ves¥ces.

Seks of vestices n?nsen\: cownected components.

§uﬂ>o>e s cz-mp\n is 3{vev\ o us inuew\en\:allv by

Abb. VERTEX (v) = MaxE- 5ET(V)

Abp- EDGE Luv) = 18 ot (ONNBCTED luw)
then UN1ON (v w )

ona

CONNECTEB(wY) : Finb- sgT[W= F1nd- o6 T (V)



r\ow netlwork s
DefiniHon: A Yow net work is & divected ‘3"'?\’* ,6_\‘_L\L'E?.
with twe A.iﬂ-iv\auis\\ed vexHeen: @ Souyee S and
o sink t. Cach e,dae (uwwv) €€ has & von-
v\ejah've copacity cluiv). TP (uv) ¢ €, then
clu,v) = 0.

Eam Ple:

Definition: A wxg_ﬂm on § is @ | P - P:va-:&

5@“5?\63\’\3 Hhe %\\owhng:

- Capgc,\‘-hL constraint: fFor all u,veN
' d
O« Pl\h\n ra CLUQV)

- E\ow conservetion: for all LEV - {s.\:z,

pluv) — S plvw) = O
VeV veN

The value of @ Plow is Yhe net Flow out of the

Source:

S plsV) = S plws)
veN veV



A Nowo on @ metwork

c,ofoc"*_’
?obiHve 1

How \“ 4

Flow conservation (\ixe Kiveholfs current low ):

*Flow into U i 2115
*Flow oul of u is OH42-2

The value °¥ Hai s ﬁ\ow 's 1-0xr2= 3.

Ma‘nimum-f'\ow Prob\emt Cﬁvev\ G j’\ow network C\, ?ma\

a Plow of wanimum value n 4.

-TV\ Hie eloove &8\4{6, vealue og me MU muw j‘law s A.

Flow Can cellation

Without loss of ¢3we~ra\i{:\j , positive How 3065 either
from u +o V, oy Prow Vv You , but ot oth.

Net How From
U Yo V in both

cases is5 3

The capacity

constsaint ond 29 |ve D wug (o2
fow conservation @
ave pveserved by

s trans formation

TANTUITION:

View flow as o rate , ot @ quanhity.
— 1 v




A wotational :‘>§mp\s’g'caHon

IDEA: Work with the net flow between two verhces,
Tother Hhon with the positive Jlow.

Defmition: A [net) fow on G is a Punchion }: VXV R
5@Hs?3iv\3 the go\\owiv\g'.
- Q@mc&g constraint : For all uwe V,
‘)’luov) & CL‘J!\’)
- Bow conservation : For al) ue \- is.tg

_ owne o‘bsuW\PHOV‘
VZGV‘HMN) 2 531\'5'&00\ of two

- $Kew-5“\mme{:71'. PO'( al) unveéeyV
'}l\m) t - ’}'lv'“)

Eq wivalence of Definitions

Theovewms The two definiHons ove eﬂuiva\en\

Proof:
Ld: d’l.uﬂ'.) = PL\MV)" P['V'U)

QG?GC"“L‘:} constyaint: Since PUAN) ¢ clu,v) awnad
plvi) >0, we have luw) ¢ eluwd.

Flow conseyvalion:

5 Fluy) = 2_ (plu.v') - pL'v.u))

vev VEV

- L ;JLU.V’)— Z_ PLVv“)

VeV VEV




SKew symmetry : )
awwn " I

Pluw) - plwviv)

- Lp[v.u\ - pluw")
- .]r‘\h“)

«o

Neat, coneider Fluw), if fluwvdro
PUMV)

(]

0 . &[u.v') &0

CLGPOCH'I\-' Constraint . (b'a a\ee'i\r\iHon PL\AN')?,D. Since_
Fluw) ¢ elwy), it folows Haat plu,v) ¢ clu,v)

F]ow Conserveahon: If }luw')>o, Hren P[\,,,v')..?[v.u),jlu,v)'
7¢ jluv) $0, then PluV) - plvu)e —3lviu)= Fuv)
L\ov.d sk ew s'dw\w\e\ﬂj)

S plun)- S_pluw) = S Huw)
vev eV vev. .

Theve Pove,

Notakon
Definition: The value of o Hlow }, dewoted by 1) is

iven b
% e ‘j Hl _ i’_}u)'v) - ‘.}L,S,\l)

VEV

i § wplicit Summation wotaton:

A set vsed in an ovithmeHe

formula Tepresents
? Sum over e elements of the set.

E-omw\F]e:

How con servaton;

HuN): 0 Jor ol u e v- {5t}



Simeple _propertes of flow

Lewmmaos
jLX.X) = 0
‘)b‘,“ﬂ e ——]LY,X)
Hxuy, s fua) + §U1,2) 3F X0Ye &

Theorem

131 3N E)

?tooi‘. H\ N 3[5'-\1)
: —}\V,V)— .)-Lv-s, '\J) Owit braces

« 3V, v-s)
e 3V, )+ 4V, V-s-t)

- 4 \Vv ‘-')

Flow into the sink

‘5’“ 3’\5,\/') = L’
wv,t)e 4.




Cuts
A cut (5T of & —ﬁo\p network G+ (V,€) i5 @ parktion of

V such et S€S ond TET.
1¢ 4 is o Ylow on G, ‘Hthen the Fow across the cut is

3\ s,7)

HOT) = (242 a -2 142) = Y

Avother chevecterizaHon of How value
Lemwa: For ovy. Pow P ond oy cut (5:7) 141: }L’).‘T).
Proot:  $187) = JLoV) - 415:8)
= 4L5,V)
: 3{5,\1)—-}[_5—5,\0
= V) s 4

Capacity of a cut

cut (5T) is (5T

Ceyac\"l'\j o'? Q

c(s7)-= (242) + (V42+2)
=1



Upper bound ow the moanimum JHow value

Theorem:
The value O‘F OV\a j'\ovo 15 bouwo‘eo‘ above b!ﬂ Hhe
capab\'l'j of ovna cul.

P-too}'. \+1 ] ,}Ls"“)

* Z_i j’l.“v\l)

ued ver
& 2 i__ (,LM:V)

uss VT

= C L‘J,T)/

Qe sidual Networ®
be,zw'vx'skom
Let 4 bee —}’\uuu on Q = L,
QkL\I,E,) 16 the %'mp'k w Y b-\:v'\c’cl%

T
Copacy c_} () » cluy)- Jluw) > 0.

E) - The e sidua) network

positive residua)

E'd%eb " E} odwit more How.

Fmemp\e:
0v) "3
¢ ¢ P e B
Ty 2
L ewviw\oLs

\E;) ¢ 2]E]



A :
V\%\N\ ew\"mg PG-HA_‘;

be?imﬂ-\'o«m A\nz Po‘H\ Brmm
o in § wi

a a\ov\a W auaw\ev\\ﬂ' "9

5 ‘\‘ot [T 61* \.5 Gwn

OU%W\ ev\*’w\% po a1 'feo?ed' f.The Jlow value

cown bbe wncrease poth P oy
Cylp) = win ic_} )3

(“\‘)GP
E
3 1 2:6 0:2 25
G: W@ﬁ
X% 1 »n®
Cyle) - 2
z Y ? 9 2
oy X A0
(
) 2 !

Max - How, win cut theorewm

Theorem:

The i—o\\ow'\v\a eve ee’u\ve\emt :
.} is 6 wenimum Flow
2. 4 0dwits no Ou%\me\n\'im% Fa-\‘kb

5. Y= e (b5T) Yov sowme cut 15.T)



WeeK 12 - Lecture Aloles

ToEics 3 btanawﬁc Qrog'ravm wn‘vxa,

- mewmoizetion ownd subproblems

- Fivonacei }g,wmpye_s
- Swortest peaths

- 3uebsin% and DAG views

Computational Complexity

E\a\f\awn'c, Q(Oca'raw\mi ne (b P)
LY v

. Bi% dea | havd ‘je'L siW\p7e
Powev'?u' a\%oﬁ’ﬂnmic de‘;i%m +eolaw'c1u&

LOT%& class o-f 59""”“"‘813 cwpov\evnﬁa\ prob)emb

have e 1>o1sd nomi@d) soluHowm L“'D"'U") vie D F.

P‘a"“w‘@ﬂj ?Df OP'RW\"‘LO'HO\A ?10H2mb (W"'h}w‘")
- Eaowple: Shoriest peths.

A o\\av\owu‘c, Pv‘o%row\mim% is o conlrolled bvu’ce-Foue__
methoal .

IE ubes Tgecurson Gnc\ 7e -use .,

“e' ) ”
D¢ = controlled- brute- force

DP 2 “vecursion owmd ve.use "



C’n bonacet ANuwbers

Fivonacel nuwbers ave o-? +he -Eo-rm
p' - C:_’, 1, F” < F’",'* Fn—?_

Goal: Cowpute F,

Neive AlaoyiHam
‘}O“m»qs Yecursive definition.
b (n):
- if n<2 veturn T:)
2. else vetvrn 4: tio (n-) +4ibln-2)

= Tl e Tln-) + Tlw-2) + 01)
% R '-‘54’“

%2 9Tlw-2) +0l1)
% Q_“"L

E'xpov\cnﬁa\ - BAY !

F

.
/E"< A
&g o

-y



Mewoized BP Alaorithwm

. mew\o = {}
$io w):
2. if nis in memo : 7eturn mewo[n]
3. else: if nezo- fe 1
e else }e iv(n-D +—]—ibbn—z)
s. memo [nle §
Teturn ¢

°ﬂ°_LEl °"\‘d recurses Pirst time colled ¥ K

. 0'\\3_;_\%&1\'\8'\!\0.!2&6 cells : Ke$\2,.c09nn

s memoized cells free (9(\5 Hwe )

e B Hwe per col) U%mon‘ﬂa veecursion)

Po\\anowﬁa\ - Good !

\3 & s . »n
o DP x yecursion + mewmoizetion

* memoize (vremember) and 7e-use solubons +o
Subproblems tHhot help solve problem

- = Fibonau_'c, Subproblems ave F,Fy,-.., Fa

=y ¥ime = # subproblews . (Hwme per subproblem)

‘F?‘oovxau.i . #:bubproblemb = N

Hwme pey subproblem s (318))

Lo Hwe = Bn) Lianoﬁma secursions )




BO‘H‘OM -up 114 A\qoﬁ‘HAW\

o dib = {}

2 Jor K in [L2y...,n]:

3 if K2 §=| Bln)
y. else: £ = fiv k1] + fivix-2] |} OO

5 yio(K) -« £

6. Teturn }b(wnl

° 691@0*:\3 Hhe sewme c.ow\pu’col:iovs as w\cwnaized Di

=
(‘recursion ”umoﬂgﬂ)

t %eme,-m\ : dopoloaical sort of subproblem dependenty
G
DAG.

ch:h‘ ca\l& e stey .« wo Fecur sron

e onelysis wore obvious
N

Con seve spaee : last 2 five = B




Shovlest Vath o

. Qecwrb'we fotku\o{'iom
S luw) = vrin {wlu.v) + §lsuw | uw) € E}

» Mewoized DF algorithm . takes i Rvite Yime 1 c\dc\eb.
(heceosanj Yo hawndle heaa’ﬁue c,sdc\es)

¢ Works gbs directed acnd{c_ 8(‘—”"0.)
Ca'roP\Ab im 0LV4E) l
~(ef€cc’rive\»a Df-‘S/ S 5,0)
-\o?o\ocai cal sort + Hellwon l
55.0)

ford volled into :>iv\81€

Tecuy s Ov\)
65, V) 5 (s, 5)

o Su\o?-ro\o\ew\ o\epeno\ex\c\él swWould be -0

O\Csao\ic.
-more subproblems tewove c\ac\;c_ de
S8V = shovtest s-v path ubima ¢ R e,dtveb

Pend ence

- Yecurrence :
5 Low) = min { Syn () A101UN) ltawd € EJ

S0 (S9V) = 00 for SV \babe ol
5 [50.’) 2 O :O'l own ‘(
\ - v ;ifv\o ne?ah‘ve cae)e enists
CAO@ Bl . N (5v)
—Mewoi ze
=ime : & ‘5“‘21310‘0\6\'“3- @w\e pev .su\ipfob\ems)
V1wl olv) " 0[\19)

-Go\:ua\\ﬂ e(iwo\e%'(ee [v)) Yo Sg(b,\')
=> Hwe D(VZ. ihdearec(?v)) . DIVE)

vev

REULMAN FoRb )




@ueasing_

How +o de53av~ Tecuyrewnce

e wawt shortest $-»v path

* what is the last ed%e in PO‘H\? den'l Kwow

« guess it is (W)

o path is sL\ov{es‘t 5—su poth + e,dcae (uw)
by opHmal substructure

© cost is Sy (Sew) + wlu,v)
~——————

Onother Subproblewm
¢ to find vest quess, -l;-nd all (W) choices) ond use best.

O*Keg t swall (Po\'av\ovn‘m\) # PO.S.N"O\Q uesses pev
Su\opro\o ew
— k\ap') c_ella His dowinetes -Hme[&ubprob)em.

”
DP X Tecursion + wewmoizoHon +%uessina

EA& view
- \ike veplicating L f .——;. °
%'mp\n to 1eprvesewnt Hwe !
- conves \-iv\a shorte st . 2
poths iw 97aph ‘o shortest
poths in b AG ®

" |
DPa sworlteat paths in Sowme DAG



SUMM aYTy
d

* DP & caveful brule fore
‘ s %ue.ssin% 3 Yecuvsion + wviewmoi zaton

«~

¢ . dividinz nto 7easoneble H sulbbproblems wnose

50lubion ~velate - aojf,\io\\(., - ubua“y via

%uesbw'vx% ports of solution

etime = 4 Sub problewms x Ltime et suloprolblem)

S— __i

-

'l'fea-h'm? secuvsive calls as OLY)
(u.suoua m«'nla ?easiaa)
- ebbew\iall\} an owor b 2ation

- ctount eath 5u\oF-rob1em only once ;

after Livst Hwme , costs OLY) vie mewoizetion

«DP % Shoriest ?aﬂnb in some DAC) ’



o eobg b%epe: +o b\Anaw«ic erogmmvninﬂ

deg'v\e 5uberob\emb count dF mbrfob\etwb

3uesb (_Pevb of solukion) count # choicesd

relate Su\onoblem solutions comFu’ce YHme pev subfwoblem

1ecurse 4 mewvize ?vob\emb Hwe ¢ @ime pey bu\op‘nbh)
OR X # sub on\demb

build DP +able boottow-up
check su\op-ro\alems acvc,\iclhpoloaica\ ovaler.

= extra Hwme

Solve oﬁgiv\a\ P-(oblem 3
wun#«'ng bu\oPm\o\em s0luHons.

= O bu‘oapvo‘o\e\m oR \o\d

gﬂemp]eb Fiona cei Swortest poaths
SuopTo blems Cx b (5 For veN, 0¥ (V)
Jor L exewn : wain 6 3V poth uss'na.lkedaes
#subproblems " e
?“935 V\o’\’lm'vsﬂ e&cbe into v L‘t "“j)
# choice® $ ‘“de(a'lee(\h 4 )
Tecutrence Fe e Fua®Fura 5L 5v) = min iék_,(b.u)-rw(u.l‘)
Hwe PE“—:; ltue) € E}
Subproblewm
J o o\~ indeﬁree('ﬂ)
-bp:\:d&;:a\ Jos Kel,...p » ‘Qw K= 04, e 1= gb" vEeV
pIVE)
total K (w)
o Tme R 1Ol umless eflicient obout
53 indevee
O'ﬂaéna\ e
prolem b S\V\" (5,v) Jor vEN
Catrea Hwme 28] BV



C Owp ultohon a) Cow P)eﬂ "'&jj

befi niHons:

p- {‘wo\o\ems solvable in (nS) +Hwe 3 (.P"‘gv\""\""'ﬂ

P

c
f}&f: {Frob\emb soluable in (2 ) -Hw‘e} (eaponential)

R . 1?10‘0\8%5 solvalble W Binite kmefi reeursive

e _ (,ompw‘ak‘ona\
- da'fg!'c\a“"
exe
— = -
R
W\oowtpu{able /
P g ExP & R undecdalble
E.’XG\W\ F'e -3

neza%ive— we»‘a\nt c,adeb detection €f

nan Chess € ExP but ¢ P
L who WINnA —f«owx 86\:@% \coovd cor\gt'aunh'on?

Tetris € ExP bLut dow't Kvow whether € P
L“swwive 8\\;9,\/\ ?ieceb -E‘tom %ive\n veard.

HG\HNL Pvcob\ewx
Qiven a computer f'foamm,o‘oeb it ever halt Lstop) ?

* Untomputable (¢R) : no a\%or%ﬁnm solves it (w'r'recl'\a
n Hinite Hiwe on ol \‘v\pu*s)

* decision ?'ro\o\em . Gnswer is TYES ov NO




Most Deeision Qrob\emb ave Uncompu%able

o ?7011am x bimu .5’(-n‘n3x nonneaah’ve %ni:eaer enN
e decision Fvo\olem = @ -Euv\d-ion £vowm biv\ar\j st 7in ’s(z now -

neg. ivx*e«aeu} Jo {Ygs (", No l0)3
o % whnite sequence of bits = real vumber € R
\N\«lﬁ\: no 059.\3V\M3n‘.' OE uni ﬂue V\onneaa"{ve \nteaers
1o 1eal numbers (R un counto Io\e)
¢ => not V\eav\n ev\ou%\« fvocamms fos a\ vab\em::

o eath prograw solves o\nl\o one problew

¢« = alwost ol onb\emb cannot be solved

N P

——

NP: ibec{sn‘on problems solvable in ?o\amow{\a\ Hwme via &
\uc,ka a\%oﬂ%m’s "I\\e \u:,kz o\aor‘s%«wj Ccon ma:& .
\uc,kz %ueseb, alwoag 'ﬁa\n{ _@_‘_*’1"_2‘_*1 “ﬁam% oll epHons

* nondeterwinisHe wodel o\ﬂoriﬂ\m wakes queses ovd
Hen says YES or NO

°juesses %us'ren‘.eed Yo lead to YES outcomne 4 Possﬂo)e

E")LGWV\ F\€=
'Te{ﬁs € NP

» hov\deievmiﬂi she o\?oﬁ‘\"nw\ s ?uess each wove,
did 1 survive ?

N P-roof o? Yes . \ist wwat woves Yo weke (m\es o~£

Tetris ove casy)



NP

—__.———‘-‘

NP = idec,isiovx ?—ro\o\ew-b with solulons thet con be“dnecked"

W polynomial Ywe. |
o9

=> when onswer is YES,
it con Le ?-roveo\, ond

Fo\avxowﬁ al ~Hwe elso-ri\'\nm con check Pwo'?.

- CO\MPU’l'a'HOV\

| ﬂ\ >
L__F = = di:'t\' C\\\"B
NP
e v i
EX?Y Uncowm Pu&ab\e /
. _ undetidabole

°)
It 16 @ lo‘\z c,ov\'Jec,’cum (wov% 41,000,00

v xcennot cv%iv\eev luek
O~ %ev\em\—ia% L\afoois of) golutions O ve hevdey thawn

b\nec\t\\na Hhew



Havdness and completeness

Claim:
1{ P£ NP, tien Telris ¢ AP- P
PTOO'P'.
* Tetris 16 AP-Vard = " 04 havd as evera Fro\o\em ¢ NP
jv\jac't

. Tetris is NP complete = NP N (NP-hevd)

NP- herd

EXP- Wavd

uv\ww\pu{a\ole/
" undecidable
R

* Chess is [EAP- com?\el:e. = EXPN EXP- o -

EXP-havd is as \néwol as eve:d prololew in CxP
I# NP # ExP, then Chess ¢ ExP\ NP,

Whether NP+ EXP is also an open problem but less”
jO\M OU&/“ I.W\PO'ItQL'L.:

O ——




Qeo\uch' ond

Convert tHne ?-ro\o\eww info @ problem that is a\veao\a Knowon
Wwow }o solve ( instead of solv'ma Pvom Sevoten)

most common a\go-ri'\—b\w\ o\esi?’v\ technique
unwe,‘\g\n’ceo\ -swortest path - we,'.a\n’ced (set wnah*s-))

M ?foduc): ‘:o'\.’k - shortest Patk (take \0?6)
aHhve we"ak"t‘s

\owaeed; paHn - shortes path Lv\ea
Shortest ovder tour — shortest path (k topies of Hhe
vrarh)

cheapest \eakt’—hn\( path > shortest path
(cb-m ph 1’educ31'eh)

L 4

ANl of He above are One-coll reductions:
A P-roblew\ — 3 provlem @ solulon — A solubon

MulHceall veductons:
«5olve A uoiv\% -gvee calls 4o 3,
"in Hais sense, every olgoritim vedue es
—> wodelof oom?u’co-\-ion."

Problem



NP - CoW\PIe{e P»ro\o\ewxs

NP- Comp\ete P-ro\o\evn_‘; ove all interreducible \Ab'ma
Po\\amowﬁ al Hwe Teo\ucHO\ns(same o\i?QfC—“‘*U)

We cawn use reductons Yo prove NP-havdness —»Tetris.

EMMP\eb o? NP - Cowsp\e;l:e Proble.mb

. K\na? sack

¢ 3- pastition : given v integers, divide thew into
7

Yriples of e,qua\ sumw |

Tvtove\\ivxz Ge\leswmen Peovlewn -
- Shortest path Yhal visits all verdces
of o %‘wen ca-rapk
- 15 minimuwm weia\'d. ‘.19. Qedsiw \:e'rsion)
° \ov\aeb{ common 5“‘°$&G(uev\ce of K b“:'r'\ﬂab

* Mive sweeper, Soduku oand wmost puzzles

o SAT: %ivevs o Doolean jovw\u\a Lewd, oy, mok), is it

ever true ?

e Shortest Pa‘:\nb amidst obstacles in b
* 3. colow ng @ %ive,n camPk
¢ 5““0\ \Grcaesh o\ic‘ue " @ cz‘wen camp\«.






