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1 Introduction

Optimization is naturally occurring process in many daily, industrial, science and engineering and
economics applications. One such natural example is the diet problem where we want to minimize
the cost of the food but our nutrient requirements must also be satisfied. Another example is that
of a company which wants to maximize its production with constraints on the available resources.
Optimization problems also involve shortest path problems where we want to minimize the length of
a path between two points provided that there are multiple paths between the two points. Another
variant of this is finding a path which takes shortest time between the two points. The shortest
path may not give the shortest time due to various constraints (e.g., traffic, quality of road etc.).
In control theory, one is interested in optimal actuator/sensor placement problems in large scale
networks. In communication engineering, one is interested in optimizing the information trans-
mitted subject to the bandwidth constraints of channels and so on. Fuel and energy optimization
problems are common in mechanical and aerospace engineering applications. One is interested in
optimizing performance of a control system by minimizing the energy or the fuel required. Some
applications involve minimizing the time required e.g., we want to design algorithms which take
minimum time possible to solve the problem at hand also minimizing the memory/storage require-
ments. In electrical engineering, optimization problems occur in energy and power management
and also in control and estimation theory and stochastic processes. Design problems are the ones
where optimization problems arise naturally. Other applications include computer graphics and
animation, risk minimization in investments, device sizing in electronics design, path and motion
planning in robotics and so on.

There are approximation and estimation problems where we want to minimize the error be-
tween approximated/estimated value and the actual value e.g., curve fitting, data fitting, system
identification, state estimation in control, image/signal reconstruction in image/signal processing
and so on. In applied mathematics, optimization problems occur in least squares problems, norm
minimization, approximation of functions by polynomials, approximations by orthogonal projec-
tions (e.g. orthogonal projections of vectors, approximations by orthogonal polynomials over an
interval and so on), low rank approximation of structured matrices and tensors. Some shortest
path problems include finding shortest paths (geodesics) on curved spaces, finding shortest paths
on graphs and so on.

We now see how to mathematically formulate an optimization problem, identifying the underly-
ing decision variables. We want to understand the theory which allows us to choose these decision
variables optimally and solves our problem in principle. Finding the actual solution is not easy in
general and requires specific numerical techniques.

Understanding optimization problems: The concept of optimization involves an objective
to be maximized or minimized by choosing appropriate values of the decision variables. The
objective function is a real valued function of the dependent variables. Some variables may not be
altered and some may be altered by the designer. Variables which can be altered by the designer are
called decision variables. By selecting appropriate values of these decision variables, the designer
tries to get the best outcome. (Some decision variables may be redundant as we will see in the
next section. These variables may be continuous or discrete. For discrete variables, the problem
becomes a combinatorial optimization problem.)

The function f : S → R to be minimized or maximized is called the objective function and the
underlying set S is called the feasible set. If the feasible set is empty, then no solution exists and
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the problem becomes infeasible. An optimal solution may be locally or globally optimal depending
on whether the minima/maxima is local or global. The optimal solution is a solution where the
maxima or minima is attained. An optimal solution may not always exist and if it exists, it need
not be unique. Without loss of generality, we might as well consider all optimization problems
as minimization problems as the maximization problems can be converted into the minimization
problems using a minus sign. The greatest lower bound to the values of the objective function
f(x) as x ranges over the feasibility set is called the optimal value of the objective function for
minimization problems. It may be finite or infinite and there may or may not be a point in the
feasible set where this value is attained. Note that the optimal value is always unique. If it is finite,
then it may or may not be attained by the objective function. If it is attained, then an optimal
solution exists (need not be unique). If it is not attained by the objective function, then an optimal
solution does not exist. If the optimal value is −∞, then the solution set is unbounded and no
optimal solution exists. If the feasibility set is ∅, then the optimal value is ∞.

Optimization implies minimizing or maximizing a function relative to a set. The objective could
be to minimize cost, maximize profit, best approximation, optimal design and so on. The underlying
set may be constrained or unconstrained. If S = Rn, then we have an unconstrained optimization
problem. If S is defined by equality and inequality constraints of real valued functions or by general
sets indicating constraints on the feasible set, then we have a constrained optimization problem.
(Some constraints may be redundant or inactive.) Constraints can be static or dynamic. Static
constrained optimization problems involve constraints defined by equality/inequality constraints
or set constraints whereas; dynamic constrained optimization problems involve diffential/difference
equations/inequalities. One can convert a constrained optimization problem into an unconstrained
one by elimination of variables or by the method of Lagrange multipliers as we will see later on.
One searches for a solution in this set.

An optimization problem is finite dimensional if the decision variables belong to a finite di-
mensional space e.g., the diet problem, structured low rank approximation problem, least squares
problem, curve fitting problem and so on. If the decision variables belong to an infinite dimensional
space, then we have an infinite dimensional optimization problem. Optimal control problems for
continuous time systems fall in this category since the set of admissible inputs form an infinite
dimensional space. Most of the optimal control problems for discrete time systems fall in the class
of finite dimensional optimization problems. If the feasible set is discrete, we have a combinatorial
optimization problem.

1.1 Problem formulation, size of problems and algorithms

An optimization problem may be formulated as follows

minimize f : Rn → R
subject to x ∈ S

where the set S can be defined by level sets or sub-level sets of real valued functions or just by set
constraints. The optimal value (if it exists) is attained at f(x∗) where x∗ is equal to

argmin f : Rn → R
subject to x ∈ S.

The next concept is about the size of the problem and complexity issues. A problem could be
small scale, intermediate scale or large scale problem depending on the number of variables. Small
scale problems can be solved by hand or by a small computer. Intermediate scale problems can be
solved on a personal computer with general purpose tools and codes. Large scale problems require
large computers and sophisticated codes exploiting special structure of the problem. Most of the
theory is based on obtaining necessary and sufficient conditions for the existence of an optimal
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solution. This involves Lagrange multipliers, KKT conditions, duality theory and so on. However
these theoretical tools does not take into consideration the computational difficulties. For large scale
problems, one generally abandons the theoretical conditions and looks to exploit special structural
characteristics e.g. sparsity to find the optimal solution.

Algorithms are designed to find an optimal solution or find iterates converging to an optimal
solution. Most of these algorithms are iterative in nature and we get a sequence x1, . . . ,xk, . . .
of improving points. This sequence may be finite or infinite. Once an algorithm is constructed,
we need to verify that the algorithm does indeed generate a sequence converging to an optimal
solution. This is called convergence analysis. The next aspect is the rate of convergence. The rate
of convergence of different algorithms allows one to compare the efficiency of different algorithms
for a given optimization problem. The rate of convergence is directly proportional to the time
required for the execution of the algorithm. An algorithm is efficient if it gives an estimate of the
solution within a specified tolerance with a running time which is a polynomial time function of
the size of input. Such algorithms may not always exist. Complexity theory classifies the problems
into problems that can be solved deterministically in polynomial time (class P) and problems for
which there is no way to find a solution deterministically but given a candidate, it can be verified if
it is a solution deterministically in polynomial time. This is class NP (Nondeterminstic polynomial
time). The hardest problems in the class NP are called NP-complete problems. Then there are
NP-hard problems all of which may not belong to the class NP, but any problem in the class NP
can be reduced to one of the NP-hard problems in polynomial time. The NP-complete class in the
intersection of the set of NP problems and NP-hard problems.

We list below general steps to address any optimization problem.

• Write down mathematical expression for an objective function/cost function to be opti-
mized. Check if the cost function is linear/non linear, convex/nonconvex, continuous/discrete
(modular/submodular/non-submodular for discrete objective function) and identify decision
variables.

• Identify if the problem is unconstrained/constrained. If constrained, then identify the type
of the constrained set (linear/convex/manifold/discrete etc.).

• Now classify the optimization problem into an appropriate class based on the above infor-
mation (linear/convex/nonconvex(nonlinear)/combinatorial and so on). Check if the feasible
set is nonempty or empty (feasibility check).

• Find necessary and sufficient conditions for an optimizer. These vary with the type of the
optimization problem.

• Find an algorithm/heuristic to find the optimizer efficiently if possible. Classify the problem
into an appropriate complexity class (P/NP and so on).

2 Linear optimization

If the objective function is linear and constraints are also linear, then the optimization problem falls
in the category of linear optimization or linear programming. The most commonly used algorithms
are the simplex method and the interior point method. We first look at the problem formulation
and examples followed by Farkas’ lemma, fundamental theorem of LP, duality and the simplex
method.

Note that on finite dimensional vector spaces, linear maps are given by matrices e.g., all linear
maps from Rn to Rm are given by m × n matrices. If m = 1, then the corresponding linear maps
are called linear functional and are given by 1×n matrices i.e. by row vectors. Thus, all real valued
linear functions from Rn to R are given by cTx where c,x ∈ Rn. Linear constraints are of the form
Ax = b, Ax ≤ b, Ax ≥ b.
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Definition 2.1. Let c ∈ Rn and d ∈ R. Then H := {x ∈ Rn | cTx = d} is called hyperplane in
Rn.

Observe that c is normal to all vectors lying in the hyperplane H. Note further that for all
d ∈ R, Hd = {x ∈ Rn | cTx = d} form level surfaces of the linear functional cTx. The gradient
vector for this linear functional is cT which is normal to all level surfaces. (Both cT and −cT

are normals.) We will see more about general level surfaces of non linear functions, gradients and
normals in the section on non linear optimization. The linear optimization case turns out to be a
special case.

Observe that a hyperplane divides the space in to two halves H− := {x ∈ Rn | cTx < d} and
H+ := {x ∈ Rn | cTx > d}. These are called half-spaces and H is called the separating hyperplane
which separates the two half spaces.

2.1 Problem formulation of LP

The standard form of LP

minimize cTx

subject to Ax = b,x ≥ 0. (1)

Note that x ≥ 0 implies component-wise inequality.
Slack variables: Suppose constraints are given by Ax ≤ b,x ≥ 0 where the inequality is
component-wise i.e.,

∑n
i=1 ajixi ≤ bj for 1 ≤ j ≤ m. Choose y ≥ 0 such that

∑n
i=1 ajixi + yj = bj

for 1 ≤ j ≤ m. The new variables yj are called slack variables. Thus, the constraints read as

[A I]

[
x
y

]
= b,

[
x
y

]
≥ 0.

Surplus variables: Suppose constraints are given by Ax ≥ b,x ≥ 0 where the inequality is
component-wise i.e.,

∑n
i=1 ajixi ≥ bj for 1 ≤ j ≤ m. Choose y ≥ 0 such that

∑n
i=1 ajixi − yj = bj

for 1 ≤ j ≤ m. The new variables yj are called surplus variables. Thus, the constraints read as

[A − I]

[
x
y

]
= b,

[
x
y

]
≥ 0.

Free variables: Suppose one or more variables are not required to be non-negative. They are
said to be free variables. Suppose x1 is a free variable. Let x1 = u1 − v1, u1 ≥ 0, v1 ≥ 0. Thus by
introducing redundant variables, one can bring a general LP to a standard form. Another way is
to eliminate x1 with one of the constraints. For example,

∑n
i=1 ajixi = bj where aj1 ̸= 0. Then x1

can be eliminated together with this constraint.
For an LP with only equality constraints, a solution set may not exist for an overdetermined

system of equations. In this case, the solution set is empty and the optimization problem becomes
infeasible. An LP is feasible if its feasible set is nonempty, bounded below if it is infeasible or if the
objective function cTx is bounded below on the feasible set. For a feasible bounded below problem
(LP), c∗ = inf(cTx) over the feasible set is the optimal value. For infeasible problem, c∗ = ∞ and
for infeasible unbounded below problem, c∗ = −∞. An LP is solvable if it is feasible, bounded
below and the optimal value is attained i.e. c∗ = cTx, where x is the optimal solution. It turns
out that feasible and bounded below LP is always solvable ([5]). This is not true in general for
nonlinear program e.g., min{ 1

x |x ≥ 1} is feasible and bounded below, but not solvable ([5]).

2.2 Examples

Example 2.2 (the diet problem (Luenberger)). The diet problem involves choosing units of food
such that the cost of food is minimized and the basic nutritional ingredient constraints are satisfied.
Let xj denote the number of units of food j with a cost cj. Suppose each individual needs bi units
of the i−th nutrient per day. Suppose there are m basic nutritional ingredients in all and n number
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of foods are available. Let aij be the amount of nutrient i present in food j. Thus, we have the
following LP problem

minimize

n∑
j=1

cjxj

subject to

n∑
j=1

aijxj ≥ bi, 1 ≤ i ≤ m

x1 ≥ 0, . . . , xn ≥ 0.

Example 2.3 (the transportation problem (Luenberger)). Suppose quantities a1, . . . , am of a cer-
tain product are to be shipped from each of m locations to n destinations where they are received
in amounts b1, . . . , bn. Let xij be the quantity of a product shipped from location i to destination j
with a cost cij. Determine the amounts xij such that the cost is minimized and shipping constraints
are satisfied.

minimize
∑
ij

cijxij

subject to
n∑

j=1

xij = ai, 1 ≤ i ≤ m

m∑
i=1

xij = bj , 1 ≤ j ≤ n

xij ≥ 0, 1 ≤ i ≤ m, 1 ≤ j ≤ n
m∑
i=1

ai =
n∑

j=1

bj .

Note that a broad class of linear programming problems can be represented by the transportation
problem. We refer interested readers to Luenberger (Chapter 6) regarding details about solving this
problem.

Example 2.4 (Manufacturing problem (Luenberger)). Suppose we own a facility capable of engag-
ing in n different production activities each of which produces various amounts of m commodities.
Each activity can be operated at any level xi ≥ 0 with cost ci per unit and produces aji units of the
j−th commodity. Suppose b1, . . . , bm are output requirements of the m commodities. Find xi such
that

∑n
i=1 cixi is minimized. This problem is the same as the diet problem.

Example 2.5 (Activity analysis problem (Ferguson)). Suppose there are n activities a1, . . . , an that
a company may employ using m resources b1, . . . , bm. Let aij be the amount of resource i used in
activity j. Let cj be the net value to the company of operating activity aj at unit intensity. Choose
intensities at which the activities must be operated such that the profit is maximum. Let xj be the
intensity at which aj is operated. The problem is to maximize

∑n
j=1 cjxj subject to

∑n
j=1 aijxj ≤ bi

for 1 ≤ i ≤ m where xj ≥ 0 (1 ≤ j ≤ n).

We refer the reader to Luenberger, Ben-Tal-Nemirovski and Rockafellar for more examples.

Example 2.6.

minimize x1 + x2

subject to x1 ≤ 1, x2 ≤ 1

x1 ≥ 0, x2 ≥ 0.
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This problem has a unique optimal solution (0, 0). Now consider

minimize x1

subject to x1 ≤ 1, x2 ≤ 1

x1 ≥ 0, x2 ≥ 0.

Here, all xs of the form (0, x2) where 0 ≤ x2 ≤ 1 give optimal solution and the optimal solution is
not unique.

Consider a problem: minimize x, subject to x ∈ (0, 1). Here an optimal solution does not exist
as the optimal value (which is 0) is not attained. However, one can construct solution for which the
objective function takes a value arbitrarily close to the optimal value. On the other hand, consider
a problem: minimize x, subject to x ∈ R. Here the solution set becomes unbounded as the optimal
value is −∞. Thus, an optimal solution does not exist. Finally consider a problem

minimize x1

subject to x1 ≤ 1, x2 ≤ 1, x1 + x2 ≤ −1

x1 ≥ 0, x2 ≥ 0.

Observe that the feasible set is empty hence, the problem is infeasible.

Example 2.7 ([5]). Consider a problem minx∈Rn∥Ax−b∥∞, where ∥Ax−b∥∞ = maxi=1,...,m|aTi x−
bi|, aTi are rows of A. This is not an LP as the objective function is nonlinear. However, it can be
converted into an LP using an additional variable t ∈ R as

min t

subject to −t ≤ aTi x− bi ≤ t, 1 ≤ i ≤ m. (2)

This gives a Tschebyshev approximation problem as follows. Suppose we want to approximate
β(t) on unit interval [0, 1] by a linear combination

∑N
j=1 xjαj(t) of N given functions αj(t). The

approximation is measured by its uniform distance from β i.e., ∥β−
∑N

j=1 xjαj∥∞ = sup0≤t≤1|β(t)−∑N
j=1 xjαj(t)|. To convert it into an LP, consider a finite grid ti =

i
M , i = 1, . . . ,M . With this

discretization, the problem becomes

minx∈RN |β(ti)−
N∑
j=1

xjαj(ti)| = minx∈RN ∥Ax− b∥∞,

where columns of A are restrictions of αj on the grid points.

2.3 Feasible sets of LP and Farkas’ lemma

Definition 2.8. Let v1, . . . , vn ∈ Rn. Let C := {α1v1 + . . .+ αnvn, αi ≥ 0 (1 ≤ i ≤ n)}. Then C
is said to be a cone formed by v1, . . . , vn.

Example 2.9. Positive orthant of Rn is a cone generated by e1, . . . , en.

Definition 2.10. A generating set of a cone is said to be minimal if it is it is linearly independent.

Lemma 2.11 (Farkas’ lemma). Let A ∈ Rm×n and b ∈ Rm. Then exactly one of the following two
statements is true:

1. There exists an x ∈ Rn such that Ax = b and x ≥ 0.

2. There exists a y ∈ Rm such that ATy ≥ 0 and bTy < 0.
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Proof. Consider a cone C formed by columns of A. Then b either lies in this cone or it lies outside
this cone. If b lie in C, then the first statement is true. If it lies outside C, then there exists a
hyperplane H separating C and b i.e. C lies on one side of the hyperplane H and b on the other
side. In other words, we can choose a normal y to the hyperplane H which divides Rn into two
half-spaces H+ = {x ∈ Rn | yTx > 0} and H− = {x ∈ Rn | yTx < 0}. We can choose (out of two
choices) y such that C ∈ H+ and b ∈ H−. This is the second statement of the lemma.

Remark 2.12. Farkas’ lemma give a characterization of the feasible set of LP i.e., when the feasible
set is empty and when it is non-empty.

2.4 Fundamental theorem of LP

In here, we characterize feasible solutions of LP. Let A ∈ Rm×n (n > m). Suppose we choose m
linearly independent columns of A and let B be a matrix formed by these columns. Assume that

these are the first m columns of A. Then BxB = b has a unique solution. Substituting x =

[
xB

0

]
,

we obtain a solution of Ax = b.

Definition 2.13 (Basic variables (decision variables)). Given a system of linear equations Ax = b
where A ∈ Rm×n (n > m),b ∈ Rm, let B be matrix obtained by choosing m linearly independent
columns of A. Then, if all n −m components of x that are not associated with columns of B are
set to be equal to zero, then the resulting solution of Ax = b is called a basic solution w.r.t. the
basis B and the components of x associated with columns of B are called basic variables or decision
variables.

A system of equations Ax = b may not have a basic solution. To avoid trivialities as well as
difficulties, we assume that n > m and rows of A are linearly independent. A linear dependency
among rows could lead to contradictory constraints which implies no solution or redundant con-
straints which could be eliminated. Under these assumptions, there will always be a solution to
Ax = b; moreover, there will be at least one basic solution.

Definition 2.14 (degenerate solution). If one or more basic variables in a basic solution has value
zero, then it is said to be a degenerate solution.

Definition 2.15 (feasible solution). A vector x satisfying Ax = b, x ≥ 0 is said to be feasible for
these constraints. A feasible solution which is also basic is called a basic feasible solution. If it is
degenerate, then it is called a degenerate basic feasible solution.

Theorem 2.16 (Fundamental theorem of LP). Given a linear program (1) in the standard form,

• if there is a feasible solution, then there is a basic feasible solution.

• if there is an optimal feasible solution, then there is an optimal basic feasible solution.

Proof. Constructive proof of Luenberger:

• Let x1a1 + . . .+ xpap = b where exactly p variables are > 0.

1. Suppose a1, . . . ,ap are linearly independent. Then setting all remaining components of
x to be equal to zero, we obtain a basic feasible solution.

2. Suppose a1, . . . ,ap are linearly dependent. Therefore, there exists y1, . . . , yp such that at
least one yi > 0 such that y1a1+. . .+ypap = 0. Then (x1−ϵy1)a1+. . .+(xp−ϵyp)ap = b.
For ϵ = 0, we get a solution x. As ϵ increases, at least one component of x−ϵy decreases
since at least one component of y is positive. Remaining components either increase,
decrease or remain the same. Set ϵ = min{xi/yi : yi > 0} (1 ≤ i ≤ n). For this value
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of ϵ, we get a solution with at most p− 1 positive variables. Continuing in this manner
until we obtain a linearly independent set, we reduce this case to the first case of linearly
independent vectors which gives a basic feasible solution.

• The proof of the second statement too follows on similar lines. Let x be an optimal solution
expressed as a linear combination of p columns of A.

1. If p columns are linearly independent, then we obtain a basic optimal solution.

2. Suppose that p columns are linearly dependent. The optimal cost is cTx. Choosing y
and ϵ as in the previous part, x − ϵy is also a feasible solution with at most p − 1 non
zero variables and the cost is cT(x− ϵy). Now by optimality, cTy must be zero. (Proof:
Clearly, cTy can not be positive since cTx is the optimal cost. If cTy is negative, then
consider x + ϵy. Choose ϵ = −max{xi/yi : yi < 0} (1 ≤ i ≤ n) if y has negative
components. If y is non negative, then choose ϵ > 0. Therefore, at the new feasible
point, the cost is cT(x + ϵy) < cTx, a contradiction. Hence, cTy = 0.) Continuing in
this manner, we obtain an optimal solution which is basic.

2.4.1 Geometric viewpoint

Definition 2.17. A set C is said to be convex if for every x1,x2 ∈ C and every real number α,
0 < α < 1, x = αx1 + (1− α)x2 ∈ C.

Note that a convex set is always connected.

Definition 2.18. A point x is a convex set C is said to be extreme point of C if there are no two
distinct points x1,x2 ∈ C such that x = αx1 + (1− α)x2 for some α, 0 < α < 1.

Definition 2.19. Let x1, . . . ,xk ∈ Rn. Then a set P := {x | x =
∑k

i=1 αixi} where
∑k

i=1 αi =

1 is called a convex polytope generated by x1, . . . ,xk ∈ Rn. The combination
∑k

i=1 αixi where∑k
i=1 αi = 1 is called the convex combination of xis or the convex hull of xis.

Lemma 2.20. The feasibility set of linear inequality constraints is convex.

Proof. Let x1,x2 ∈ S which is the feasibility set of linear inequality constraints aTi x ≤ bi (1 ≤
i ≤ m). Therefore, aTi x1 ≤ bi and aTi x2 ≤ bi (1 ≤ i ≤ m). Let x = αx1 + (1 − α)x2. Then
aTi x = αaTi x1 + (1− α)aTi x2 ≤ (α+ 1− α)bi (1 ≤ i ≤ m). Thus, the lemma follows.

Definition 2.21. Intersection of finite number of half-spaces aTi x ≤ bi (1 ≤ i ≤ m) is called a
convex polyhedron.

A polyhedron may be bounded or unbounded. Polytope is always bounded. A polytope can
either be represented as an intersection of half-spaces or as a convex combination of extreme points.

Theorem 2.22. Let C be a convex hull formed by the solution set of Ax = b,x ≥ 0 where
A ∈ Rm×n,b ∈ Rm and rank(A) = m. Then, x is an extreme point of C ⇔ x is a basic feasible
solution.

Proof. Suppose x is a basic feasible solution. If x is not an extreme point, then x = αy+ (1−α)z
where y, z ∈ C i.e., Ay = b,y ≥ 0 and Az = b, z ≥ 0. Since x,y, z ≥ 0, 0 < α < 1 and
x = αy+ (1−α)z where x is a basic feasible solution, it is clear that n−m non basic components
of y and z must be zero i.e. y and z are basic feasible solutions w.r.t. the same basis as x.
Therefore, for some basis of Rm, we have three solutions Ax = b, Ay = b and Az = b. Thus,
x = y = z. Hence, x is an extreme point.
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Conversely, assume that x is an extreme point of C. Suppose that the non zero components of
x are the first k components i.e., x1a1 + . . .+ xkak = b. If ais are linearly independent, then this
is a basic solution. If they are linearly dependent, then y1a1+ . . .+ ykak = 0. Thus, we can choose
small enough ϵ > 0 such that both x − ϵy and x + ϵy are feasible solutions with all components
≥ 0. Hence, x = 1

2(x− ϵy)+ 1
2(x+ ϵy) which is a contradiction since, x is an extreme point. Thus,

ais are linearly independent and x is a basic feasible solution.

Corollary 2.23. If the convex set C formed by the set of solutions of Ax = b,x ≥ 0 is non empty,
then it has an extreme point.

Corollary 2.24. The constraint set for (1) has at most a finite number of extreme points.

Proof. Since there are only finite number of basic feasible solutions obtained by selecting m linearly
independent columns of A out of n columns, by the theorem above, there are only finitely many
extreme points.

2.5 Finding an optimal solution : Simplex method

We could think of developing a crude method to obtain an optimal solution for an LP.

Definition 2.25. Let x ∈ S where S is the feasibility set. We say that a direction d is a feasible
direction at x if there exists ᾱ > 0 such that x+ αd ∈ S for all 0 ≤ α ≤ ᾱ.

Lemma 2.26. x∗ is a minimum of cTx over S which a feasibility set of linear inequality constraints
⇔ for any feasible direction d ∈ Rn at x∗, cTd ≥ 0.

Proof. If x∗ is a minimum of cTx over S, then for any feasible direction d, consider a point
x̂ = x∗ + αd. Thus, cTx̂ = cTx∗ + αcTd ≥ cTx∗. Hence, cTd ≥ 0. Similarly, the converse
also holds. If cTd ≥ 0 for any feasible direction d ∈ Rn at x∗, then for x̂ = x∗ + αd, cTx̂ =
cTx∗ + αcTd ≥ cTx∗.

Observe that the gradient of a linear functional cTx is c. Let x be a point in the feasible set.
If cTx < 0, then the function is decreasing in the direction of x. Therefore, one can travel in
the direction of x until a boundary point is reached. If a boundary point is not reached in the
direction of x, then the problem is unbounded and there is no optimal solution. If a boundary point
is reached, look for other feasible directions d such that cTd < 0. If such direction exists, then
move along that direction in search of an optimal solution and so on. If cTd ≥ 0 for all feasible
directions, then we are at an optimal solution. If cTd > 0, then the optimal solution x∗ is unique.
If cTd∗ = 0 for some direction d∗ and cTd ≥ 0 for all other feasible directions, then the optimal is
not unique and x∗ + αd∗ is also an optimal solution. Observe that due to this property of linear
functions, for an LP, optimal is always attained at a vertex point of the feasibility set. Thus, from
this observation as well as from Theorem 2.22 and Corollary 2.24, a crude way to find an optimal
solution for an LP is to evaluate the cost functional at all vertices and take the minimum. However,
as the number of vertices grow, this method won’t be quite effective. The simplex method gives a
smarter search method but it turns out that it is also not the best possible method. Interior point
methods are the best one where the initial guess lies in the interior of the feasibility set and the
iterates converge to some vertex which is an optimal solution.

The idea behind the simplex method is to proceed from one basic feasible solution to another
such that the cost decreases until the minimum is reached. Observe that since the cost function
is linear, if the cost decreases in a particular direction, one can continue to move the solution in
that direction while remaining in the feasible set until the boundary is reached. Thus, an optimal
is always achieved at the boundary of the feasible set. This is a peculiarity of linear functions.
Therefore, it makes sense to look for extreme points of the feasible set to find an optimal solution
of LPs.
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In simplex method, starting from a basic feasible solution (Theorem 2.16), we identify if there
exists a direction along which the cost function decreases. If there exists such a direction, then
moving along one of such directions, one constructs a feasible solution which reduces the cost. Then
one uses the idea of constructing a basic feasible solution from a feasible one used in the proof of
Theorem (2.16). Now the process is repeated until an optimum is reached. Since constraints are
linear, there are only finitely many extreme points (Corollary 2.24). Thus, ideally the simplex
method should terminate after finitely many steps if the solution set is bounded.

We assume that every basic feasible solution is non degenerate . Without loss of

generality assume that the first basic solution is xT =
[
x1 x2 · · · xm 0 · · · 0

]T
. This

corresponds to choosing columns a1, . . . ,am of A as a basis for Rm. The cost at this point is equal
to

∑m
i=1 cixi. We can decompose a feasible solution x as xT =

[
xT
B xT

D

]
. Let cT =

[
cTB cTD

]
.

Thus, when xT =
[
xT
B 0

]
i.e. at the first basic feasible solution, the cost is cTx = cTBxB = z0.

Note that doing elementary row operations of A does not change solutions of Ax = b. We may
assume that B =

[
a1 a2 · · · am

]
and A = [B Â]. Doing elementary row operations on A to

convert B into an identity matrix is equivalent to pre-multiplying Ax = b by B−1. Let A1 = B−1Â.
Thus, we may assume that A is in the form

[
I A1

]
and b is transformed into b1 = B−1b by

elementary row operations. Thus xT =
[
bT
1 0

]
forms the initial basic feasible solution and

z0 = cTBxB = cTBb1. Note that since x is a feasible solution, x = b1 is non negative.
Suppose we assign values to xm+1, . . . , xn i.e. we fix xD such that b1 − A1xD is non negative.

Then, choosing xB = b1 − A1xD, we get a feasible solution xT =
[
xT
B xT

D

]
. (Check that

Ax = [I A1]

[
xB

xD

]
= xB + A1xD = b1.) The associated cost is cTx = cTBxB + cTDxD =

cTB(b1 −A1xD) + cTDxD = z0 − cTBA1xD + cTDxD = z0 + (cTD − cTBA1)xD.

Theorem 2.27. Let A =
[
I A1

]
and b = b1. Let x = b1 be a basic feasible solution. Let cT =[

cTB cTD
]
and xT =

[
xT
B xT

D

]
corresponding to the decomposition of A. If the j−th element of

rTD = cTD−cTBA1 is negative, then substituting aj for some vector in the previous basis yields a basic
feasible solution with a reduced cost. If aj can not be substituted to yield a basic feasible solution,
then the solution set is unbounded and the objective function can be made arbitrarily small (−∞).

Proof. Since we assume that basic feasible solutions are non degenerate, the initial basic feasible
solution x = b1 is positive. Suppose that the j−th entry of rTD = cTD − cTBA1 say rj is negative.
Choose xD with only the j−th entry non zero such that b1 − A1xD remains entry-wise positive.
Since we are subtracting a multiple of j−th column of A1 from b1 where b1 is entry-wise positive,
we can always select xj > 0 small enough such that b1 − A1xD remains entry-wise positive. Now
the new cost for this feasible solution is z0 + (cTD − cTBA1)xD < z0. As we increase the value of
xj , the other components of the feasible solution either increase, decrease or remain the same. If
some xi decreases, then we can keep increasing xj such that some other component becomes zero.
This yields a basic feasible solution with an improved cost. If all components of x increase as we
increase xj , then this implies that the solution set is unbounded and the cost function can be made
to approach −∞.

Remark 2.28. Note that for a new basic feasible solution to exist, it follows from the proof above
that as we add a new basic vector xj and increase its coefficient, some component xi must decrease.
Note further that xB = b1 − ajxj and the i−th component of xB decreases as xj is increased.
This implies that the i−th component of aj must be positive. If none of the components of aj are
positive, then as we increase xj, we have a valid feasible solution and the solution set is unbounded.

Theorem 2.29. If for some basic feasible solution, rTD = cTD − cTBA1 is non negative, then that
solution is optimal.

Proof. This follows from the fact that cTx = z0 + (cTD − cTBA1)xD where entries of x are non
negative.
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We now give the following simplex algorithm based on Theorem 2.27, Theorem 2.29 and Remark
2.28 to find an optimal solution to LP.
Simplex algorithm:

1. If rTD = cTD − cTBA1 is non negative, stop. The current basic feasible solution is optimal
(Theorem 2.29).

2. If some entry of rTD is negative say rj < 0, select aj to be a new basis vector and xj to be a
new basic variable (Theorem 2.27) where 1 ≤ j ≤ n−m.

3. Calculate the ratios b1(i)
aj(i)

for all aj(i) > 0. If no aj(i) > 0, stop; the problem is unbounded.

Otherwise, select p as the index for which the ratio b1(i)
aj(i)

is minimum. This is the variable/basic

vector we want to throw out (Remark 2.28). Replace ap with aj as a basic vector and compute
the new basic solution w.r.t. the new basis. Compute A1, c

T
B, c

T
D, r

T
D w.r.t. the new basis.

Return to step 1.

Example 2.30 (Luenberger). This is Example 1 from Luenberger (p.48).

minimize −3x1 − x2 − 3x3

subject to 2x1 + x2 + x3 ≤ 2,

x1 + 2x2 + 3x3 ≤ 5,

2x1 + 2x2 + x3 ≤ 6,

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

Introduce slack variables x4, x5 and x6 in the three inequalities above to bring the LP in the standard
form. Thus, the constraints are

 2 1 1 1 0 0
1 2 3 0 1 0
2 2 1 0 0 1




x1
x2
x3
x4
x5
x6

 =

 2
5
6

 , xi ≥ 0 (1 ≤ i ≤ 6).

Let’s choose the slack variables x4, x5, x6 as the basic variables as the matrix is already in the
canonical form w.r.t. these variables. Let’s change the order of these variables so that we get a
form prescribed above.

 1 0 0 2 1 1
0 1 0 1 2 3
0 0 1 2 2 1




x4
x5
x6
x1
x2
x3

 =

 2
5
6

 .

Therefore, A1 =

 2 1 1
1 2 3
2 2 1

, b1 =

 2
5
6

. Thus, the initial solution is x1 =
[
2 5 6 0 0 0

]T
.

Note that cTB = 0T and cTD =
[
−3 −1 −3

]T
. Thus, rTD = cTD − cTBA1 is negative entry-wise for

all elements. Thus, by the algorithm, let’s choose the 2nd variable to be a new basic variable. Recall
that a1, . . . ,a6 denote columns of the original constraint matrix where a4 = e1,a5 = e2,a6 = e3.

Computing b1(i)
aj(i)

for all aj(i) > 0, we observe that for i = 1, the ratio is minimum. But the first

component of the first basic solution was x4. Thus, we are throwing out x4 after bringing in x2.
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Therefore, our new basic vectors are a2,a5,a6. Express the solution in terms of new basic vectors

and repeat the process. The new basis is given by B =

 1 0 0
2 1 0
2 0 1

.

Ax =

 1 0 0 2 1 1
2 1 0 1 3 0
2 0 1 2 1 0




x2
x5
x6
x1
x3
x4

 =

 2
5
6

 .

Therefore, the new basic solution is BxB =

 2
5
6

. Thus, b2 = B−1b1. Since the basic variables

are x2, x5, x6, c
T
B =

[
−1 0 0

]T
and cTD =

[
−3 −3 0

]T
. Note that

A1 = B−1

 2 1 1
1 3 0
2 1 0

 =

 1 0 0
−2 1 0
−2 0 1

 2 1 1
1 3 0
2 1 0

 =

 2 1 1
−3 1 −2
−2 −1 −2


Hence,

rTD = cTD − cTBA1 =
[
−3 −3 0

]
−
[
−1 0 0

]  2 1 1
−3 1 −2
−2 −1 −2

 =
[
−1 −2 1

]
.

Thus, we can select the first or the second variable as a new basic variable since the corresponding
entries in rTD are negative. Now continue the same procedure we did above. Stop when all entries
of rTD are non-negative.

For more examples, we refer the reader to Luenberger.
Degeneracy: Suppose there are degenerate basic feasible solutions. Often they are handled in a
similar manner as non degenerate solutions. It may happen in this case that the minimum of the
ratios b1(i)

aq(i)
(after q is selected as a new basic variable) is zero. Thus a zero valued basic variable

is getting kicked out. Now as the new basic variable comes in at the place of zero valued basic
variable, the cost function does not decrease and the new basic solution is still degenerate. Thus,
one may run into a cycle where one gets the original basic feasible solutions again. Methods are
available which avoids this disaster (Luenberger).

Remark 2.31. There are applications where one looks for an integer valued solution instead of
a real valued solution i.e., decision variables take integer values. This is called an integer pro-
gramming problem. Examples include budget problems or scheduling problems such as traveling
salesman problem. These are combinatorial optimization problems. If some decision variables take
real values and some take integer values, we have a mixed integer linear program.

2.6 Duality

We define the primal form of LP as follows

minimize cTx

subject to Ax ≥ b,x ≥ 0. (3)
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The dual of the primal LP is defined as follows

maximize λTb

subject to λTA ≤ cT, λ ≥ 0. (4)

Observe that the role of c and b gets interchanged in the dual and the primal problem. Given an
LP in the standard form (1), we write its following equivalent primal form

minimize cTx

subject to Ax ≥ b,−Ax ≥ −b,x ≥ 0. (5)

In this case, the coefficient matrix is

[
A
−A

]
the vector on the rhs is

[
b
−b

]
. Partitioning the

dual vector λ as λ =

[
u
v

]
, the dual problem is

maximize uTb− vTb

subject to uTA− vTA ≤ cT,u ≥ 0,v ≥ 0. (6)

Letting λ = u− v, we obtain the following dual for a standard LP

maximize λTb

subject to λTA ≤ cT. (7)

Observe that the dual vector λ is not restricted to be non negative. This is an asymmetric form of
duality.

We now assume that LP is in the standard form and its dual is as mentioned above
(7). It is not assumed that A is full rank.

Duality and lower bounds: (Fawzi) Suppose the feasible set of an LP is nonempty. Hence,
any point in the feasible set gives an upper bound on the optimal value. We now study how to
obtain lower bounds on the optimal value. Consider the following LP ([6])

minimize 2x+ y

subject to x+ y + 1 ≥ 0

x+ 1 ≥ 0

y + 1 ≥ 0

−x+ 1 ≥ 0

−y + 1 ≥ 0.

Let p∗ be the optimal value. If (x, y) is a feasible point, then p∗ ≤ 2x + y. Thus, any feasible
point gives an upper bound on p∗ e.g., if (x, y) = (−1, 0), then p∗ ≤ −2. Now multiply the second
constraint by 2 and add it to the third constraint. One obtains 2x+ y ≤ −3 i.e., p∗ ≥ −3. Adding
the first constraint to the second, one obtains 2x + y ≥ −2, consequently, p∗ ≥ −2. Therefore,
p∗ = 2. The following lemma states how to obtain lower bounds on optimal values via duality.

Lemma 2.32 (Weak duality). If x and λ are feasible for (1) and (7) respectively, then cTx ≥ λTb.

Proof. Note that

λTb = λTAx.

Now, x ≥ 0 and λTA ≤ cT. Thus, cTx ≥ λTb.
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If p∗ is the optimal value of the primal problem and d∗ is the optimal value of the dual problem,
then p∗ − d∗ is called the duality gap. Observe that if p∗ = −∞ i.e., if the objective function of
the primal problem becomes unbounded, then d∗ = −∞ hence, the dual maximization problem
becomes infeasible. If p∗ = ∞ i.e., the primal problem is infeasible, then the dual maximization
problem becomes unbounded.

Corollary 2.33. If x∗ and λ∗ are feasible for (1) and (7) respectively, and if cTx∗ = (λ∗)Tb, then
x∗ and λ∗ are optimal for their respective problems.

Proof. Let x and λ be the optimal solutions (1) and (7) respectively. Therefore,

cTx∗ ≥ cTx ≥ λTb ≥ (λ∗)Tb.

But since cTx∗ = (λ∗)Tb, all inequalities above must be equalities and the statement follows.

Theorem 2.34 (Duality theorem of LP). If either of the problems (1) or (7) has a finite optimal
solution, so does the other, and the corresponding values of the objective functions are equal. If
either problem has an unbounded objective, then the other problem has no feasible solution.

Proof. We refer the reader to Luenberger (Section 4.2). The proof relies on the separation hyper-
plane theorem.

Strong duality holds if primal optimal objective value is the same as the dual optimal objective
value. In other words, duality gap zero iff strong duality holds. We will revisit duality for non
linear optimization.

2.7 Interior point methods: Finding an optimal solution

Simplex method is not a polynomial time algorithm. Karmarkar’s interior point algorithm is a
polynomial time algorithm and gives iterates converging asymptotically to the optimal solution
with the initial solution specified in the interior of the feasible set.

2.8 Network flows

Consider a graph with a set of vertices (nodes) and edges. We consider directed graphs where
each edge has an orientation. Such directed graphs represent communication structure between
two nodes in a network. All directed edges indicate a flow in the underlying network. Note that
conservation law must be satisfied at each node i.e., in-flow=out-flow except the source and the
sink node. Let xij denote a flow from node i to node j. For each node i,

n∑
j=1

xij −
n∑

k=1

xki = 0. (8)

Let node 1 be the source and node m be a sink. Then, for a single source single sink network,

n∑
j=1

x1j =

n∑
k=1

xkm. (9)

For a multi source multi sink network, the total outflow from sources must be equal to the total
inflow of sinks.
Minimum cost flow: Consider a network with n nodes such that at each node i, there is a number
bi indicating a demand (if bi < 0) or a supply bi > 0 at that node. The network is balanced i.e.,
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∑n
i=1 bi = 0. Let cij be the unit cost of flow along each edge. The minimum cost flow problem is

defined as follows

minimize
∑

cijxij

subject to

n∑
j=1

xij −
n∑

k=1

xki = bi, i = 1, . . . , n

xij ≥ 0 i, j = 1, . . . , n. (10)

We refer the reader to Luenberger for solving this problem.
Maximal flow: In here, we want to maximize the total flow from source to sink under the edge
capacity constraints. We assume that each edge is assigned with a non-negative capacity say cij
for an edge from node i to node j. Let node 1 be the source node and node m be the sink node.
The max-flow problem is formulated as follows:

maximize f

subject to

n∑
j=1

x1j −
n∑

j=1

xj1 − f = 0,

n∑
j=1

xij −
n∑

k=1

xki = bi, i ̸= 1,m

n∑
j=1

xmj −
n∑

j=1

xjm − f = 0

0 ≤ xij ≤ cij for all i, j. (11)

Let I be the incidence matrix of the graph. Let e be a vector having size equal to the number of
nodes in the network such that the first entry of e is 1 and m−th entry is −1. Then we can write
the above problem as

maximize f

subject to Ix− fe = 0,

x ≤ c (12)

where x is a vector with entries xij and c is the vector of corresponding capacities.
We now introduce the notion of cuts in network. Let 1 and m be the source and sink nodes

respectively. Divide the set of nodes into two sets S and S̄ such that node 1 is in S and node m is
in S̄. The set of edges from S to S̄ is a cut and it is denoted by (S, S̄). The capacity of the cut is
the sum of the capacities of the edges in the cut.

Theorem 2.35 (Max flow min cut theorem). In a network, the maximal flow between a source
and a sink is equal to the minimal cut capacity of all cuts separating the source and sink.

Proof. Luenberger p.173.

3 Non-linear Unconstrained optimization

We consider optimization problems of the form

minimize f(x)

subject to x ∈ Ω ⊆ Rn. (13)
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Definition 3.1. A point x∗ ∈ Ω is said to be a local minimum of f over Ω if there exists an ϵ > 0
such that f(x) ≥ f(x∗) for all x ∈ Ω such that ∥x − x∗∥ < ϵ. If f(x) > f(x∗) for all x ̸= x∗ in
some ϵ neighbourhood of x∗, then x∗ is said to be a strict local minima of f over Ω.

A point x∗ ∈ Ω is said to be a global minima of f if f(x) ≥ f(x∗) for all x ∈ Ω. If f(x) > f(x∗)
for all x ∈ Ω, x ≠ x∗, then x∗ is said to be a strict global minima of f over Ω.

Thus, we are interested in finding

argmin{x∈Ω⊆Rn} f(x). (14)

We denote continuous function in a specified domain by C0, once continuously differ-
entiable functions by C1 and k times continuously differentiable functions by Ck.

Definition 3.2. Let g : Rn → R such that g ∈ C2. Then ∇g =
[

∂g
∂x1

· · · ∂g
∂xn

]
is called the

gradient of g and

H = ∇2f =


∂2g
∂x2

1
· · · ∂2g

∂x1∂xn

. · · · .

. · · · .
∂2g

∂xn∂x1
· · · ∂2g

∂x2
n


is called the Hessian of g.

Definition 3.3. Let f : Rn → Rm be continuously differentiable. Then

J = Df =


∂f1
∂x1

· · · ∂f1
∂xn

. · · · .

. · · · .
∂fn
∂x1

· · · ∂fn
∂xn


is called the Jacobian or the derivative of f .

Definition 3.4. The directional derivative of a function f : Rn → R along v ∈ Rn is given by
∇f.v/∥v∥.

Remark 3.5. By Cauchy-Schwartz inequality, the directional derivative is maximum when v and
∇f are in the same direction i.e. when v is in the direction of ∇f . Thus, the rate of change
of f is maximum along the direction of its gradient at each point. This is a consequence
of Cauchy-Schwartz inequality. Thus, ∇f gives a direction in which the rate of change of f is
maximum. If ∇f = 0, then we are at a stationary point.

3.1 First order necessary conditions

Theorem 3.6. Let Ω ⊆ Rn and let f ∈ C1 be a function on Ω. If x∗ is a local minimum of f over
Ω, then for any feasible direction d ∈ Rn at x∗, ∇f(x∗).d ≥ 0.

Proof. From the definition of the feasible direction, there exists ᾱ > 0 such that for any 0 ≤ α ≤ ᾱ,
the point x(α) = x∗ + αd ∈ Ω. Define g(α) = f(x(α)). Then g has a minima at α = 0. Using the
Taylor series of g at 0,

g(α)− g(0) = g′(0)α+ o(α)

where o(α) represents higher order terms which go to zero faster than α. If g′(0) < 0, then for
sufficiently small value of α, rhs of the above equation will be less than zero which implies that 0
is not a local minima a contradiction. Therefore, g′(0) = ∇f(x∗).d ≥ 0
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Remark 3.7. The converse does not hold in the above theorem. It may happen that ∇f(x∗).d = 0
for all feasible directions which satisfies the property ∇f(x∗).d ≥ 0. But depending on the second
derivatives, x∗ may or may not be a local minimum.

Corollary 3.8. [Unconstrained problem] Let Ω ⊆ Rn and let f ∈ C1 be a function on Ω. If x∗ is
a local minimum of f over Ω such that x∗ is an interior point of Ω, then ∇f(x∗) = 0.

Proof. Since x∗ is an interior point, all directions are feasible. Therefore, ∇f(x∗).d ≥ 0 for all
d ∈ Rn. In particular, ∇f(x∗).d ≥ 0 and ∇f(x∗).(−d) ≥ 0. This implies that ∇f(x∗) = 0.

3.2 Second order conditions

Necessary conditions:

Theorem 3.9. [Second order necessary conditions] Let Ω ⊆ Rn and f ∈ C2 be a function on Ω.
If x∗ is a local minima of f over Ω, then for any feasible direction d ∈ Rn, following holds:

• ∇f(x∗).d ≥ 0

• if ∇f(x∗).d = 0, then dT∇2f(x∗)d ≥ 0.

Proof. The first condition follows from Theorem 3.6. Suppose ∇f(x∗).d = 0 i.e., g′(0) = 0 where
g(α) = f(x(α)), as seen in the proof of Theorem 3.6. Therefore,

g(α)− g(0) =
1

2
g′′(0)α2 + o(α2). (15)

If g′′(0) < 0, then by choosing α sufficiently small, we get a contradiction to the local minimum
property of x∗. Thus, g′′(0) = dT∇2f(x∗)d ≥ 0.

Corollary 3.10. [unconstrained problem] Let Ω ⊆ Rn and f ∈ C2 be a function on Ω. If x∗ is
a local minima of f over Ω such that x∗ is an interior point of Ω, then for any feasible direction
d ∈ Rn, following holds:

• ∇f(x∗) = 0

• for all d ∈ Rn, dT∇2f(x∗)d ≥ 0.

Proof. Follows from the same arguments used in Corollary 3.8 and Theorem 3.9.

Sufficient conditions:

Theorem 3.11. [Sufficient conditions] Let Ω ⊆ Rn and f ∈ C2 be a function on Ω such that x∗

is an interior point of Ω. Suppose that

• ∇f(x∗) = 0

• ∇2f(x∗) > 0.

Then x∗ is a strict local minima of f .

Proof. Since ∇2f(x∗) > 0, by Taylor series,

f(x∗ + αd)− f(x∗) =
1

2
dT∇2f(x∗)d+ o(∥d∥2).

We can choose α small enough such that higher order terms go to zero faster than the second order
term and since ∇2f(x∗) > 0, f(x∗ + αd)− f(x∗) > 0.
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3.3 Examples

Example 3.12. (Luenberger)

minimize x21 − x1x2 + x22 − 3x2.

Example 3.13.

minimize xTQx− cTx+ b

where Q > 0.

Example 3.14 (unconstrained least squares).

minimizex∈Rn ∥Ax− b∥2

where A ∈ Rm×n,m > n, A full column rank.

Example 3.15 (line fitting/curve fitting). Given N data points (xi, yi), fit a line such that the
error between the data points and points on the line is minimized. Let y = ax + b be the equation
of family of lines where we want to choose a, b to minimize the error whose square is given by∑N

i=1(yi − axi − b)2. Thus,

minimizea,b∈R

N∑
i=1

(yi − axi − b)2.

For a general curve fitting, we may have n parameters describing the equation of family of curves
e.g., y = a0 + a1x+ . . .+ anx

n with N data points (xi, yi). Then we want to minimize
∑N

i=1(yi −
(a0 + a1xi + . . .+ anx

n
i ))

2.

Search for a minimum: Recall that the directional derivative of f : Rn → R in a direction d
is ∇f.d. By Remark 3.5, the rate of change of f is maximum in the direction of ∇f . Since we are
looking for a minimum, the direction is which f decreases the most is −∇f . Thus, starting from
an initial point x0 for an unconstrained minimization problem, we may search our optimal solution
in the direction −∇f . Therefore, x1 = x0−α∇f (α > 0 such that α minimizes f(x0−α∇f)) gives
a next possible candidate. Doing this iteratively, one can converge towards a minima. This is the
well known steepest descent method.

3.4 Convex functions

Definition 3.16. A function f defined on a convex set Ω ∈ Rn is said to be convex if for every
x1,x2 ∈ Ω and for every α, 0 ≤ α ≤ 1,

f(αx1 + (1− α)x2) ≤ αf(x1) + (1− α)f(x2).

If for every α, 0 < α < 1, and x1 ̸= x2,

f(αx1 + (1− α)x2) < αf(x1) + (1− α)f(x2),

then f is said to be strictly convex. If f is convex/strictly convex, then −f is concave/strictly
concave.

Example 3.17. Norm of a vector in a normed linear space is a convex function. All affine and
linear functions are convex and concave but not strictly convex/concave.

Lemma 3.18. Let f1 and f2 be two convex functions on a convex set Ω ∈ Rn. Then f1 + f2 is
convex on Ω.

18



Proof. Follows from the definition.

Note that if f is convex on a convex set Ω, then af is convex for any a ≥ 0.

Lemma 3.19. Let f be a convex functions on a convex set Ω ∈ Rn. Then the set Γc := {x ∈
Ω | f(x) ≤ c} is convex for every real number c.

Proof. Follows from the definition.

Lemma 3.20. Let f ∈ C1. Then, f is convex over a convex set Ω ⇔ f(y) ≥ f(x)+∇f(x)(y−x)
for all x,y ∈ Ω.

Proof. (⇒) Suppose f is convex. Therefore, f(αy+(1−α)x) ≤ αf(y)+(1−α)f(x) for 0 ≤ α ≤ 1.
Let 0 ≤ α < 1. Then rearranging terms in the above inequality, we obtain

f(x+ α(y − x))− f(x)

α
≤ f(y)− f(x).

Letting α → 0, we get ∇f(x)(y − x) ≤ f(y)− f(x).
(⇐) Suppose f(y) ≥ f(x) +∇f(x)(y − x) for all x,y ∈ Ω. Let x1,x2 ∈ Ω and 0 ≤ α ≤ 1. Let

x = αx1 + (1− α)x2. Then by the given hypothesis,

f(x1) ≥ f(x) +∇f(x)(x1 − x) (16)

f(x2) ≥ f(x) +∇f(x)(x2 − x). (17)

Multiplying (16) by α and (17) by (1− α) and adding, we obtain

αf(x1) + (1− α)f(x2) ≥ f(x) +∇f(x)(αx1 + (1− α)x2 − x)

⇒ αf(x1) + (1− α)f(x2) ≥ f(αx1 + (1− α)x2)

where the last inequality follows by substituting x = αx1 + (1− α)x2.

Lemma 3.21. Let f ∈ C2. Then, f is convex over a convex set Ω containing an interior point ⇔
the Hessian matrix H of f is positive semidefinite on Ω.

Theorem 3.22. Let f be a convex function defined on the convex set Ω. Then the set Γ where f
achieves its minimum is convex, and any relative minimum of f is a global minimum.

Proof. Suppose c is the minimum value of f . Let Γ = {x ∈ Ω | f(x) ≤ c,x ∈ Ω}. Then this set
is convex by Lemma (3.19). Suppose x∗ ∈ Ω is a relative minima but there exists y ∈ Ω such
that f(y) < f(x∗). Consider a line αy + (1 − α)x∗ (0 < α < 1). Then, by definition of convex
function, f(αy + (1 − α)x∗) ≤ αf(y) + (1 − α)f(x∗) < f(x∗) contradicting the fact that x∗ is a
local minima.

Theorem 3.23. Let f ∈ C1 be convex on a convex set Ω. If x∗ ∈ Ω such that for all y ∈ Ω,
∇f(x∗)(y − x∗) ≥ 0, then x∗ is a global minimum point of f over Ω.

Proof. By Lemma 3.20, f(y) ≥ f(x∗) + ∇f(x∗)(y − x∗). Since ∇f(x∗)(y − x∗) ≥ 0, f(y) ≥
f(x∗).

The above theorem states that the converse to Theorem 3.6 holds for convex functions. Hence,
the converse holds for linear functions as well since they are convex.

Theorem 3.24. Let f be a convex function defined on a closed and bounded convex set Ω. If f
has a maximum over Ω, it is achieved at an extreme point of Ω

Proof. Luenberger Chapter 7.5, page 198, Theorem 3.
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Remark 3.25. Suppose the objective function is convex but the constraint set is nonconvex. Then
one can do convex relaxations to find suboptimal solutions and/or bounds on the optimal value.
Let Sin be an inner convex approximation of the nonconvex constraint set S either by an ellipsoid
or some other convex set. Let So by an outer convex approximation of S again by an ellipsoid or
some other convex set. Then one can solve a convex optimization problem over Sin to get an upper
bound on the optimal value. This also gives a suboptimal solution. Solving a convex optimization
over So gives a lower bound on the optimal value. This is called convex relaxation of a nonconvex
problem. Thus, one can obtain bounds on the optimal value in polynomial time.

4 Non-linear Constrained optimization

standard form:

minimize f(x)

subject to hi(x) = 0, 1 ≤ i ≤ m

gi(x) ≤ 0, 1 ≤ i ≤ p, x ∈ Ω ⊆ Rn. (18)

In vectorial notation, we denote the equality constraints by h(x) = 0 and the inequality constraints
by g(x) ≤ 0. Let x∗ = argmin{x | h(x)=0,g(x)≤0}f(x). Then p∗ = f(x∗) is called the optimal
value of the problem (18). If the set of solutions is unbounded from below, we may have
p∗ = −∞. If the problem is infeasible, we say that p∗ = ∞.

parameter and oracle description

4.1 Equality constraints and Lagrange multipliers

Tangent spaces, normals and hyper-surfaces (level surfaces), Implicit function theorem, Inverse
function theorem.

minimize f(x)

subject to hi(x) = 0, 1 ≤ i ≤ m. (19)

Definition 4.1. A tangent space T at any point x∗ ∈ S where S is a surface (manifold) is a
collection of tangent vectors of all curves in S passing through x∗.

For any parametrized curve h(t), the tangent vector at any point is given by d
dth(t) evaluated

at any point on the curve. If h(0) = x∗, then d
dth(t)|t=0 gives the velocity vector at t = 0 which is

tangent to h at t = 0.
Let h(t) be any unit speed parametrized curve in Rn i.e., h : R → Rn where h(t) = (x1(t), . . . , xn(t)).

We can restrict any function f : Rn → R on h, i.e., evaluating f on h. Thus, f evaluated
along h is f(h(t)) and by chain rule, d

dtf(h(t)) = ∇f.dhdt . This can also be seen as follows:
f(h(t)) = f(x1(t), . . . , xn(t)). Therefore,

d

dt
f(h(t)) =

n∑
i=1

∂f

∂xi

dxi
dt

= ∇f.
dh

dt

where dh
dt = (dx1

dt , . . . ,
dx1
dt )

T. Note that dh
dt gives the velocity vector and d

dtf(h(t)) is the directional
derivative along the velocity vector. Thus, derivatives of functions on curves are determined by the
appropriate directional derivatives and these directional derivatives indicate the rate of change of
f along h. If f remains constant along h, then its directional derivative must be zero along h i.e.
∇f must be orthogonal to points on h(t). Also note that d(f ◦ h) = (∇f.dhdt )dt.

Lemma 4.2. Let S = {x ∈ Rn | F (x) = c}, (c ∈ R) be a level surface in Rn. Then ∇F at every
point x ∈ S is orthogonal to S.
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Proof. Let x+∆x be a point in a neighbourhood of x. Then

F (x+∆x)− F (x) =
∂F

∂x1
∆x1 + . . .+

∂F

∂xn
∆xn.

Since F (x+∆x) = F (x) = c, lhs in the above equation is zero. Consider a curve in S say h passing
through x and (x+∆x). Restricting F to the curve h, since F is constant along h,

0 =
d(F ◦ h)

dt
= (∇F.ḣ).

Thus, ∇F is orthogonal to the vector ḣ lying in the tangent space. But this is true for any arbitrary
point x+∆x in the neighbourhood of x. Hence, ∇F is orthogonal to tangent vectors of all curves
passing through x and the statement of the lemma follows.

Remark 4.3. Thus, for level surfaces, we can find the tangent space at any point by taking a
subspace whose vectors are orthogonal to the gradient. Note that one needs to be a little careful
while working with vectors in tangent spaces explicitly and visualizing them. Visually, a tangent
space at a point x∗ ∈ S is some subspace T of appropriate dimension in Rn translated at x∗ making
it an affine space. All points in this affine space can be represented as x∗ + v where v ∈ T . In
other words, x∗+v represents a vector drawn from the origin to a point in the affine space x∗+T .
Difference of any two points in this affine space produces a vector which is tangent to some curve
in S passing through x∗. Thus, the tangent space is identical to the subspace T . The tangent space
consists of all admissible directions in which one can travel without leaving the surface S and it is
a subspace.

Note that level surfaces of functions on Rn are called hyper-surfaces whose dimension is n− 1.
Intersection two hyper-surfaces gives an n− 2 dimensional surface and so on.

Let S be any surface in Rn and restrict f : Rn → R on S. We want to study the behaviour of
f ◦ S i.e. restriction of f on S. Let x ∈ S. Then all admissible directions at x which keeps us on
S are given by tangent vectors of S at x. Studying f locally at x ∈ S is equivalent to studying
f along all curves in S passing through x. As stated above, ∇f.v gives component of ∇f along
v. Thus, to study the behaviour of f ◦ S, we need to project ∇f onto T which gives the first
derivative along any direction. (To do calculus on manifolds or surfaces, we need to project the
gradient in Rn on to the tangent space at a each point on the manifold.) We saw in unconstrained
optimization that the first order necessary condition for an optimum is that the gradient must be
zero at that point which implies that f does not change up to first order in a neighbourhood of
that point. Now consider optimization of f ◦ S. If we are at a stationary point then the first order
derivative of f ◦ S should not change in any direction. In other words, the first order necessary
condition for optimality is that the projection of ∇f on T must be zero. This implies that ∇f is
orthogonal to S.

Definition 4.4. A point x∗ satisfying the constraints h(x∗) = 0 is said to be a regular point of the
constraints if the gradient vectors ∇hi(x

∗), 1 ≤ i ≤ m are linearly independent.

If h(x) = Ax+ b, then regularity is equivalent to A having rank equal to m.

Theorem 4.5. At a regular point x∗ of the surface S defined by S := {x ∈ Rn | h(x) = 0}, the
tangent space is T = {v ∈ Rn | ∇h(x∗)v = 0}

Proof. Let h(t) be an arbitrary curve in S passing through x∗ ∈ S with velocity v ∈ T at x∗. Thus,
since h belongs to all hyper-surfaces, ∇hi(x

∗).v = 0. This is true for all curves passing through x∗.
Thus, v ∈ T ⇒ ∇hi(x

∗).v = 0.
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The converse requires more work, we refer the reader to Luenberger p.325. We need to construct
a curve in S passing through x∗ which has v as its derivative where ∇hi(x).v = 0. Consider the
following set of equations

h(x∗ + tv +∇h(x∗)Tu(t)) = 0 (20)

where u(t) ∈ Rm for a fixed t and suppose u(t) is unknown. Thus we have non linear system of
equations for a fixed t with m equations and m unknowns. At t = 0, u(0) = 0 is a solution. The
Jacobian matrix of the system w.r.t. u at t = 0 is ∇h(x∗)∇h(x∗)T, which is non singular since
∇h(x∗) is full rank as x∗ is a regular point. Thus, by the Implicit function theorem, there is a
continuously differentiable solution u(t) in some interval −ϵ ≤ t ≤ ϵ.

Thus, the curve x(t) = x∗ + tv +∇h(x∗)Tu(t) is by construction a curve on S. Therefore,

0 =
d

dt
h(x(t))|t=0 = ∇h(x)|t=0.ẋ(t)|t=0 = ∇h(x∗).(v +∇h(x∗)Tu̇(0))

Now ∇h(x∗)Tv = 0 by definition and since ∇h(x∗)∇h(x∗)T is non singular, u̇(0) = 0. Therefore,
ẋ(0) = v +∇h(x∗)Tu̇(0) = v which shows that the constructed curve has v as its tangent vector
at x∗.

Example 4.6. Find the tangent space to the unit circle in R2, unit sphere and unit cylinder in R3

and the unit sphere in Rn at a given point.

Theorem 4.7 (First order necessary conditions: Lagrange multipliers). Let x∗ be a local minimum
of f subject to h(x) = 0. Assume that x∗ is regular. Then there exists λ ∈ Rm such that

∇f(x∗) + λT∇h(x∗) = 0. (21)

Proof. Geometric proof: We now that for x∗ to be extremal, the projection of the gradient of
f at x∗ onto the tangent space of the surface defined by h(x) = 0 is zero. Therefore, ∇f(x∗)
is orthogonal to the tangent space T at x∗ and hence must be a linear combination of ∇hi(x

∗)
(1 ≤ i ≤ m).
Analytic proof: This is an extension of the proof given in Liberzon when there is only one equality
constraint.

Define a map F : Rm+1 → Rm+1 as follows:

F : (α1, . . . , αm+1) 7→ (f(x
∗
+ α1d1 + . . . + αm+1dm+1), h1(x

∗
+ α1d1 + . . . + αm+1dm+1), . . . , hm(x

∗
+ α1d1 + . . . + αm+1dm+1))

where d1, . . . ,dm+1 are arbitrary vectors in Rn. The Jacobian matrix of this function at the origin
is 

∇f(x∗).d1 · · · ∇f(x∗).dm+1

∇h1(x
∗).d1 · · · ∇h1(x

∗).dm+1

. · · · .

. · · · .
∇hm(x∗).d1 · · · ∇hm(x∗).dm+1


If this matrix is non singular, then we can apply the Inverse function theorem and conclude that
there are neighbourhoods of (0, 0, . . . , 0) and F (0, 0, . . . , 0) = (f(x∗, 0, . . . , 0)) on which F is a
bijection and has an inverse. But this implies that there are points arbitrarily close to x∗ such that
hi(x) = 0 and f(x) < f(x∗) contradicting the local minimality of x∗. Therefore, the Jacobian must
be singular i.e., the first row is a linear combination of the remaining rows.

By the regularity assumption on x∗, we can choose dis (1 ≤ i ≤ m) such that ∇hi(x
∗).di ̸= 0

(1 ≤ i ≤ m). Now the Jacobian matrix is singular for all choices of dm+1. Thus, writing the first
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row of the Jacobian matrix as a linear combination of remaining rows, we obtain the following
entry in the last column of the first row

∇f(x∗).dm+1 = −λ1∇h1(x
∗).dm+1 − . . .− λm∇hm(x∗).dm+1.

Since this is valid for all choices of dm+1 ∈ Rn, ∇f(x∗) + λTh(x∗) = 0.

Remark 4.8. A function L(x, λ) = f(x)+λTh(x) is called the Lagrangian functions for constrained
problems. The Lagrangian is a function of n+m variables x ∈ Rn and λ ∈ Rm. With the augmented
constraints, the constrained optimization problem is converted to an unconstrained optimization
problem with n+m variables. Thus, by the first order necessary condition,

∇(x,λ)L(x, λ) =

[
∇xL(x, λ)
∇λL(x, λ)

]
= 0

⇒ ∇xL(x, λ) = 0, ∇λL(x, λ) = 0. (22)

Note that ∇xL(x, λ) = 0 ⇒ ∇f(x) + λT∇h(x) = 0 i.e., ∇f(x) is a linear combination of ∇hi(x)
(1 ≤ i ≤ m), and ∇λL(x, λ) = 0 ⇒ h(x) = 0 which are the constraints. Thus, using Lagrange
multipliers, a constrained optimization problem is converted into an unconstrained optimization
problem.

Theorem 4.9 (Second order necessary conditions). Let x∗ be a local minimum of f subject to
h(x) = 0. Assume that x∗ is regular and f,g,h ∈ C2. Then, there exists λ ∈ Rm such that

∇f(x∗) + λT∇h(x∗) = 0.

Let Tx∗ : {v ∈ Rn | ∇h(x∗)v = 0} be the tangent space at x∗. Then, the matrix

L(x∗) = ∇2f(x∗) +

m∑
i=1

λi∇2hi(x
∗) (23)

is positive semidefinite on Tx∗.

Proof. (Luenberger) For every twice differentiable curve on the constraint surface S which passes

through x∗, since x∗ is a local minima, d2

dt2
f(x(t))|t=0 ≥ 0. Note that

d

dt
f(x(t)) = ∇f.ẋ ⇒ d2

dt2
f(x(t))|t=0 = ẋT(0)∇2f(x∗)ẋ(0) +∇f(x∗)ẍ(0) (24)

Differentiating
∑m

i=1 λihi(x(t)) = 0, we get

m∑
i=1

λi∇hi(x(t)).ẋ(t) = 0.

Differentiating again at t = 0,

m∑
i=1

λi(ẋ
T(0)∇2hi(x

∗)ẋ(0) +∇hi(x
∗)ẍ(0)) = 0. (25)

Now adding Equation (25) to Equation (24), and using the fact that ∇f(x∗) +
∑m

i=1∇hi(x
∗) = 0,

and d2

dt2
f(x(t))|t=0 ≥ 0, we get the desired necessary condition.
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Theorem 4.10 (Second order sufficient conditions). Let x∗ a point which satisfies the set of equa-
tions h(x∗) = 0 and λ ∈ Rm such that

∇f(x∗) + λT∇h(x∗) = 0.

Let Tx∗ : {v ∈ Rn | ∇h(x∗)v = 0} be the tangent space at x∗. Suppose the matrix

L(x∗) = ∇2f(x∗) +
m∑
i=1

λi∇2hi(x
∗) (26)

is positive definite on Tx∗. Then x∗ is a strict local minimum of f subject to h(x) = 0.

Proof. (Luenberger) Suppose x∗ is not a strict local minima. Then, there exists a sequence yk

converging to x∗ such that f(yk) ≤ f(x∗). Let yk = x∗ + δksk such that sk ∈ Tx∗ , ∥sk∥ = 1 and
δk > 0 for all k ∈ N. As yk → x∗, δk → 0. Note that

0 = hj(yk) = hj(x
∗) + δk∇hj(x

∗)sk + δ2k/2s
T
k∇2hj(x

∗)sk, (27)

0 ≥ f(yk)− f(x∗) = δk∇f(x∗)sk + δ2k/2s
T
k∇2f(x∗)sk. (28)

Multiplying Equation (27) by λj and adding it to Equation (28) for 1 ≤ j ≤ m, using the condition
∇f(x∗) + λT∇h(x∗) = 0, we obtain

0 ≥ δ2k/2s
T
k (∇2f(x∗) +

m∑
i=1

λi∇2hi(x
∗))sk (29)

which is a contradiction.

Remark 4.11. Observe that the Hessian matrix of the Lagrangian function is[
∇x,xL(x, λ) ∇x,λL(x, λ)
∇x,λL(x, λ) ∇λ,λL(x, λ)

]
=

[
∇x,xf(x) + λT∇x,xh(x) ∇xh

∇xh 0

]
which is always singular. To understand second order conditions in the same spirit as those obtained
for unconstrained optimization, we refer the reader to the literature on bordered Hessians.

4.1.1 Examples

Example 4.12 (least norm solution).

minimize xTx

subject to Ax = b.

This problem is solved in short notes on linear algebra.

Example 4.13 (least squares with constraints).

minimize ∥Ax− b∥2

subject to Lx = c

where L ∈ Rp×n, L full row rank.

Example 4.14 (least squares with constraints).

minimize ∥Ax− b∥2

subject to ∥x∥2 = 1.
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Example 4.15.

minimize −xTx

subject to Ax = b.

What can be said about an optimal solution of this problem?

All examples above except 4.14 are also examples of convex optimization problem.
Search for a minimum: One can consider a generalized version of steepest descent method. We
need to project ∇f on the tangent space. Let (∇f)p be this projection. Then starting from an
initial point, one needs to go in the direction −(∇f)p such that one remains on the constraint
surface. One approach is move on the tangent space in the direction −(∇f)p and project that
point on the constraint set and so on.

4.2 Inequality constraints and KKT conditions

Definition 4.16. Suppose x∗ belongs to the constraint set given by equality and inequality con-
straints. Then the set of inequality constraints gi(x) ≤ 0 for which gi(x

∗) = 0 are called active
constraints and the constraints for which gi(x

∗) < 0 are called inactive constraints for the point x∗.

Remark 4.17. 1 Active constraints w.r.t. x restrict the feasibility set (or feasible directions) in the
neighbourhood of x whereas inactive constraints have no influence on the neighbourhood or feasible
directions at x. In other words, if a constraint is active at a point x in the feasibility set, then
feasible directions are restricted by that constraint at x. However, for an inactive constraint at x,
the feasible directions at x are not restricted by that constraint.

The next step is to search for a minimum. Let x be a point in the feasibility set. To check
whether x is a candidate for a local minimum, we need to identify feasible directions at x. We
know from the paragraph above that the feasible directions are determined by the active constraints
w.r.t. x along with the equality constraints; whereas inactive constraints w.r.t. the point x are
redundant. Therefore, at the point x, we can restrict our attention to active constraints only along
with the equality constraints (since inactive constraints do not restrict feasible directions and play
no role in deciding the feasible directions at x).

Definition 4.18. Let point x∗ satisfies the constraints h(x∗) = 0, g(x∗) ≤ 0 and j be the set of
indices for which gj(x

∗) = 0. Then x∗ is said to be a regular point of the constraints if the gradient
vectors ∇hi(x

∗),∇gi(x
∗), 1 ≤ i ≤ m, j ∈ J are linearly independent.

Theorem 4.19 (First order necessary conditions (KKT)). Let x∗ be a relative minimum point for
the problem

minimize f(x)

subject to h(x) = 0,g(x) ≤ 0, (30)

and suppose x∗ is a regular point for the constraints. Then there is a vector λ ∈ Rm and a vector
µ ∈ Rp with µ ≥ 0 such that

∇f(x∗) + λT∇h(x∗) + µT∇g(x∗) = 0 (31)

µTg(x∗) = 0. (32)

Proof. We know that for x∗ to be an optimum, x∗ must satisfy necessary conditions corresponding
to active constraints. Thus, ∇f must be a linear combination of gradients of all active constraints

1Thanks to Shauvik Das for helpful comments
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and equality constraints (Theorem 4.7). For inactive constraints, we can choose the Lagrange
multipliers µi = 0. Thus, we obtain (31) and (32). We only need to show that µ ≥ 0.

Since x∗ is a minimum, df = ∇f.dx ≥ 0 where dx is an admissible perturbation in x∗ such that
x∗ + dx remains in the feasible set. Observe that dhi = ∇hi.dx = 0 and dgi = ∇gi.dx ≤ 0 since
gi(x

∗ + dx) ≤ 0 and gi(x
∗) = 0. We have already shown that 0 = ∇f(x∗)+λT∇h(x∗)+µT∇g(x∗) =

∇f(x∗)+
∑m

i=1 λi∇hi(x
∗)+

∑p1
j=1 µj∇gj(x

∗) where p1 is the number of active inequality constraints.
Thus,

∇f(x∗).dx+

m∑
i=1

λi∇hi(x
∗).dx+

p1∑
j=1

µj∇gj(x
∗).dx = 0

⇒ df +

m∑
i=1

λidhi +

p1∑
j=1

µjdgj = 0

Now since dhi = 0, df ≥ 0 and dgj ≤ 0, for the above equation to hold, µj ≥ 0.

For convex optimization problems if constraints satisfy Slater’s conditions, then KKT conditions
are necessary and sufficient.

Theorem 4.20 (Second order necessary conditions). Let x∗ be a local minimum of f subject to
h(x) = 0. Assume that x∗ is regular and f,g,h ∈ C2. Then there exists λ ∈ Rm and a vector
µ ∈ Rp with µ ≥ 0 such that (31) and (32) hold. Let Tx∗ : {v ∈ Rn | ∇h(x∗)v = 0,∇gj(x

∗)v =
0 for all j ∈ J} (where J denotes the set of active constraints) be the tangent space at x∗. Then
the matrix

L(x∗) = ∇2f(x∗) +

m∑
i=1

λi∇2hi(x
∗) +

p∑
i=1

µi∇2gi(x
∗) (33)

is positive semidefinite on Tx∗.

Proof. Follows from similar arguments used in the proof of the second order necessary conditions
for equality constraints.

Theorem 4.21 (Second order sufficient conditions). Let x∗ a point which satisfies the set of equa-
tions h(x∗) = 0, g(x∗) ≤ 0 where f,g,h ∈ C2. Suppose, λ ∈ Rm and µ ∈ Rp such that

µ ≥ 0, µTg(x∗) = 0

∇f(x∗) + λT∇h(x∗) + µT∇g(x∗) = 0.

Let T ′ : {v ∈ Rn | ∇h(x∗)v = 0,∇gj(x
∗)v = 0 for all j ∈ J} where J = {j|gj(x∗) = 0, µj > 0}.

Suppose the matrix

L(x∗) = ∇2f(x∗) +
m∑
i=1

λi∇2hi(x
∗) +

p∑
i=1

µi∇2gi(x
∗)

is positive definite on T ′. Then x∗ is a strict local minimum of f subject to h(x) = 0 and g(x) ≤ 0.

Proof. Follows from the same idea used to prove the second order sufficient conditions for con-
strained optimization with equality constraints (Luenberger).
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4.2.1 Examples

Example 4.22. (Luenberger)

minimize 2x21 + 2x1x2 + x22 − 10x1 − 10x2

subject to x21 + x22 ≤ 5, 3x1 + x2 ≤ 6.

Example 4.23. (Luenberger)

minimize −x1x2

subject to x1 + x2 − 2 = 0, x1 ≥ 0, x2 ≥ 0.

4.2.2 Lagrangian duality

For an optimization problem (18), we define the Lagrangian L : Rn × Rm × Rp → R as follows:

L(x, λ, µ) := f(x) +

m∑
i=1

λihi(x) +

p∑
i=1

µigi(x) (34)

where µ, λ are called Lagrange multipliers or dual variables associated with problem (18). Let S
be the feasible set defined by the constraints. We now define the Lagrange dual function ĝ as
follows

ĝ(λ, µ) = infx∈SL(x, λ, µ). (35)

For any µ ≥ 0 and any λ, ĝ(λ, µ) ≤ p∗. Suppose x̄ is a feasible point, i.e., g(x̄) ≤ 0 and h(x̄) = 0,
µ ≥ 0. This implies that

p∑
i=1

µigi(x̄) +
m∑
i=1

λihi(x̄) ≤ 0

⇒ L(x̄, λ, µ) = f(x̄) +

p∑
i=1

µigi(x̄) +
m∑
i=1

λihi(x̄) ≤ f(x̄)

Therefore, ĝ(λ, µ) = infx∈SL(x, λ, µ) ≤ L(x̄, λ, µ). Since this inequality is true for every x̄, after
taking the infimum over all x̄, one gets ĝ(λ, µ) ≤ p∗. Note that the dual function ĝ is concave.

Example 4.24. (Boyd-Vandenberghe) Consider Example 4.12. The Lagrangian is L(x, λ) = xTx+
λT(Ax − b). The dual function is g(λ) = infx∈SL(x, λ). By optimality conditions, we can find
the minimizer for L(x, λ) i.e., ∇xL(x, λ) = 2x + ATλ = 0 which gives x = −1

2A
Tλ. Hence,

g(λ) = L(−1
2A

Tλ, λ) = −1
4λ

TAATλ − bTλ. By the lower bound property of the dual function,
−1

4λ
TAATλ− bTλ ≤ inf{xTx | Ax = b}.

The Lagrange dual problem:

maximize ĝ(λ, µ)

subject to µ ≥ 0. (36)

This is a convex optimization problem since the objective function is concave and the constraint
is convex. Thus, the dual problem is always convex no matter what the primal problem is and its
solution gives lower bounds on the optimal value.
Weak duality: Let d∗ be the optimal value of the dual problem (36). Thus, the following obvious
inequality holds:

d∗ ≤ p∗. (37)
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The difference p∗ − d∗ is called the optimal duality gap. Solving the dual problem, one can obtain
lower bounds on the primal problem. Just as we saw in LP, if p∗ = −∞ i.e., if the objective function
of the primal problem becomes unbounded, then d∗ = −∞ hence the dual maximization problem
becomes infeasible. If p∗ = ∞ i.e., the primal problem is infeasible, then the dual maximization
problem becomes unbounded.
Strong duality: In this case the optimal values of the primal as well as the dual problem are
equal i.e.,

d∗ = p∗. (38)

Suppose that the strong duality holds i.e., there exists x∗, λ∗ and µ∗ such that p∗ = f(x∗) =
d∗ = ĝ(λ∗, µ∗) = infx∈SL(x, λ

∗, µ∗) ≤ L(x∗, λ∗, µ∗) ≤ f(x∗). Thus, the two inequalities must be
equalities. Since hi(x

∗) = 0, we must have µ∗
i gi(x

∗) = 0 i.e., if gi(x
∗) = 0, then µi ≥ 0 and if

gi(x
∗) < 0, then µi = 0. Moreover, it follows that x∗ minimizes L(x, λ∗, µ∗). From the first order

necessary conditions for the unconstrained optimization problem, the gradient of L must vanish at
x∗ i.e.,

∇L(x, λ∗, µ∗) = ∇f(x∗) + (λ∗)T∇h(x∗) + (µ∗)T∇g(x∗) = 0 (39)

Furthermore,

g(x∗) ≤ 0,h(x∗) = 0, µ∗ ≥ 0, µ∗g(x∗) = 0. (40)

which are the first order necessary conditions or KKT conditions obtained before. Thus, if the
strong duality holds, then the primal and the dual optimal points must satisfy KKT conditions.
(Revisit this at the time of Pontryagin’s maximum principle.)
Slater’s conditions: In general, strong duality need not always hold. Slater’s conditions below
defined for convex programs ensure that the strong duality is valid. They also ensure that KKT
conditions are sufficient for convex programs.

1. Problem (18) is convex of the form

minimize f(x)

subject to g(x) ≤ 0, Ax = b. (41)

2. There exists an interior point x in the set of feasible solutions of (18) such that g(x) < 0,
Ax = b.

Strong duality holds if Slater’s conditions are satisfied (we refer the reader to Boyd for the proof)
but the converse does not hold in general i.e., one can find a non-convex program for which strong
duality holds but Slater’s conditions are not satisfied since the problem is non convex ([8]).

If the first k constraint functions gi 1 ≤ i ≤ k are affine, then strong duality holds if the following
weaker Slater condition is satisfied:

gi(x) ≤ 0, 1 ≤ i ≤ k, gi(x) < 0, k + 1 ≤ i ≤ m, Ax = b. (42)

To summarize:

1. For LP, we have first order conditions which are both necessary and sufficient. All linear
programs are also convex programs.

2. For non-linear unconstrained optimization, we have first order conditions (∇f = 0) which are
necessary. There are separate second order necessary and second order sufficient conditions.

If the objective function is convex, the first order conditions (∇f.dx ≥ 0 for problems with set
constraints and ∇f = 0 for unconstrained problems) are also sufficient.
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3. For non-linear constrained optimization problem with equality constraints, there are first
order necessary conditions. There are second order necessary conditions and second order
sufficient conditions.

4. For non-linear constrained optimization problem with both equality and inequality con-
straints, there are first order necessary conditions (KKT). There are second order necessary
conditions and second order sufficient conditions.

5. Strong duality holds for LP if optimal values are finite. For non-linear programs, strong
duality ⇒ the minimum is reached ⇒ KKT conditions are satisfied.

For non-linear convex programs, Slater’s conditions ⇒ KKT conditions are sufficient for
optimality. Furthermore, Slater’s conditions ⇒ Strong duality (converse is not true).

6. For optimization, one needs to formulate an optimization problem with an appropriate ob-
jective function (cost function) and the constraint set. If the feasible set is non empty (can
be checked by Farkas’ lemma for LP and regularity conditions for NLP), one may search for
an optimum using first and second order conditions depending on the type of problem.

5 Some standard optimization problems

Convex optimization:

minimize f(x)

subject to Ax = b, g(x) ≤ 0, (43)

where f , gi (1 ≤ i ≤ m) are convex. If a convex optimization problem with differentiable ob-
jective and constraint function satisfies Slater’s conditions, then the KKT conditions
are necessary and sufficient for optimality of convex optimization problems.(Boyd-
Vandenberghe)

Example 5.1. minimize a convex function subject to box constraints.

Quadratic programming (QP): Quadratic cost function with affine constraints:

minimize
1

2
xTQx+ pTx+ r, Q ≥ 0

subject to Ax = b, Cx ≤ d. (44)

If the constraints are quadratic, then we have a quadratically constrained quadratic program
(QCQP)

minimize
1

2
xTQx+ pTx+ r

subject to Ax = b,
1

2
xTQix+ pT

i x+ ri ≤ 0, Qi ≥ 0, 1 ≤ i ≤ m. (45)

Second order cone programming (SOCP):

minimize cTx

subject to Ax = b, ∥Aix+ bi∥ ≤ cTi x+ d. (46)

Constraint of the form ∥Ax + b∥ ≤ cTx + d are called second order cone constraints since the
constraints require that the affine function (Ax + b, cTx + d) (A ∈ Rk×n) lies in the second order
cone in Rk+1. If ci = 0 for all i, then SOCP reduces to QCQP. Similarly, if Ai = 0 for all i. SOCP
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reduces to LP.
Generalized inequality constraints:

minimize f(x)

subject to Ax = b, gi(x) ≤Ki 0, 1 ≤ i ≤ m (47)

where Ki ⊆ Rki are proper cones and gi are Ki−convex.
Conic problems:

minimize cTx

subject to Ax = b, Cx+ d ≤K 0. (48)

Semidefinite programming (SDP): linear cost function with affine constraints and semidefinite
conditions on matrices (decision variables):

minimize cTx

subject to Ax = b, x1F1 + . . .+ xnFn +G ≤ 0 (49)

where G,F1, . . . , Fn ≥ 0 (positive semidefinite and not entry-wise positive) and symmetric. The
inequality x1F1 + . . . + xnFn + G ≤ 0 is called linear matrix inequality (LMI). Note that the
inequality does not imply entry-wise negative elements but the sum of matrices is a negative
semidefinite matrix. (An example of an LMI is the Lyapunov stability test for LTI systems. A
system ẋ = Ax is stable if there exists P > 0 such that ATP + PA < 0. )

6 Discrete time control systems and finite dimensional optimiza-
tion

Consider a discrete LTI system x(k+1) = Ax(k) +Bu(k). We want to find the least energy input
u to drive the state from the origin to xf in T time steps. Therefore, we have the following problem

min
T∑

k=0

uT(k)u(k)

subject to x(k + 1) = Ax(k) +Bu(k),x(0) = 0,xf =

T∑
k=0

AT−1−kBu(k). (50)

Observe that the equation xf =
∑T

k=0A
T−1−kBu(k) can also be written as

xf =
[
AT−1B . . . AB B

]


u(0)
.
.

u(T − 2)
u(T − 1)

. Note further that each u(k) is an m− vector and

we want to choose these m(T − 1) decision variables. Thus, the above problem is transformed into
the least norm problem (Example 4.12). Note further that this is also a quadratic program. Finite
horizon LQR problem for discrete LTI can also be considered in the same manner and it is also a
quadratic program. For discrete non linear systems, if the non linear function is convex, then finite
horizon LQR problem becomes a convex program.

State estimation problems for discrete LTI systems are actually constrained least squares prob-
lems with linear constraints which are also quadratic programs. For simplicity, assume x(k + 1) =
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Ax(k), y(k) = Cx(k)+n(k) be our linear system where n(k) is the noise in the system. Therefore,
y(0)
.
.

y(k − 1)
y(k)

 = O(C,A)x(0) +


n(0)
.
.

n(k − 1)
n(k)


and the problem is to find the least squares solution to this problem. This is an unconstrained
convex optimization problem/unconstrained least squares problem (Example 3.14).

Consider the following minimum time problem:

minu(0),...,u(T−1) T

subject to x(k + 1) = Ax(k) +Bu(k),x(0) = 0,xf =

T∑
k=0

AT−1−kBu(k). (51)

The answer to this is minimum value of T such that mini{xf ∈< B,AB, . . . , AiB >}. This is
clearly a combinatorial problem.

6.1 Discrete LTI systems and minimum energy/fuel optimal control (convex
programs)

Consider discrete LTI systems x(t+ 1) = Ax(t) +Bu(t). Consider the following minimum energy
problem

minimize
1

2

T−1∑
i=0

uT(i)u(i)

subject to x(t+ 1) = Ax(t) +Bu(t), x(0) = 0, x(T ) = xf .

Using the controllability matrix CT (A,B) := [B AB . . . AT−1B], the constraint can be represented
as xf = CT (A,B)ū where ū = [u(0) u(1) . . . u(T − 1)]T. Thus, the optimal control problem
becomes

minimize
1

2

T−1∑
i=0

uT(i)u(i)

subject to xf = CT (A,B)ū

which is a quadratic program (a specific case of convex programs). If one adds constraints |ui| ≤ 1,
since these constraints are convex, now we obtain a semidefinite program. Therefore, these discrete
minimum energy control problems for LTI systems are basically convex programs and can be solved
efficiently.

It can be shown that infinite horizon LQR problems (without any input constraints) are semidef-
inite programs. It can be easily verified that minimum fuel optimal control problems for discrete LTI
systems can be formulated as linear programs. Consider the following minimum fuel optimization
problem for discrete LTI system

min ∥ū∥1
subject to xf = CT (A,B)ū, |ui(j)| ≤ 1. (52)

The optimization problem (52) with input constraints |ui(j)| ≤ 1, j = 0, . . . , t can be rewritten as
([4], p.294)

minn 1Tn

subject to xf = CT (A,B)ū, |ui(j)| ≤ nij ,

nij ≤ 1, i = 1, . . . ,m, j = 0, . . . , t, (53)
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where n =
[
n10 · · · nmt

]T
which is equivalent to

minn 1Tn

subject to xf = CT (A,B)ū

ū ≤ n, ū ≥ −n,n ≤ 1. (54)

This is an LP.

7 Numerical methods

7.1 Unconstrained optimization

For unconstrained optimization problem with a cost function f , given an initial point x0, one needs
to find next iterates such that the iterates converge to a local minima of f . The gradient descent
involves iterates xk+1 = xk− t∇f(xk) since, f decreases most rapidly along −∇f . The challenge is
to choose an appropriate step size t at each iterate so that one does not overshoot a local minima.
This is a first order method and has linear convergence.

A second order method is the Newton method which has quadratic convergence. The iterates
are computed using the Hessian −(∇2f)−1∇f and an appropriate step size t as in gradient descent
methods. This method does not work well if the initial point is not close to a local minima. Usually
one applies the gradient descent first to get close to a local minima and then the Newton method
for a faster convergence. For more details, refer [4].

7.2 Constrained optimization

Consider convex optimization problems with only linear equality constraints Ax = b. One can
eliminate linear equality constraints by parametrizing the affine subspace using a particular solution
of Ax = b and solve the unconstrained optimization problem. Another approach is to construct the
Lagrangian dual and solve the unconstrained optimization problem. Since the problem is convex,
by Slater’s conditions, strong duality holds. One applies gradient descent/Newton’s method for the
Lagrangian function.
Interior point methods: For convex problems with inequality constraints, there are interior
point methods. This uses the logarithmic barrier function and its approximates. First one needs
an indicator function defined as follows ([4])

I−(u) =

{
0, u ≤ 0,

∞, u > 0.

Now the convex optimization problem (43) can be written as

minimize f(x) +
m∑
i=1

I−(gi(x))

subject to Ax = b. (55)

This ensures that for points in the feasible set, the cost is finite whereas for points outside the feasi-
bile set, the cost is infinite. Thus, this forms a barrier function with a finite cost in the feasible set
and infinite cost outside. Since this barrier function is not differentiable, we cannot apply Newton’s
method. Therefore, one uses an approximate logarithmic barrier function Î−(u) = −1

t log(−u),
u < 0, t > 0 where t is parameter which decides the accuracy of the approximation. The function
Î− is convex which makes the new approximate problem a convex optimization problem with a
differentiable objective function. As t → ∞, the approximation converges to the barrier function.
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One solves this problem for a fixed t and then increases t to get a sequence x(t) converging to an
optimal solution as t → ∞.

Notice that we assumed that one knows a strictly feasible point x0 in the interior point method
since the logarithmic barrier function is defined for all u < 0. To find whether there exists a strictly
feasible point, one solves the following convex optimization problem ([4])

minimize s

subject to gi(x) ≤ s, i = 1, . . . ,m

Ax = b.

If the optimal value s∗ < 0, a strictly feasible solution exists. If s∗ > 0, the problem is infeasible.
If s∗ = 0, then the problem is feasible but not strictly feasible.

For details, we refer the reader to [4] and the references therein.

8 Combinatorial optimization

to be written

9 Appendix

Implicit function theorem, Inverse function theorem, interior point, open and closed balls, open
and closed sets, compact sets, interior and boundary of a set, linear, affine and quadratic functions,
second order cone, to be written..
Necessary conditions: When one wants to find an optimum in the feasible set, points satisfying
the necessary conditions give possible candidates for an optimum. This limits the search space only
to the points which satisfy necessary conditions. One can disregard all points which do not satisfy
necessary conditions.
Sufficient conditions: Given a point, if it satisfies sufficient conditions, then it is an optimum.
In other words, sufficient conditions provide a certificate for optimality at that point.
If a condition is both necessary and sufficient, then both the purposes above are served by checking
the same condition. In other words, points satisfying the conditions are the optimal solutions.
Simplex method and basic feasible condition: We may ask how to produce an initial basic
feasible solution. For this, one needs to consider a linearly independent set of columns, say B be the
matrix formed by them and find B−1b. If B−1b is entry-wise positive, then there is a basic feasible
solution otherwise, there is no basic feasible solution for the current choice of a basis. Now pick
another basis and repeat the process. Keep doing this until a basic feasible solution is obtained.
This method terminated after finitely many steps and either produces a solution or tells that there
is no basic feasible solution.
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