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1 Examples

Example 1.1 (Pendulum). Consider a simple pendulum where l is the length of the rod, m is the
mass of the bob, θ is the angle subtended by the rod to the vertical axis through the pivot point.
We can use Euler-Lagrange equations to write down its equations of mortion. Let T be the torque
applied. If there is no friction, then

ml2
d2θ

dt2
+mgl sin θ = T.

If there is a friction proportional to the speed of the bob with coefficient of friction k, then

ml2
d2θ

dt2
+mgl sin θ + kl2

dθ

dt
= T.

Both of these are nonlinear differential equations. The configuration space for position variables is
S1. The state space consisting of position and velocity is given by the unit cylinder S1 × R. The
tangent bundle of the configuration space of position variables forms a state space of a mechanical
system.

Example 1.2 (Inverted pendulum on a Cart). The kinetic energy is T1 = 1
2Mẋ2 + 1

2m( ddt(x +

l sin θ))2 + 1
2m( ddt(l cos θ))2 where M is the mass of the cart and m is the mass of the bob. The

potential energy is V = mgl cos θ. Therefore, L = 1
2(M +m)ẋ2 +mlẋθ̇ cos θ+ 1

2ml
2θ̇2−mgl cos θ.

Now applying Euler-Lagrange equations,

d

dt
(
∂L

∂ẋ
)− ∂L

∂x
= F,

d

dt
(
∂L

∂θ̇
)− ∂L

∂θ
= 0

one obtains

(M +m)ẍ+mlθ̈ cos θ −mlθ̇2 sin θ = F

ml2θ̈ +mlẍ cos θ −mlẋθ̇ sin θ +mlẋθ̇ sin θ +mgl sin θ = 0

which can be written as [
M +m ml cos θ

cos θ l

] [
ẍ

θ̈

]
=

[
mlθ̇2 sin θ + F
−mgl sin θ

]
.

This can be rewritten in the first order form which gives a first order nonlinear dynamical system.

Example 1.3 (Robot arm manipulator). Let q and q̇ be the generalized position and velocity
respectively. The equations of motion are given by

M(q)q̈ + C(q, q̇)q̇ +Dq̇ + g(q) = u (1)

where M is the mass matrix, C accounts for centrifugal/Coriolis forces, D is due to friction/damping
and g accounts for graviational forces. The external force is given by input u.

Example 1.4 (Negative resistance oscillator). Consider a linear inductor and capacitor connected
in parallel with each other are connected to a nonlinear resistive element in parallel. The resistance
element is characterized by v − i characteristic i = h(v). Suppose h(0) = 0, h′(0) < 0 and
h(v)sgn(v)→∞ as |v| → ∞. Applying KCL, iC + iL + i = 0⇒ C dv

dt + 1
L

´ t
−∞ v(s)ds+ h(v) = 0⇒
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CLd
2v
dt2

+v+Lh′(v)dvdt = 0. Changing the time variable from t to t√
LC

, we obtain v̈+
√

L
Ch
′(v)v̇+v =

0. This is a special case of the following Liénard’s equation

v̈ + f(v)v̇ + g(v) = 0. (2)

When h(v) = −v + 1
3v

3, this is called the Van der Pol equation.

Example 1.5 (Tunnel diode). Consider a tunnel-diode circuit where the diode current is given by
iR = h(vR). Suppose the inductor and capacitor are linear

iC = C
dvc
dt
, vL = L

diL
dt

where i, v denote voltages and currents with the subscript denoting the corresponding electrical
element. Let x1 = vc and x2 = iL be state variables and let u = E be a constant input. Note that
x1 = vC = vR. By KCL, iC + iR − iL = 0⇒ iC = −h(x1) + x2. Similarly applying KVL in the left
loop we get the second equation

ẋ1 =
1

C
(−h(x1) + x2), ẋ2 =

1

L
(−x2 −Rx2 + u).

This is another nonlinear dynamical system.

Example 1.6 (DC-DC converter). DC-DC converter or boost converter consists of an ideal switch
and passive linear inductor, resistor and a capacitor and a constant DC voltage source. (Draw ckt.)
After writing down circuit equations depending upon the position of the switch, one can see that
this is a switched linear system. When the switch is in the s = 1 position, circuit equations are
LdiLdt = E, C dvC

dt = −vC
R and when it is in the position s = 0, circuit equations are LdiLdt = −vC+E,

C dvC
dt = iL − vC

R . This can be written as

L
diL
dt

= −(1− s)vC + E, C
dvC
dt

= (1− s)iL −
vC
R
. (3)

The switching variable s takes values 0 or 1 depending on its position. If the switching happens
at a very high frequency, we can use averaging to approximate the discrete switching variable by
a continuous variable which is the duty ratio µ ∈ (0, 1). Now using µ as a control input, which
satisfies 0 < µ(t) < 1, one obtains the following approximate model

L
diL
dt

= −(1− µ)vC + E, C
dvC
dt

= (1− µ)iL −
vC
R
. (4)

This is a nonlinear control system. The control problem is to regulate vC to a desired voltage Vd
with DC gain k = Vd/E > 1.

We will see more examples such as double pendulum, unicycle, car parking, spacecraft model and
so on later on. All these systems are modeled by Euler-Lagrange equations or Kirchoff/Newton’s
laws. It turns out that the differential equations obtained are nonlinear. So we need to understand
a little bit about the existence and uniqueness of solutions of differential equations. Nonlinear
differential equations exhibit some specific phenomena such as multiple equilibria, limit cycles,
chaos which is not observed in linear odes. There is no closed form expression (explicit formula)
for a solution of nonlinear odes like we have for linear odes. One has to rely on qualitative analysis
in general.
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2 Differential equations

We give a very brief overview on differential equations. We will not go into the details of proofs of
existence and uniqueness as this is a course on nonlinear control and not on differential equations.
Reader may refer to any standard text on odes for proofs. We are not going into too much details
because we feel that those details are not really required to understand control concepts and can
be studied independently out of interest. We rely on geometric picture of existence and uniqueness
of a solution of an ode based on pictures of vector fields, integral curves and flows which are useful
in some sense for “visualization”.

2.1 Existence and uniqueness of odes

We consider the following form for a general non linear dynamical system (continuous/discrete)

ẋ(t) = f(t,x,u),x(t0) = x0, t ∈ [t0, t1]. (5)

x(t+ 1) = f(x(k),u(k)), k = 0, 1, . . . (6)

where f for continuous time systems may assumed to be continuous in t and x, x ∈ Rn, u ∈ Rm, x
being the state of the system and u being the input. In the absence of inputs or if inputs are fixed
to some specified value, then one obtains

ẋ(t) = f(t,x),x(t0) = x0, t ∈ [t0, t1]. (7)

This defines a vector field at each point in Rn.

Definition 2.1 (time invariant/autonomous). For a non linear dynamical system (7), if f(t,x) =
f(t0,x) for all (t0,x) ∈ [t0, t1] × Rn, then (7) is called time invariant or autonomous. In other
words, f does not explicitly depend on t.

Definition 2.2 (periodic). For a non linear dynamical system (7), if f(t,x) = f(t + T,x) for all
(t,x) ∈ [t0,∞)×Rn, then (7) is called periodic and the minimum T such that f(t,x) = f(t+ T,x)
is called the period.

Definition 2.3 (equilibrium point). For a non linear dynamical system (7), a point xe is said to
be an equilibrium point if f(t,xe) = 0 for all t ≥ t0. An equilibrium point is said to be isolated if
there exists ε > 0 such that Bε(xe) contains no other equilibrium point of f .

Proposition 2.4. Let A(t) := ∂f(t,x)
∂x |xe where f is continuously differentiable in x and piecewise

continuous in t. If A(t) is non singular, then xe is an isolated equilibrium point.

Proof. Using Taylor expansion of f ,

f(t,x) = f(t,xe) +
∂f(t,x)

∂x
|xe(x− xe) + h.o.t.

= A(t)(x− xe) + h.o.t.

Since A(t) is nonsingular, by minimum magnification property of the least singular value, ‖A(t)x‖ ≥
c‖x‖. For every ε > 0, there exists δ > 0 such that for ‖x−xe‖ ≤ δ, ‖h.o.t.‖ ≤ ε‖x−xe‖. Choosing
ε = c

2 , observe that

‖f(t,x)‖ = ‖A(t)(x− xe) + h.o.t.‖ ≥ ‖A(t)(x− xe)‖ − ‖h.o.t.‖ ≥
c

2
‖x− xe‖ (8)

for ‖x− xe‖ ≤ δ. This implies that ‖f(t,x)‖ > 0 in a δ neighborhood of xe.

If a system starts at an equilibrium point, then it stays there forever. For a dynamical system
or an ode, we must consider the following
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• Does a solution exist to an ode? If it does, is it unique?

• Does a solution exist locally or globally?

• Dependence of solutions on initial/boundary conditions.

• Conditions which gurantee existence and uniqueness of solutions.

Example 2.5. (no existence) Consider ẋ = sgn{x} ∀t ≥ 0, x(0) = 0. No continuously differentiable
function satisfies this ode.

Continuity of f in (7) as a function of x gurantees existence. This is called Peano’s sufficient
condition for an existence of a solution of an ode (Haddad).

Example 2.6. (existence but non uniqueness) Consider ẋ = 1
2x ∀t ≥ 0, x(0) = 0. There are two

solutions, x = ±t
1
2 .

Locally Lipschitz f in (7) as a function of x gurantees uniqueness.

Example 2.7. (finite escape time) Consider ẋ = 1 + x2 ∀t ≥ 0, x(0) = 0. Then, over the interval
(0, π2 ), x = tan t gives a unique solution but there is no continuously differentiable function over
(0,∞) because at t = π

2 , x(t)→∞.

Globally Lipschitz f in (7) gurantees solution over entire time interval i.e., no finite escape of
the solution trajectory.

Contraction mapping theorem/Banach fixed point theorem: if we have a contraction map on a
Banach space, then it contains a fixed point, used to prove existence and uniqueness of solutions
of ode. Local contraction maps. Local existence and uniqueness under Lipshitz conditions, Global
existence and uniqueness (Picard’s iteration, Gronwall lemma), Hartman-Grobman theorem.

Lemma 2.8 (Bellman-Gronwall lemma). Let λ : [a, b]→ R be continuous, µ : [a, b]→ R continuous
and nonnegative, and y : [a, b] → R is continuous. Suppose that y(t) ≤ λ(t) +

´ t
a µ(s)y(s)ds, then

y(t) ≤ λ(t) +
´ t
a λ(s)µ(s)e

´ t
s µ(τ)dτds.

Proof. (Sastry) Let r(t) =
´ t
a µ(s)y(s)ds⇒ ṙ = µ(t)y(t) ≤ µ(t)λ(t) + µ(t)r(t) where we have used

the hypothesis y(t) ≤ λ(t) +
´ t
a µ(s)y(s)ds. This implies that there exists a nonnegative function γ

such that ṙ(t)− µ(t)λ(t) + µ(t)r(t) + γ(t) = 0. Integrating from a to t, and using r(a) = 0,

ˆ t

a
µ(s)y(s)ds = r(t) =

ˆ t

a
e
´ t
s µ(τ)dτ (λ(s)µ(s)− γ(s))ds ≤

ˆ t

a
e
´ t
s µ(τ)dτλ(s)µ(s)ds

where we have used nonnegativity of γ to obtain the inequality above. Now the required inequality
follows.

Definition 2.9. Let (X, ‖.‖) be a Banach space. A map P : X → X is called a contraction
(mapping) if there is a ρ < 1 such that ‖P (x)− P (y)‖ ≤ ρ‖x− y‖ for all x,y ∈ X.

A contraction mapping is trivially Lipschitz.

Theorem 2.10 (Contraction mapping theorem (Liberzon lecture notes)). Let S ⊂ X be closed
and let P : S → S be a contraction. Then,

1. There exists a unique fixed point x∗ ∈ S of P , i.e., a point x∗ such that P (x∗) = x∗.

2. x∗ is the limit of successive approximations of x0,x1 : P (x0), . . . ,xn := Pn(x0), . . . for all
x0 ∈ S, n→∞.
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Proof. Sketch: Using the contraction property of P , one can show that x0, P (x0), . . . , Pn(x0) is a
Cauchy sequence. Since X is complete, this sequence converges to x∗ ∈ X. Since limn→∞P

n(x0) =
x∗, P (x∗) = limn→∞P

n+1(x0) = x∗ which implies that x∗ is the fixed point. To show uniqueness,
let P (x) = x and P (y) = y. Then, ‖P (x)−P (y)‖ ≤ ρ‖x−y‖ ⇒ ‖x−y‖ ≤ ρ‖x−y‖ ⇒ x = y.

Let’s understand what do we mean by a solution of an ode before we consider its existence and
uniqueness (Liberzon). Consider the following options:

1. solution x is differentiable everywhere and satisfies the ordinary differential equation ẋ =
f(t,x) for all t.

2. solution x is differentiable almost everywhere and satisfies the ordinary differential equation
ẋ = f(t,x) for all t.

If f is given by a square-wave, then x is sawtooth wave which is differentiable almost everywhere
except at corner points. We wish to incorporate such solutions as well. Instead of an ode, one may
consider an integral equation x(t) = x0 +

´ t
0 f(s,x(s))ds. By a solution, we mean a solution of this

integral equation. If requires f to be piecewise continuous in t.

Theorem 2.11 (local/global existence and uniqueness (Liberzon lecture notes)). Suppose ẋ =
f(t,x), with x(t0) = x0, and x ∈ Rn, t ∈ [t0, t1] (when t1 =∞ the right bracket is open). Suppose
that f is piecewise continuous in t for each fixed x, and that f is locally Lipschitz in x uniformly
over t (i.e., the Lipschitz constant is independent of t). Then, for arbitrary initial x0 , there exists
a unique solution x : [t0, t0 + δ]→ Rn for some δ > 0. Moreover, if f is globally Lipschitz, then the
solution is correspondingly global (δ =∞).

Proof. Sketch (Liberzon): Let X = {x : [t0, t0 + δ] → Rn} = C0([t0, t0 + δ],Rn). We want to find
a contraction map P : X → X such that its fixed point is the solution of the integral equation
x(t) = x0 +

´ t
0 f(s,x(s))ds. Let P (x(t)) := x0 +

´ t
0 f(s,x(s))ds. Let S = {x : [t0, t0 + δ] → Rn} ∈

C0([t0, t0 + δ],Rn) : ‖x − x0‖ ≤ r} with a max norm on C0. It can be shown using arguments
from analysis that X is Banach and S is closed. One needs to show that P : S → S and P
is a contraction. Then, contraction mapping theorem gives a solution. Global existence follows
similarly using global Lipschitz property.

Theorem 2.12 (continuous dependence on initial conditions (local)). if x0 and y0 are close, then
x(t) and y(t) remain close for a short time.

Theorem 2.13 (continuous dependence on initial conditions (global)).

Comparison principle: Let u, v be two scalar valued functions which satisfy u̇ = f(t, u), u(t0) =
u0 and v̇ ≤ f(t, v), v(t0) = v0. Then, v(t) ≤ u(t) (we refer the reader to Liberzon for the proof).

2.2 Flow, limit cycles, invariant sets

Let x(t) be a solution of (7) such that x(t0) = x0. A solution of (7) with a given initial condition
is given by x(t) = s(t, t0,x0) where s is the flow function. Note that s(t0, t0,x0) = x0 and

d

dt
s(t, t0,x0) = f(t, s(t, t0,x0)), ∀t ≥ t0. (9)

If x0 is an equilibrium point, then s(t, t0,x0) = x0.

Definition 2.14 (Limit point and limit set of a trajectory). A point p ∈ S is a limit point of the
trajectory x(t) if there exists a monotonic sequence {tn}∞n=0, tn > 0, tn → ∞ as n → ∞ such that
x(tn) → p. This is also sometimes called positive limit point and we can similarly define negative
limit points. Set of all limit points of a trajectory are called limit set of a trajectory.
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Definition 2.15 (periodic solution/limit cycle). A solution x(t) of an ode is periodic if there exists
a finite time T > 0 such that x(t + T ) = x(t) for all t ∈ R. The minimum such T is called the
period.

The trace of a periodic solution i.e., locus of points forming a periodic solution or graph of a
periodic solution is called an orbit. An orbit of a point x0 is

Ox0 := {x ∈ S | x = s(t, t0,x0), t ∈ R}.

A limit cycle of a dynamical system is a closed curve Γ ⊂ Rn such that Γ is a limit set of an
orbit Ox of a dynamical system for x /∈ Γ.

If a periodic solution Γ is isolated such that it is a limit set of an orbit Ox for x /∈ Γ, then it is
a limit cycle.

Example 2.16. Consider the system in polar coordinates ṙ = r(1 − r2), θ̇ = 1 where r ≥ 0. If
we consider dynamics on r only which is one dimensional, one can check that r = 0 is an unstable
equilibrium point since ṙ < 0 when r < 0 and ṙ > 0 for 0 < r < 1. Whereas, r = 1 is a stable
equilibrium point. In r, θ plane, r = 1 gives a limit cycle (which is stable).

Definition 2.17 (limit set). A set L ⊂ Rn is the ω limit of a trajectory s(., t0,x0) if for every
y ∈ L, there exists a time sequence {tn} → ∞ such that s(., t0,x0)→ y.

Definition 2.18 (Invariant set). A set M ⊂ Rn is said to be an invariant set of a trajectory
s(., t0,x0) if whenever y ∈M and t0 ≥ 0, s(., t0,y) ∈M ∀t ≥ t0.

Limit cycles are compact and invariant.
Nonlinear phenomena: As seen previously, finite escape time is a phenomena of unstable non-
linear systems. Multiple isolated equilibria is also a characteristic of nonlinear systems. The same
goes for limit cycles. For linear systems to have oscillations, eigenvalues must by purely imaginary
and it is not a structural property. In other words, it is a non robust property for linear systems.
Even a slight perturbation of eigenvalues results in loss of oscillatory behavior.

A tunnel-diode circuit has multiple equilibria. Pendulum has two equilibrium points, one is
stable and the other is saddle. Negative resistance oscillator is an example of a nonlinear oscillator.
Van de Pol oscillator has a limit cycle.

For stable linear systems, if the input is periodic, then the output is also periodic with the same
frequency. For nonlinear systems, output also contains subharmonic frequencies which are multiples
of the input frequency. It can also generate output with almost periodic oscillations. Chaos is also
a typical characteristic of nonlinear systems. There may be multiple modes of behavior exihibited
by a nonlinear system. For example, the unforced system may have multiple limit cycles, forced
system with periodic input may exhibit harmonic, subharmonic or more complicated steady-state
behavior.

3 Qualitative analysis of planar dynamical systems

3.1 Qualitative behavior of linear systems

For nonsingular matrices, the origin is the only equilibrium point. For 2 × 2 real matrices, the
eigenvalues can be real or complex conjugate. If both eigenvalues are real and distinct, then one
obtains a stable or unstable node, depending upon the sign of the eigenvalues. If one eigenvalue is
stable and the other is unstable, we get a saddle. For complex eigenvalues, one obtains stable or
unstable focus. If they are purely imaginary, we get a center. Then there is a case of real repeated
eigenvalues and zero eigenvalues. For repeated eigenvalues, if the matrix is diagonalizable, again
one obtains either stable or unstable node. If there is a Jordan block, then after slightly messy
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computations one again obtains stable or unstable node. It is called improper node. For zero
eigenvalues, one obtains a continuum of equilibria.

For nonlinear systems, local behavior around an equilibrium point can be deduced by linearizing
the system about that equilibrium point and studying the behavior of the linear system. This leads
to stable and unstable manifolds which are tangent to the eigenvectors of the matrix corresponding
to the linearized system. This method works in n−dimensional state space too where linearization
determines the local behavior provided that the real part of the eigenvalues of the Jacobian matrix
are non zero. If the real part of eigenvalues is zero, then linearization fails and one needs more
sophisticated methods such as center manifold theory to determine the local behavior.

Theorem 3.1 (Hartman-Grobman). If the linearization matrix of a nonlinear system around an
equilibrium point has no eigenvalues with real part equal to zero, then there exists a homeomorphism
between the trajectories of nonlinear system and the trajectories of the corresponding linear system.
The homeomorphism can be chosen to preserve parametrization by time.

The above theorem is true in general, not just for planar systems.

3.2 Multiple equilibria and limit cycles

Consider a tunnel-diode circuit. For some specific values of circuit elements, one can show that it
has three isolated equilibrium points. Their behavior can be found out by local linearization. It has
two stable equilibrium points say Q1, Q3 and the other is saddle say Q2. Except stable trajectories
of the saddle Q2, all other trajectories approach either Q1 or Q3. Two stable trajectories of the
saddle form a curve dividing the state space into two halves. The trajectories originating from the
left of the curve approach Q1 and those originating from the right approach Q3. This separating
curve is called separatrix.

Consider a negative resistance oscillations modeled as

ẋ1 = x2, ẋ2 = −x1 −
√
L

C
h′(x1)x2.

It has an equilibrium point at the origin. Linearizing at the origin, we obtain

A =
∂f

∂x
|x=0 =

[
0 1

−1 −
√

L
Ch
′(0)

]
.

Since h′(0) < 0, the trace is negative and the determinant is positive. Thus, the origin is either
unstable node or unstable focus and trajectories nearby, diverge away from the origin.

Consider a Van der Pol oscillator. One obtains a limit cycle in this case. The shape of this

limit cycle varies for different values of
√

L
C . One can have an unstable limit cycle as well given by

the following Van der Pol equation in reverse time

ẋ1 = −x2, ẋ2 = x1 − ε(1− x2
1)x2.

3.3 periodic solutions

linearization along system trajectory, periodic solutions/limit cycle, Bendixon’s theorem for non
existence of periodic solutions (sufficient conditions for non existence), Poincare-Bendixon theorem
for existence of limit cycle (proof requires some technical arguments from algebraic topology, refer
Sastry), Examples.

Theorem 3.2 (Bendixon’s non existence theorem about limit cycles for planar dynamical systems).
Consider a second order (planar) system ẋ = f(x) (i.e., x ∈ R2). Let D ∈ R2 be a simply connected
domain such that ∇.f 6= 0 over D and ∇.f does not change sign over D. Then D contains no limit
cycle.
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Proof. Suppose there is a closed orbit Γ such that f is tangent to it. Let n(x) be the outward unit
normal at each point. Therefore, f(x).n(x) = 0 and the integral of f(x).n(x) over Γ is equal to
zero. Let S be the area enclosed by Γ. Then, by the divergence theorem,

ˆ
Γ

f(x).n(x)dl = 0 =

ˆ ˆ
S
∇.fdxdy.

But ∇.f does not change sign and is not identically zero which gives a contradiction.

Examples.

Theorem 3.3 (Poincare-Bendixon existence theorem about limit cycles for planar dynamical sys-
tems). Consider a second order (planar) system ẋ = f(x) (i.e., x ∈ R2). Let x(t) be a solution
trajectory and let L be its limit set. Let L ⊂ M where M is closed and bounded subset of R2 such
that M does not contain any equilibrium point of f . Then, one of the following holds:

• x(t) is a limit cycle of f .

• L is a limit cycle of f .

Proof. Sastry

Examples

4 Appendix

4.1 Basic definitions from analysis

Definition 4.1 (open/closed balls). Let x ∈ Rn. Then for an ε > 0, open ball of radius ε in Rn
around x is given by Bε(x) := {y ∈ Rn, | ‖x − y‖ < ε}. A closed ball around x is B̄ε(x) := {y ∈
Rn, | ‖x− y‖ ≤ ε}.

Definition 4.2 (open/closed set). A set S in Rn is said to be open if for all x ∈ S, there exists
an ε > 0 such that Bε(x) ∈ S. Closed sets are complements of open sets or in other words, a set is
closed if its complement is open.

A set A ⊂ S ⊂ Rn is relatively open/closed w.r.t. S if there exists an open/closed set R ⊂ Rn
such that R ∩ S = A

Definition 4.3 (interior point). Let x ∈ S ⊂ Rn. Then x is an interior point of S if there exists
ε > 0 such that Bε(x) ⊂ S. The interior of a set S is a collection of all interior points denoted by
S◦.

For an open set S, S = S◦. A neighborhood of a point x ∈ S ⊂ Rn is an open set N ⊂ S
containing x. A set S is bounded if it is contained in an open ball of finite radius. A set S ⊂ Rn
is compact if and only if it is closed and bounded.

Definition 4.4 (convergent sequence). A sequence {xn} ∈ Rn is said to be convergent in Rn if
there exists x ∈ Rn such that for every ε > 0, there exists N > 0, N ∈ N such that for all n ≥ N ,
‖xn − x‖ ≤ ε.

Definition 4.5 (cauchy sequence). A sequence {xn} ∈ Rn is said to be cauchy in Rn if for every
ε > 0, there exists N > 0, N ∈ N such that for all n,m ≥ N , ‖xn − xm‖ ≤ ε.

Examples
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Definition 4.6 (limit point). A point x is said to be a limit point of S ⊂ Rn if there exists a
sequence {xn} ∈ S (where {xn} 6= x for all n) which converges to x. In other words, x is said to
be a limit point of S ⊂ Rn if for every ε > 0, the set S ∩ Bε(x) \ {x} 6= ∅.

Example

Definition 4.7 (closure). A closure S̄ of a set S is a collection of all limit points of S.

For a closed set S, S = S̄. The boundary ∂S of S is S̄ \ S.

Definition 4.8 (continuity). Let S ⊂ Rn and f : S → Rn. Then, f is continuous at x ∈ S if
for every ε > 0, there exists δ = δ(ε,x) > 0 such that for all y ∈ S satisfying ‖x − y‖ < δ,
‖f(x)− f(y)‖ < ε. Moreover, f is continuous on S if it is continuous at all points in S.

Definition 4.9 (uniform continuity). A function f in the above definition is said to be uniformly
continuous on S if for every ε > 0, there exists δ = δ(ε) > 0 such that for all x,y ∈ S satisfying
‖x− y‖ < δ, ‖f(x)− f(y)‖ < ε.

Note that δ in uniform continuity is independent of the point x ∈ S and depends only on ε.

Definition 4.10 (Lipshitz continuity (local/global)). Let S ⊂ Rn and f : S → Rn. Then, f is
Lipshitz continuous at x ∈ S if there exists a Lipshitz constant L = L(x) > 0 and a neighborhood
N ⊂ S such that ‖f(x)− f(y)‖ < L‖x− y‖, x,y ∈ N . If f is Lipshitz continuous at every point in
S, then f is Lipshitz continuous on S. Moreover, f is uniformly Lipshitz continuous on S if there
exists L > 0 such that ‖f(x)− f(y)‖ < L‖x− y‖, x,y ∈ S and f is globally Lipshitz continuous on
Rn if f is uniformly Lipshitz continuous on S = Rn.

Theorem 4.11 (Weirstrass). A continuous function over a compact set attains its extreme points.

Theorem 4.12 (Mean value theorem (MVT)). Suppose a function f : Rn → R is continuously
differentiable. Then for every x,y ∈ Rn , there is a point z ∈ θx + (1 − θ)y for some θ ∈ [0, 1],
such that f(y)− f(x) = ∇f(z).(y − x).

Definition 4.13 (normed linear spaces). A vector space with a norm is called normed linear space.
A normed linear space is complete if it contains all its limit points. A complete normed linear space
is called Banach space and a Banach space with an inner product is called Hilbert space.

All finite dimensional normed linear spaces are Banach and with an inner product they are
Hilbert spaces.

uniform continuity of norms,

Definition 4.14 (dynamical system and flow). A dynamical system on S ⊂ Rn is the triple (S,R, s)
where s : R× R× S → S such that following holds:

• (continuity) s(t, t0, .) is continuous on S and s(., t0,x0) is continuously differentiable in t for
all x0 ∈ S and t, t0 ∈ R.

• (consistency) s(t0, t0,x0) = x0 for all x0 ∈ S and t0 ∈ R.

• (group property) s(t2, t0,x0) = s(t2, t1, s(t1, t0,x0)) for all x0 ∈ S and t0, t1, t2 ∈ R.

The map s(t, t0, .) is called the flow. The function f(t,x) = d
dts(t, t0,x) is called a vector field on

S. Moreover, s(t, t0,x0) are called integral curves or solution curves.

Associated with every ode, we have a vector field and a flow. A flow can be thought of as the
union of integral curves. Once an initial condition is fixed, integral curve is uniquely defined by
the vector field. For LTI systems, s(t, t0,x0) = eA(t−t0)x0 whereas for LTV systems, it is given by
Φ(t, t0)x0 where Φ is a state transition matrix.
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