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Introduction 1.1 Preliminaries

1.1 Preliminaries

Notations in graph theory

@ K, - The complete graph on n vertices

Kp,q - The complete bipartite graph whose partite sets having p and g vertices

Cp - Cycle of length n

P, - Path on n vertices
G - The complement graph of a graph G
Ng(v) - Set of all neighbors of v in a graph G

4

Notations in Matrix theory

@ Joxm - The n X m matrix in which all the entries are 1
@ o(M) - The spectrum of a matrix M

m
@ Roxm(s) = {[my] € Maxm(C)| > _ mj=sfori=1,2,...,n}
j=1

n

@ Crxm(c) := {[mj] € Mnxm(C)| Zm,-j =cforj=1,2,...,m}
i=1

@ RCnxm(s,c) :=Raxm(s) NCnxm(c)- 4

&,




Introduction 1.1 Preliminaries

Matrices associated to graphs

Let G be a graph with V(G) = {v1,vs,...,v,} and E(G) = {e1,e,...,en}.

@ The adjacency matrix of G, denoted by A(G) = [ajj], is the n x n matrix
defined as ajj = 1, if i # j and v; and v; are adjacent in G; 0, otherwise.

@ The vertex-edge incidence matrix of G is the n x m matrix B(G) = [bj] is
defined as bj; = 1, if the vertex v; is incident with the edge ej; 0, otherwise.

@ The degree matrix of G, denoted by D(G), is the diagonal matrix
diag(dy, da, ..., d,), where d; denotes the degree of v; in G.

@ The Laplacian matrix of G is L(G) = D(G) — A(G).
@ The signless Laplacian matrix of G is Q(G) = D(G) + A(G).

@ The normalized Laplacian matrix of G is
L(G) = D(G)™Y/2L(G)D(G)~/2.
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Introduction 1.1 Preliminaries

@ The multi set of eigenvalues of A(G), L(G), Q(G) and L(G) are said to be the

A—spectrum, L—spectrum, Q—spectrum and L-spectrum of G, respectively.

@ The characteristic polynomial of A(G), L(G), Q(G) and L(G) are denoted by
Pg(x), Le(x), Qs(x) and Lg(x), respectively.

@ The A—spectrum, L—spectrum and Q—spectrum of G are denoted by

A (G) > Xa(G) > ... > Mn(G), (1.1)
0=p(G) < p2(G) < ... < un(G), (1.2)
Vl(G) > VQ(G) >z Vn(G)7 (13)

respectively.

@ In 1995, Cvetkovi¢ et al. [16] introduced the generalized characteristic
polynomial ¢g(x, 3) of G, which is defined as

pe(x,B8) = |xln — (A(G) — BD(G))|-

Notice that Pg(x), Le(x) and Qg(x) are equal to ¢¢(x,0), (—1)"¢pc(—x,1) and
odc(x,—1), respectively.
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Cospectral graphs:

In 2003, Van Dam and Haemers [58] asked “Which graphs are determined by
their spectra 7".

@ Two graphs are said to be A—cospectral (resp. L—cospectral,
R—cospectral, L-cospectraAI) if they have same A—spectrum (resp.
L—spectrum, Q—spectrum, L-spectrum).

What is the significance of constructing the cospectral graphs?

@ Several structural properties are same for cospectral graphs.

In 2010, Butler [8] asked the following question: Is there an example of two
non-regular graphs which are simultaneously A-cospectral, L-cospectral,
Q-cospectral and L-cospectral ?
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What is the need of graph operations?

@ A natural question arise is “How far the spectrum of a given
graph can be expressed in terms the spectrum of some other
graphs 77,

@ In this point of view, to construct graphs from the given graphs,
several graph operations were defined in literature such as the union,
the complement, the subdivision, the Cartesian product, the
Kronecker product, the NEPS, the corona, the join, deletion of a
vertex, insertion/deletion of an edge, etc.
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Some unary graph operations in the literature

L(G) - The line graph of G
(6)

S5(G) - The subdivision graph of G
R(G) - The R—graph of G
Q(G) - The Q— graph of G

) -

) -
T(G) - The total graph of G
C(G) - The central graph of G
QT(G) - The quasitotal graph of G
Du(G) - The duplication graph of G

. D S T T S
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In 2017, M. Somodi et al. [55] defined the following graph operation which
generalizes the constructions of the middle, total, and quasitotal graphs:

Overlay of G and G’

Let G and G’ be two graphs having n vertices with same vertex labeling
{vi,v2,...,vn}. Then the overlay of G and G’, denoted by G x G’ is the
graph obtained by taking one copy of Q(G), and joining the vertices v;
and vj of G if and only if v; and v; are adjacent in G'.
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Join of graphs

The join of two graphs G and H is the graph obtained by taking one
copy of G and H, and joining all the vertices of G to all the vertices in H.

Variants of join of graphs

Year  Authors Definitions
2012  Indulal S-vertex join and S-edge join of graphs
Schwenk H-generalized join of graphs

H-generalized join of graphs constrained
by vertex subsets

2015  Liu et.al R-vertex join and R-edge join of graphs
DG-vertex join and DG-add vertex join
Varghese et.al
of graph

Subdivision vertex-vertex join and subdi-
vision vertex-edge join of graphs
subdivision double join, R-graph double
Tian et. al join, Q-graph double join, total double
join of graphs

Generalized subdivision vertex join of
graphs

2017 Lu et.al

2018 S. Paul
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Corona of graphs

In 1970, the corona of two graphs was first introduced by Frucht and
Harary to construct a graph whose automorphism group is the wreath
product of the automorphism group of their components [22].

corona of G and H

Let G and H be two graphs with |V/(G)| = n. The corona of G and H is
the graph obtained by taking one copy of G and n copies of H, and joining
the i—th vertex of G to all the vertices in the i—th copy of H for
i=1,2...,n.

In 2007, Barik et al. [4] determined the A-spectrum (resp. the
L-spectrum) of the corona of arbitrary graph G and a regular graph H
(resp. for any graph G and H), in terms of the A-spectrum (resp. the
L-spectrum) of G and H.
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Variants of corona of graphs:

Year Authors Definitions
2010 Y. Hou and W- C. Shiu Edge corona
2011 G. Indulal Neighbourhood corona

Subdivision vertex corona and subdivision edge
corona of two graphs
Subdivision vertex neighbourhood corona and subdi-
vision edge neighbourhood corona of two graphs
Corona-vertex of subdivision graph and corona-edge
of subdivision graph of two graphs
R—vertex corona, the R—edge corona, the R—vertex
2015 J. Lan et al. neighbourhood corona and the R—edge neighbour-
hood corona of two graphs
C—vertex neighbourhood corona, the N-—vertex
C. Adiga and B.R. Rakshith  corona, C—edge corona, N—edge corona of two
graphs
2016 X. Q. Zhu et al. Total corona
Subdivision double corona of graphs, R-graph double
corona of graphs, Q-graph double corona of graphs,
total graph double corona of graph, subdivision dou-
S. Barik and G. Sahoo ble neighbourhood corona, R-graph double neigh-
bourhood corona, Q-graph double neighbourhood
corona, total graph double neighbourhood corona of
graphs

2013 X. Liu and P. Lu

P.L. Lu and Y.F. Miao

2014 P. L. LuandY. F. Miao
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Extended neighborhood corona, extended corona of
graphs

The duplication vertex corona, the duplication edge
corona of graphs

Subdivision vertex-edge neighbourhood vertex-
corona (short for SVEV- corona), subdivision

2017 C. Adiga et al.

2018 C. Adiga et al.

W. Wen et al. vertex-edge neighbourhood edge-corona (short for
SVEE- corona)
Q. Liu Generalized R-vertex corona, generalized R-edge

corona of graphs
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(Hy, Hp)-merged subdivision graph of a graph

First we define the ternary graph operation as follows:

Definition 2.1.

Let G be a graph with V(G) = {vi,w,...,vs} and E(G) = {e1, &, ..., em}. Let H; and H>
be two graphs with V(H1) = {u1, w2, ..., un} and V(Hz) = {wi, wo, ..., wn}. Then the
(H1, Hy)-merged subdivision graph of G, denoted by [S(G)]Z; is the graph obtained by taking
one copy of S(G), and joining the vertices v; and v; if and only if the vertices u; and u; are
adjacent in Hp for i,j =1,2,...,n, and joining the new vertices which lie on the edges e; and
es if and only if wy and ws are adjacent in H, for t,s =1,2,..., m.

\.

Notation 2.1.

We denote the graphs [S(G)]E" and [S(G)]% simply by [S(G)]y and [S(G)]", respectively.

A

13/83



vy €4 V4 us Uy w3

v3 vy V3 Vg

(s [S(@)]m

Figure 1: Examples for (Hy, H)-merged subdivision graph of a graph G

The construction used in Definition 2.1 generalizes many graph constructions:

S(G) 2 [S(G) %", R(G) 2 [S(G)]® and Ct(G) 22 [S(G)]®. Also notice that the graph
[S(G)]Z(G) ~G 1><7H. Consequently, Q(G) = [S(G)]z(c). T(G) = [S(G)]E(G),

QT(G) = [S(G)]E(G) and the complete O-graph of G is isomorphic to [S(G) E’EG).

™7 = =

ot
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Some of the special cases of [S(G)]Zi enable us to define some interesting unary graph
operations:

Definition 2.2.

Let G be a graph with V(G) = {v1,v2,..., Va}.

(1)

The point complete subdivision graph of G is the graph obtained by taking one
copy of S(G), and joining all the vertices v;, v; € V(G).

The O-complemented graph of G is the graph obtained by taking one copy of
S(G), and joining the new vertices which lie on the non-adjacent edges of G.

The total complemented graph of G is the graph obtained by taking one copy of
R(G), and joining the new vertices which lie on the non-adjacent edges of G.

The quasi-total complemented graph of G is the graph obtained by taking one
copy of Q-complemented graph of G, and joining all the vertices v;, v; € V(G)
which are not adjacent in G.

The complete O-complemented graph of G is the graph obtained by taking one
copy of Q-complemented graph of G, and joining all the vertices of v, v; € V(G).

The complete subdivision graph of G is the graph obtained by taking one copy
of 5(G), and joining all the new vertices which lie on the edges of G.
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(7) The complete R-graph of G is the graph obtained by taking one copy of R(G),
and joining all the new vertices which lie on the edges of G.

(8) The complete central graph of G is the graph obtained by taking one copy of
central graph of G, and joining all the new vertices which lie on the edges of G.

(9) The fully complete subdivision graph of G is the graph obtained by taking one
copy of S(G), and joining all the vertices of G and joining all the new vertices
which lie on the edges of G.

Notice that the graphs mentioned in Definitions 2.2(1)-(9) are isomorphic toJS(G)]K",
[S(O)zg@y [S(C)sgy [S(G)eey. [S(G Ny [5Gk, [S(ONR,, [S(GK,
[S(G) K”m, respectively. The structures of these graphs for G = C4 are shown in

Figures 2(a)-(i), respectively. In these figures, the vertices colored with white represent
the new vertices of S(G).

Notation 2.2
Let Uy be the collection of all unary graph operations defined in Definition 2.2 and the
subdivision graph, the R-graph, the Q-graph, the total graph, the central graph, the
quasi-total graph, and the complete Q-graph.
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(£) (8) (h) (i)

Figure 2: (a) The point complete subdivision graph of Cs, (b) The Q-complemented
graph of G4, (c) The total complemented graph of Cs, (d) The quasi-total
complemented graph of Cs, () The complete Q-complemented graph of Cs, (f) The
complete subdivision graph of G4, (g) The complete R-graph of G4, (h) The complete
central graph of Cq, (i) The fully complete subdivision graph of C4

17/83



Co-eigenvalues of matrices

Co-eigenvalues of matrices

Definition 2.3.

Let A1, Az, ..., An be square matrices of order n with entries from R. Then

A1, A2, ..., Am € R are said to be co-eigenvalues of A, As, ..., A, if there exists a
vector X € R" such that AX =X X fori=1,2....m.

The following are some easy observations which will be used later.

Observation 2.1.

(1) If A1, A2 € M,(R), then for each eigenvalue A1 of A1, there need not exist an
eigenvalue A2 of Ay such that A1, A2 are co-eigenvalues of A;, As.

(2) If A1, Az, ..., Ay are symmetric and commutes with each other, then for each
eigenvalue A1 of A, Proposition 1.3 ensures the existence of A2, A3, ..., Am such
that they are co-eigenvalues of A1, Az, ..., Apn.

(3) If Xis an eigenvalue of a matrix A € M,(R), then A, 1 are co-eigenvalues of A, /. )
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Continued...

(4) Let A€ M,(R) and f(x) € R[x]. If X is an eigenvalue of A, then A, f()) are
co-eigenvalues of A, f(A).

(5) If G is an r-regular graph with n vertices, then \i(G), ui(G), vi(G) are
co-eigenvalues of A(G), L(G), Q(G) for i=1,2,...,n.

(6) If f(x),g(x) € R[x] and A1, A2 are co-eigenvalues of A;, Az, then (A1), g(X2) are
co-eigenvalues of (A1), g(A2). In particular, if G is an r-regular graph,
M € M,(R) and A(G), A(M) are co-eigenvalues of A(G), M, then u(G), \(M) are
co-eigenvalues of L(G), M, where u(G) = r — A(G); v(G), A\(M) are
co-eigenvalues of Q(G), M, where v(G) = r + A(G).

(7) If f(x),g(x) € R[x] and A1, A2 are co-eigenvalues of Aj, Az, then A1, f(A1) + g(A2)
are co-eigenvalues of Ay, (A1) + g(Az).

(8) If A1, X2 are co-eigenvalues of A1, A, € M,(RR), then A1 + X2 is an eigenvalue of
A1 + A2; A1)z is an eigenvalue of AjAs.

| \

Lemma 3.1

If M € RCnxn(s,s), then s, n are co-eigenvalues of M, J,. Also, \, 0 are co-eigenvalues
of M, J,, where X\ is an eigenvalue of M with an eigenvector X such that X, J,x1 are
linearly independent.

g =
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Corollary 2.1.

(1) If G is a graph with n vertices, then the pair 0, n, and for each i = 2,3,...,n the
pairs ui(G),0 are co-eigenvalues of L(G), J,.

(2) If G is r-regular, then the pair r,n, and for each i = 2,3, ..., n, the pairs \i(G), 0,
are co-eigenvalues of A(G), J,.

(3) If G is r-regular, then the pair 2r, n, and for each i = 2,3, ..., n, the pairs v;(G),
0 are co-eigenvalues of Q(G), Jn.

\

Proposition 2.1.

Let G be a spanning r-regular subgraph of K, ,. Then we have the following:
(1) The co-eigenvalues of A(G) and A(Kp,,) are: r,p; —r,—p and \i(G),0 for
i=2,3,...,2p—1;
(2) The co-eigenvalues of L(G) and L(Kp,) are: 0,0; 2r,2p and pi(G), p for
i=23,...,2p—1;
(3) The co-eigenvalues of Q(G) and Q(K,,p) are: 2r,2p; 0,0 and vi(G), p for
i=2,3,....2p—1,
where X\i(G), pi(G) and vi(G) for i =1,2,...,2p are as in (1.1)«(1.3), respectively.

v = = = >yt
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Spectra of (Hj, Hp)-merged subdivision graph of a graph

Spectra of (Hy, H,)-merged subdivision graph of a graph

Now we proceed to determine the A-spectra, the L-spectra, the Q-spectra and the
L-spectra of [S(G)]Z; for some families of G, Hi and H., and the graphs constructed by
the unary graph operations in U;.

It can be seen that

(o) - (451 50

_ [L(H)+ D(G) —B(G)

L(isen) = | B(G)T  L(H)+ 2/,"} ) (2.2)
_ [Q(H:) + D(G) B(G)

Q(Isen) = B(G) QM)+ 2/,,,] : (2:3)

If G is r-regular (r > 1) and H; is ri-regular for i = 1,2, then
1
—[L(F) +D(6)]  ——————B(G)
Z([S(G)]g;) - v (n+r)(r+2) (24

T 1
Tt oyttt 2kl
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Spectra of (Hj, Hp)-merged subdivision graph of a graph

In the rest of the slides, we assume that

1 fori=1;
0; = .
0 fori=2,3,...,n.

Proposition 2.2.

Let A€ Mp(R), B € RCnxm(r,c), t1,t2,t3 € R and ¢ # 0. Then the characteristic polynomial
of the matrix

A B
M= [BT t1lm + t2Jm + thTBj| (2.5)

is
(x—t)" " x

{(x — t))ly — BT — t—QrJ,,} (xIn — A) — BBT|.
C

Moreover, if A and BBT commutes with each other and m > n, then the spectrum of M
contains

(i) t1 with multiplicity m — n;
(ii) % (a,- + Xi(A) £ \/(a,- —Xi(A)? + 4/\;(BBT)),

1
where a; = t1 + —60;tonr + t3)\,-(BBT);
c

Xi(A), \i(BBT) are co-eigenvalues of A, BBT fori=1,2,...,n. }
22783




Spectra of (Hj, Hp)-merged subdivision graph of a graph

Corollary 2.2.

Let G be an r-regular graph (r > 2) with n vertices and m (= 1nr) edges. Let H; be an

r,-—regulir graph, where Hi has n vertices, which commutes with G, and
Hy € {Km, Km, L(G), L(G)}. Then the A-spectrum, the L-spectrum, the Q-spectrum
and the L-spectrum of [S(G)]

2

are

(i) t1 with multiplicity m — n;

1

(i) 5 <a,- +Bi & \/(af - Bi)* + 472%'(@))'
where aj = t1 + 271 + 0imt; + t37.vi(G),

|0 for A-spectrum of [S(G)]Z;

=1 for L-spectrum , Q-spectrum and L-spectrum of [S(G )]z;

1 for A-specrurm, L-spectrum, Q-spectrum of [S(G )]Z;
= m for L-spectrum of [S(G)]i:

Ai(Hy1) for A-spectrum of [S(G) Z;,

wi(Hh) +r for L-spectrum of [S(G)]Z;
pi = vi(Hi) + r for Q-spectrum of [S(G)]Z;

(ui(Hh) + r)  for L-spectrum of [S(G)]Z;7

n—+r

23783



Spectra of (Hj, Hp)-merged subdivision graph of a graph

with v;(G), A\j(H1), 1i(H1) and v;(Hy) are co-eigenvalues of Q(G), A(H1), L(H1) and Q(Hi)
for i =1,2,...,n and ty, t, t3 are such that

A(H>) for A-spectrum of [S(G)]Z;
L(H>) for L-spectrum of [S(G)]Zl;
T —
tllm ar t2Jm ar tSB(G) B(G) - Q(H2) for Q_spectrum of [S(G)]H;’

p— L(Hy) for L-spectrum of [S(G)]Z;,
which can be obtained from Table 4.

S. No Matrices

1. A(G) = —rl, + B(G)B(G)T

2. L(G) = 2rl, — B(G)B(G)"

3. Q(G)=(r— 1)+ Jo — B(G)B(G)T

4, A(G) = Ip+ Jo — B(G)B(G)"

5. L(G) = (m—2r)l, — Jo + B(G)B(G)"

6. Q(G) = (m—2r +2)ly — Jm + B(G)B(G)"
7. A(L(G)) = —2Im + B(G)TB(G)

8. L(L(G)) = 2rlm, — B(G)TB(G)

9. Q(L(G)) = (2r — &)l + B(G) T B(G)

10. A(L(G)) = Im + Jm — B(G)" B(G)

11. L(L(G)) = (m — 2r)Im — Jm + B(G)" B(G)
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Spectra of (Hj, Hp)-merged subdivision graph of a graph

12, Q(L(G)) = (m — 2r + 2) Iy — Jm + B(G)T B(G)
13, ARKm) = Jm — Im

14 L(Km) = Ml — Im

15, QKm) = (M —2)Im + Im

Table 4: Various matrices of the graphs expressed in terms of their incidence
matrix, the identity matrix and the all-ones matrix
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Spectra of (Hj, Hp)-merged subdivision graph of a graph

Corollary 2.3.

Let G be an r-regular graph (r > 2) with n vertices and m (= %nr) edges. Let H; be an
r;-regular graph. Let Hy € { Ky, Kn, G, G} and Hy € {Km, Km, £(G), L(G)}. Then the
A-spectrum, the L-spectrum, the Q-spectrum and the L-spectrum of [S(G)]Z; can be obtained
by taking B; = s1 + ry1 + 0insy + s3v;(G) for i = 1,2,...,n in Corollary 2.2, where s1, s, s3 are
such that

A(H1) for the A-spectrum of [S(G) Z;
L(H1) for the L-spectrum of [S(G)]Zl;
T _
sily + s2Jp + 53B(G)B(G) " = Q(H1) for the Q-spectrum of [S(G)]ﬁ;,
1 —~
L(H.) for the L-spectrum of [S(G)]ZI,
n+r 2
which can be obtained from Table 4. y

Corollary 2.4.

If G and G’ are regular cospectral graphs, then U(G) and U(G’) are simultaneously
A-cospectral, L-cospectral, Q-cospectral and L-cospectral for U € Uj .

Remark 2.1.

Corollary 2.4 gives an affirmative answer to the question raised by Butler in ([8]).

= = = = =
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Spectra of (Hj, Hp)-merged subdivision graph of a graph

(Hi1, H2)-merged subdivision graph of K, ,

Corollary 2.5.

Let H be a spanning ri-regular subgraph of Ky p and Ho € {sz, K2, L(Kp,p), L(Kp,p)}. Then
we have the following.
(1) The A-spectrum, the L-spectrum, the Q-spectrum and the L-spectrum of [S (Kp,p)]z2 can

be obtained by taking m = p?, n=2p, r = p,
n fori =1;

Ai(H1) =< —n for i = 2p;
N(H) fori=2,3,...,2p—1,
0 fori =1,

pi(H) = { 2n for i = 2p;
wi(H) fori=23,...,2p—1,

2r fori =1,
vi(H1) =40 for i = 2p;
vi(H) fori=2,3,...,2p—1,
2p fori=1;

vi(Kp,p) = 4 0 for i = 2p;
P fori=2,3,...,2p—1,
in Corollary 2.2.

M
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Spectra of (Hj, Hp)-merged subdivision graph of a graph

(2) The A-spectrum, the L-spectrum, the Q-spectrum and the L-spectrum of [S(H) 5"‘2” can
P

be obtained by replacing G, Hi, r by H, Ky p, r1, respectively, and substituting

P for i =1; 0 fori=1;
Ai(Hi)=<{ —p fori=2p; wi(H1) =< 2p for i =2p;
0 fori=2,3,...,2p—1, P fori=2,3,...,2p—1,
2p fori=1; 2n for i =1,
vi(H1) =<0 for i = 2p; vi(G)=4n for i = 2p;
P fori=2,3,...,2p—1, vi(H) fori=2,3,...,2p—1,

in Corollary 2.2.

(H1, H2)-merged subdivision graph of Ki
Theorem 2.1

If H is a graph with m vertices, then we have the following.
(1) If H is r-regular, then the A-spectrum of [S(K1,m)]H is

,7(r:i:\/r2—|—4m+ ) ( :t\/)\(H)2+4) fori=2,3,...,m
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Spectra of (Hj, Hp)-merged subdivision graph of a graph

(2) The L-spectrum of [S(K1,m)]H is

0,%(m+3:ﬁ: (m—1)? +4> (,u,(H)+3i [;4,-(H)+1]2+4)

fori=2,3,....,m
(3) If His r-regular (r > 1), then the Q-spectrum of [S(Ki,m)]# is

0) 3 () +32 It 1+ 8) fori=23..00m,

(if) the roots of the polynomial
x3 — (m+2r+3)x% +(2mr +2m +2r + 1)x —2rm.

(4) If H is r-regular (r > 1), then the L-spectrum of [S(K1,m)]H is

0’17r+4 2r—XNi(H)+ 4+ /XNi(H)?2+4r+8 for i=2.3,...

r+2 (r+2)
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Spectra of (Hj, Hp)-merged subdivision graph of a graph

(Hy, H)-merged subdivision graph of P,

Theorem 2.2.

([7, Theorem 3.2]) Let n > 3 and let p(x) be a polynomial of degree less than n. Then
p(A(Pn)) is the adjacency matrix of a graph if and only if p(x) = Pp,,(x), for some i,
0<i<|3)-1L

Corollary 2.6.

Let n > 3 be an integer. If H is a graph with A(H) = Pp,;,,(A(Pa-1)), for some i, with
0 <i<|[2t] —1, then the A-spectrum of [S(P,)]n is

cj:l:\/cj2+8(cos”7j—|—1)
2 )

d 2i+1—k i\ 2R .
wherecj:Z(—l)k< B ) <2cos n) and j=1,2,...,n—1.

k=0

)

A
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Q-complemented graph of a graph

Theorem 2.3.

Let G be a graph with n vertices and m edges. Then the characteristic polynomial of the
adjacency matrix of the Q-complemented graph of G is

(~1)"(x — )™ (1 - =

A

Corollary 2.7.

Let G be a graph with n vertices and m edges whose line graph is r-regular (r > 1). Then the
A-spectrum of the Q-complemented graph of G is

1
1"’_1,71/,-(G),§ (mfrflzt\/(mfrfl)2+4r+8>

fori =2,3,...,n.

\
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Corollary 2.8.
The A-spectrum of the Q-complemented graph of K, q is

_ _ 1
0,171, (=p)"7", (—q)° 175(pq—p—q+li\/(pq—p—q+l)2+4(p+q))~

Complete subdivision graph of a graph

Theorem 2.4.

Let G be a graph with n vertices and m edges. Then the characteristic polynomial of
the adjacency matrix of the complete subdivision graph of G is

(x+1)™" (1 —xT (6 (X* +x — 2)) Qc(x* + x).

v
Corollary 2.9.

(1) The A-spectrum of the complete subdivision graph of tKi, (t > 1) is

0‘,(1§\/g>t,<1i2\/ﬁ)tl,;(2t—1i\/m>.

V.
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(2) Let G be a graph with n vertices and m edges whose line graph is r-regular
(r > 2). Then the A-spectrum of the complete subdivision graph of G is

;(m—u (m—1)2+4r+8),%(—1i\/‘m)

(_1)m—n’
fori=2,3,...,n.

Corollary 2.10.

Let (p,q) # (1,2),(2,1). Then the A-spectrum of the complete subdivision graph of
Kp,q is

o, -1y, (LI (SEVEEDT A (54 @A)

wherea =pg—p—q+1; 8=pg—1.

A
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M-join of graphs

In 1969, Hedetniemi [26] introduced the following generalization of the join of two
graphs, and studied its several graph theoretical properties.

Definition 3.1.

([26]) For given graphs G and H, and a binary relation 7 C V(G) x V(H), the m-graph
of G and H is the graph whose vertex set is V(G) U V(H) and the edge set is
E(G)UE(H)Um.

Notice that the binary relation 7 can be viewed as a matrix M = [mj;], where m; =1 or
0, if the i-th vertex of G and the j-th vertex of H are related or not, respectively. So, we
restate Definition 3.1 by using M as follows and call that graph as the M-join of G and

Definition 3.2.

Let G and H be graphs with V(G) = {u1, w2, ...,u,} and V(H) = {vi, v», ..., vm} and
let M be a 0 — 1 matrix of size n Xx m. Then the M-join of G and H is the graph,
denoted by G Vy H and is obtained by taking one copy of G and H, and joining the
vertices u; and v; if and only if the (i, j)-th entry of M is 1 for i =1,2,...,n;
j=12,...,m.

|I

— = = — Tyt
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M-join of graphs 3.1 Introduction

Example 4.1

Consider the graphs G and H as shown in Figure 3. Let 7 = {(u2, v1),

(2, v2), (u2, va), (us, v1), (ua, v1), (Usa, v2), (us, va)}. Consequently m can be viewed as the
matrix

0 0 0 O
1 1 0 1
M=1|1 0 0 O
1 1 0 1
0 0 0 O
Then G VvV H is as shown in Figure 3.
Ug Vg
Uy uz U1 U3 [
U V2 i
G H GVy H

Figure 3: Example for M-join of two graphs
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Next, we extend this definition for k graphs by using a sequence of matrices.

Definition 3.3.

Let Hix = (H1, Ha, . . ., Hi) be a sequence of graphs with |V (H;)| = n; for i=1,2,... k
and let M = (Mlz, M13, ey M1k, M23, M24, ey Mzk, ey M(k—l)k)v where M,'j is a
0 — 1 matrix of size n; X nj. Then the M-join of the graphs in #,, denoted by

K

Va1 M, is the graph | ] (Hi v, H;).
=1,
i<j

4

Notice that any given graph G can be viewed as a M-join of Hy, where H, = (H1, Ha,
..., Hk) is a sequence of k pairwise, vertex disjoint induced subgraphs of G and

V(H,) = {u,-l, Uppy .oy u,-,,,.} for i = 1,2,..., k such that Uf:l V(H,) = V(G) and M =
(Mlz, /\4137 ey Mlk, Mos, /\4247 ey M2k7 ey M(k—l)k) with M,'j = [msg)],,,x,,j, where

rs T

@) )1 if ur and ujs are adjacenct in G;
0 otherwise

forr=1,2,...,n;s=1,2,...,n;;i,j=1,2,..., k and i <j. Consequently, the
M-join of graphs generalize all the variants of join of graphs.
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Example 4.3
Let Hi, H>, H3 be the graphs as shown in Figure 4 and let
R I
Me=1p 1 1 1/-Ms=|1 o o| Ms=1|1 0 0
01 00O 01 0 0 1 1

Let Hs = (Hi, H2, H3) and M = (M2, M3, Ma3). Then the M-join of H3 is shown in
Figure 4.

al v

Uz @ Uy V2 Vg w1y v w3
usz U3 wa
Hy Hy Hy

s VM Hi

Figure 4: Example for M-join of graphs
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Unary graph operations as M-join of two graphs

As particular cases of the M-join of two graphs, we obtain some existing and new unary
graph operations, which are described here. Let G be a graph with n vertices.

S. No Description Name of the unary graph operations
1. GV, Kn C-graph of G [1]
2. GV G Mirror graph of G [43]
3. GV, G V-complemented neighbourhood graph of G
4. GV, Kn C-complete graph of G
5. GV, Kn VC-graph of G
6. GVy_1, G VC-neighbourhood graph of G
7. GV, G VC-complemented neighbourhood graph of G
8. GV i, Kn VC-complete graph of G
9. GV, Kn Join graph of G
10. GV, G Join neighbourhood graph of G
11. GV, G Join complemented neighbourhood graph of G
12. GV, Kn Join complete graph of G
13. G VeG) Kn N-graph of G [1]
14. G VA(G) G N-neighbourhood graph of G
15. G Va(G) G N-complemented neighbourhood graph of G
16. G VA(G) Kn N-complete graph of G
17. G VA(G)+1y Kn N-graph of G
18. G Va1, G ‘N-neighbourhood graph of G
19. G VA(G)+1y G N-complemented neighbourhood graph of G
20. G VAG)+1, Kn N-complete graph of G
21. G VA(E) Kn NC-graph of G
22. G \/A(E) G NC-neighbourhood graph of G
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23. G VA(E) G NC-complemented neighbourhood graph of G
24, G \/A(f) Kn NC-complete graph of G

25. G VA(EHI,, K, NC-graph of G

26. G VA(EHIn G N C-neighbourhood graph of G

27. G VA(EHI,, G N C-complemented neighbourhood graph of G
28. G VA(E)JrI,, Kn N C-complete graph of G

29. GV, Kn C-complement graph of G

30. GV, G Mirror-complement graph of G

31. GV, Kn C-complete-complement graph of G

32. GV 1, Kn VC-complement graph of G

33. GVy_1, G VC-neighbourhood-complement graph of G
34. GV i, Kn VC-complete-complement graph of G

35. GV, Kn Join-complement graph of G

36. GV, G Join neighbourhood-complement graph of G
37. GV, Kn Join complete-complement graph of G

38. G VA(G) Kn N-complement graph of G

39. G VA(G) G N-neighbourhood-complement graph of G
40. G Va@G) Kn N-complete-complement graph of G

41. G VaG)t1, Kn N-complement graph of G

42, G VA(G) 41y G N-neighbourhood-complement graph of G
43. G VAG)+1y Kn N-complete-complement graph of G

44, G VA(E) Kn NC-complete-complement graph of G

45. G VA(E) G NC-neighbourhood-complement graph of G
46. G VA(E) Kn NC-complement graph of G
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47. G VA(EHI,, Kn ‘N C-complement graph of G

48. G vA(ﬁ)Hn G N C-neighbourhood-complement graph of G
49. G VA(E)HH Kn N C-complete-complement graph of G

50. Kn V) Kn Duplicate graph of G [53]

51. Kn VA(G) Kn Duplicate complete graph of G

52. Kn VA(G) Kn Fully complete duplicate graph of G

53. Kn VA(G)+1y Kn DN-graph of G

54. Kn VA(G)+1p Kn DN-complete graph of G

55. Kn VA(G) 41y Kn Fully complete DN-graph of G

56. Kn \/A(f) Kn Complemented duplicate graph of G

57. Kn VA(E) Kn Complemented duplicate complete graph of G
58. Kn VA(E) Kn Fully complete complemented duplicate graph of G
59. Kn vA(E)H,, Knp Closed duplicate graph of G

60. Kn VA(E)Hn Kn Closed duplicate complete graph of G

61. Kn VA(E)JrIn Kn Fully complete closed duplicate graph of G

Table 6: Some (existing and new) unary graph operations defined using M-join of
two graphs
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S. No Description Name of the unary graph operation
1. Kn V s m—B(G) Km DEC-graph of G
2. G VJ,,meB(G) Km EC-graph of G
3. G anxm—B(G) Km Complemented EC-graph of G
4. Kn anxm—B(G) Km Point complete DEC-graph of G
5 Kn Vo sem—B(G) £(G) O-DEC-graph of G
6. G V s m—B(G) L(G) Total DEC-graph of G
7. G V e m—B(G) L(G) Central DEC-graph of G
8. KoV m—B(G) L(G) Complete Q — DEC-graph of G
9. Kn \/Jnxm_B(G) L(G) Q-complemented DEC-graph of G
10. G anxm*B(G) L(G) Total complemented graph of G
11. GV m—B(G) £(6) Double complemented total DEC graph of G
12. Kn VJHX,,,—B(G) L(G) Complete Q-complemented DEC-graph of G
13. Kn \/Jnxm—B(G) Km Complete DEC-graph of G
14. G anXm_B(G> Km Complete EC-graph of G
15. G Vs m—B(G) Km Complemented EC-graph of G
16. Kn Vlnxm*B(G) Km Fully complete DEC-graph of G

Table 7: Some new unary graph operations defined using M-join of two graphs
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(1) Let U and Us be the set of all unary graph operations mentioned in Table 6 and 7,
respectively.

Q Let U :=Uh Ul Ulhs.
(2) The new vertices of U(G) are denoted by /(G) for U € U.

-

Definition 3.4.

Let G be a regular graph with n vertices and m edges.

(1) Let U € Uy. Then U(G) = Hi Vg(g) Ha, where Hy € {G, G, Ky, K»} and
H> € {£(G), L(G), Km, Km}. So, by using Table 4, we can write
A(Hv) = bly + b'J, + b"B(G)B(G)" and A(H>) = cln + ¢’ Jm + ¢""B(G)" B(G).
Then we say that, the sequence (b, b’,b", c,c’, c”) of scalars as the scalars
corresponding to U in U or the sequence of scalars corresponding to A(U(G))
for U € U;.

A
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(2) Let U € Uy. Then U(G) = Hy Vp Ha, where Hi, Hy € {G, G, Kp, Kn} and
M € {Ir, A(G), A(G) + In, A(G), A(G) + I, A(Kp), Jn,0}. So, by using Table 4, we can
write A(H1) = bilp + b} Jn + b/ B(G)B(G)T; M = bylp+ byJp+ by B(G)B(G)T and
A(Hz) = bsla+ byJn + b B(G)B(G)T. Then we say that, the sequence
(b1, by, by, ba, b}, by, b3, b}, bY') of scalars as the scalars corresponding to U in Uy or the
sequence of scalars corresponding to A(U(G)) for U € U.

(3) Let U € Us. Then U(G) = H1V,,  _p(c) H2, where Hi € {G, G, Ky, Kn} and
H, € {£(G), L(G), Km, Km}. So, by using Table 4, we can write
A(H1) = blp + b'Jy + " B(G)B(G)T and A(Ha) = clm + ¢’ Jm + ¢""B(G)T B(G). Then
we say that, the sequence (b, b’,b”, c,c’,c’’) of scalars as the scalars corresponding to U
in Us or the sequence of scalars corresponding to A(U(G)) for U € Us.

Similarly, we can define the sequence of scalars corresponding to L(U(G)), Q(U(G)) for
Ueu.

In the rest of the slides we assume the following, for a given graph G:
o= {1 for the A-spectrum and the Q-spectrum of G;
—1 for the L-spectrum of G;
- 0 for the A-spectrum of G;
r= 1 for the L-spectrum and the Q-spectrum of G

1 fort=1
and 0; = or '
0 fort=2,3,...,n.
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Next, we deduce the spectra of the graphs constructed by the unary graph operations in U.

Theorem 3.1.

Let G be an r-regular graph (r > 2) with n vertices and m(= %nr) edges. Then we have the
following.

(1) If U € Uy, then the A-spectrum, the L-spectrum and the Q-spectrum of U(G) are
(i) b2 + 2p with multiplicity m — n;

1 2
(i) > <a(1t) + agt) 4E \/(agt) — oagt)) — 4ut(G)) fort=1,2,...,n,

where ol = by + rp + 0:nb| + bYv(G); o8 by + 2p + 0:mb), + b ve(G) for
t=1,2,...,n; (b, b}, by, ba, b)), b)) is the sequence of scalars corresponding to
A(U(G)), L(U(G)) and Q(U(G)) in Uy for A-spectrum, the L-spectrum and the the
Q-spectrum of U(G), respectively.

(2) If U € Uy, then the A-spectrum, the L-spectrum and the Q-spectrum of U(G) are

1 2 2
2 <agt) + agt) E'= \/(C!(lt) — agt)) —4 (agt)> ) fort=1,2,...,n,

where o) = b; + p(bs + nb} + 2rbl}) + O:nb! + bl'v+(G) for i = 1,2,3,
(b1, by, by, ba, b}, by, b3, b}, bY') is the sequence of scalars corresponding to A(U(G)),
L(U(G)) and Q(U(G)) in Uy for the A-spectrum, the L-spectrum and the Q-spectrum of

U(G), respectively.

y
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(3) If U € Us, then the A-spectrum, the L-spectrum and the Q-spectrum of U(G) are
(i) b2 + p(n — 2) with multiplicity m — n;

2
(i) 3 <agt) +of) + \/(agt) = agt)) = 4agt)> fort =1,2,...,n,

where o) = by + p(m — r) + 6:nb} + b/ v:(G)

o) = by + p(n — 2) + 0:mbb + by 1:(G) ol = 6:(mn — nr — 2m) + 14(G)
for t =1,2,...,n; (b, b, by, bo, by, by) is the sequence of scalars
corresponding to A(U(G)), L(U(G)) and Q(U(G)) in Us for the A-spectrum,
the L-spectrum and the Q-spectrum of U(G), respectively.

y

As a consequence of Theorem 3.1, we obtain the following result.

Corollary 3.1.

Let G and G’ be two regular cospectral graphs and U € U. Then the graphs U(G) and
U(G') are simultaneously A-cospectral, L-cospectral and Q-cospectral.
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Spectra of M-join of graphs

Now we study various spectra of the M-join of some special graphs. It can be seen that

AH) M -+ My
ML A(H)) - My
A <\/ Hk) = . . . .
M : : " :
M7, My - A(Hk)

Theorem 3.2.

Let Hx = (H1, Ha, ..., Hk) be a sequence of pairwise commuting regular graphs each
having n vertices and let M — (Mlz, M13, ey IW1/<7 M23, M24, ey MQk, 560 M(k—l)k)
be a sequence of symmetric pairwise commuting matrices such that each M;; €
RCnxn(mij, cj) commutes with A(H;) fori,j,t =1,2,... k and i < j. Then the
A-spectrum, the L-spectrum and the Q-spectrum of the M-join of H, are

n

ZO’(At),

t=1
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where
At(Mh1) + pdi al:(Mi2) 200 ai(Mix)
ade(Mi2) Ae(M») + pdp - ade(Mok)
g = . . . .
are(Muk) aXe(Max) <o Ae(Mik) + pdi

A(H;) for the A-spectrum of \/,, Hx;
fort=1,2,...,n, with M;j = ¢ L(H;) for the L-spectrum of \/ ,  Hi;
Q(H;) for the Q-spectrum of \/, Hx,

k
E myj for i =1;
=2

i—1 k
di=4> G+ Y my fori=23... k-1
i=1

j=it1

k—1
E Cjk for i = k,
J=1

Ae(Mijj)s are co-eigenvalues of Mys for i,j =1,2,...,k; i <j.
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Corollary 3.2.

Let H; and H; be regular commuting graphs fori = 1,2,... k. Let Hx = (H1, Ho, ...,
Hy), Hi = (Hi, Hj, ..., H;) be sequence of pairwise commuting regular graphs each
having n vertices and let M = (Mlz, /\4137 ey Mm M23, M24, ey M2k, ey M(k—l)k)
be a sequence of symmetric pairwise commuting 0 — 1 matrices such that each

Mj; € RChxn(mi, cj). If My, A(Hy), A(H{) are cospectral fori,j,t =1,2,... k and

i < j, then the M-join of Hx and the M-join of H;, are simultaneously A-cospectral,
L-cospectral and Q-cospectral.
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Corollary 3.3.

Let Hyx = (H1, Ho, ..., Hy) be a sequence of graphs each having n vertices and let

M € RCnxn(m,c) be a 0 — 1 symmetric matrix which commutes with A(H;) fori =1,2,... k.
If M= (M2, M3, ..., Mik, Moz, Moa, ..., Moy, ..., M_1)«) is a sequence of 0 — 1
matrices, where Mjj = M for i,j =1,2,...,k; i < j. Then the characteristic polynomials of the

adjacency, the Laplacian and the signless Laplacian matrices of \/ \, H are

n k k k
IT {H(X_AEf)ert)}_mt ST TIG =24 m) | 31,

t=1 | Ui=1 i=1 | j=1,
i
At(H;) for the characteristic polynomial of A (\/ v Hx) ;
with )\'(.t) = { we(H;) + di  for the characteristic polynomial of L (\/ r, Hx) ;
ve(H;) +d;  for the characteristic polynomial of Q (\/ x, H«) ,
my = a)\t(M),
di=(—-1)c+(k—i)mfori=1,2,... . k;t=1,2,...,n,
At(M), At(H1), At(H2), ..., At(Hk) are co-eigenvalues of M, A(H1), A(H2), ..., A(Hk);
Ae(M), pe(H1), pe(Ha), . . ., ue(Hy) are co-eigenvalues of M, L(Hy), ..., L(Hk);
At(M),ve(H1),ve(H2), . .., ve(Hk) are co-eigenvalues of M, Q(H1), - -, Q(Hy) for
t=1,2,...,n.
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Some new variants the of join of graphs

Definition 3.5.

Let G, Hi1, Ha, ..., Hi be graphs, each having n vertices and let H be a graph having k vertices
with A(H) = [h;], i,j =1,2,...,k. Let M be one of the matrix as given in Table 8. Let H, =
(Hi, Ha, ..., Hy) and M = (M1a, My3, ..., My, Mo, Mag, ..., My, ..., My_q)i), where

Mjj = hijM for i,j=1,2,..., k. Then we call the \/ , Hj as in Table 8.

S. No M Name of the graph operation
1. In The identity join of Hj with respect to H
5 A(G) 'Il:lhe G-neighbourhood join of H with respect to
The G-closed neighbourhood join of H with re-
3. I+ A(G) spect to H
4 o The vertex complemented join of Hj with re-
) nom spect to H

The G-neighbourhood complemented join of H
with respect to H

The G-closed neighbourhood complemented join
of Hy with respect to H

5. | Jn—A(G)

6. | Jn—In— A(G)

Table 8: Some new variants of join of graphs constructed as particular cases of
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Example 4.3
Consider the graphs G, H, Hi, Ha, H3 as shown in Figure 5. Let H3 = (Hj, Hp, H3). Then the graphs constructed by using
these graphs and the graph operations mentioned in Table 8 are shown in Figure 5.

vy vs Ul Uiz U4 U3 wgy  ugs
I:I [
v vy w1 ow, W3 ULl Uiz Uzl Uga Uzl Uz
G H H,y H, Hj

g

The identity join of Hs
with respect to H

The G-neighbourhood join of H3
with respect to H

The G-closed neighbourhood join of The vertex complemented join of
Hs with respect to H H3 with respect to H
The G-neighbourhood complemented The G-closed neighbourhood complemented
join of Hs with respect to H join of Hs with respect to H

Figure 5: Examples for new variants of join of graphs defined in Table 8
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Some new variants of the join of graphs

Theorem 3.3

Let G be an r-regular graph with n vertices and m edges, H; € {G, G, Ky, K,}, Mj €

{In, A(G), A(G) + In, A(G), A(G) + In, A(Kn), Jn, 0} fori, j=1,2, ...,
A(£(6)), A(L(G)) + Im, A(L(G)),

Gi € {E(G) ['(G)v Km, ?m}' Ny € {I"H

ki and i < j,

A(L(G)) + Im, A(Km), Jm, 0} fori,j=1,2,... ko and i < j, and
P; € {0, B(G), Juxcms Jnxm — B(G)} fori=1,2,... ki and j = 1,2, ... k. Let
Hiy = (Hi, Hay ... Hy), Giy, = (G1, G, . . ., Giy), M = (M2, Mis, ..., Miy, Moz, Mo,
s Moy s Mg 1)k ), N= (Ni2, Naz, ooy Nigy, Noz, Nog, ooy Nk, oy Nigp—1)4,)

and

P P Py,

P Px Py,

P= .
Piu1  Pio2 Prik,

Let m,,, riq and npq be the sum of the entries in a row of Mj;, Piq, Npq, respectively, and
let r;, be the sum of the entries in a column of Pig for i,j =1,2,... k and
h,q=1,2,...,ks. Then the A-spectrum, the L-spectrum and the Q—spectrum of

(V rq Hkl) \/’p (VN Gr,) can be obtained by substituting pr = r, p» = 2 and A\¢ = v¢(G)
for t =1,2,...,n and the values by, b}, bjf, piq, Pig: Chqs Chqr Chy Tor i,j =1,2,... ki
and h,q =1, 2, ..., ko in Corollary, which can be obtained by the following procedure:
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(i) Take

A(H;) for the A-spectrum of (\/, Hi) Ve (Vo Gre)
Bi = { L(H;) + dil,  for the L-spectrum of (\/\, Hi) Ve (Vo Gho)
Q(H;) + dil,  for the Q-spectrum of (VM ”Hkl) Vp (\/N gkz) ,

ki ko
with di =Y "mj+ Y rn fori=1,2,... ki
j=1 h=1

J#
Bj=aM; =B fori,j=1,2,... ki;i<j;

A(Gp) for the A-spectrum of (\/M Hkl) Vp (VN gkz) ;
Cih = § L(Gp) + djlm  for the L-spectrum of (\/M Hkl) Vp (\/N gkz) ;
Q(Gh) + djlm  for the Q-spectrum of (\/ M) Ve (V Gk)

ko ki

with dh = ms+ Y riy for h=1,2,... k;
s=1, j=1
h+#s

Chg = alNng = CJ, for h,q=1,2,... ks h < g;
Qu=P] fori=1,2,... ki; h=1,2,... ko.
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(ii) Then Bj = bjjly + bjjJn + b)) B(G)B(G)T, P = pinJnxm -+ piB(G) and
Chq = Chqlm + Chgdm + chyB(G)T B(G), where the values bj, bjj, bi/, chq, Chy: Chy

fori,j=1,2,..., ki and h,g=1,2,..., ks can be obtained by using Table 4;

Remark 3.1.
If G is an r-regular graph and H; € {G, G, Ky, K,}, My € {I,, A(G), A(G) + I, A(G),
A(G) + I, A(Kn), Jn, O} for i,j =1,2,..., k, then by using Theorem 3.3, the
A-spectrum, the L-spectrum and the Q-spectrum of M-join of Hy can be obtained by
taking k» = 0. Thus we can obtain the A-spectra, the L-spectra and the Q-spectra of
the graphs defined in Definition 3.5.
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Some new variants of the join of graphs using unary graphs

Definition 3.6.

Let G be a graph with n vertices and H be a graph having k vertices with A(H) = [h;].
Let H; = Ui(G), where U; € U for i =1,2,..., k. Let M be one of the matrix as given
in Table 9. Let Hy = (H17 Ho, ..., Hk) and M = (M12, Mz, ..., My, Mz, Mo, ...,

Mok, . .., My—_1y), where M; = [h%"/’ 8] fori,j=1,2,...,k: i <j. Then we call the
M-join of Hy as in Table 9.

S. No M Name of the graph operation
In The vertex-identity join of H; with respect to H
A(G) The vertex- G-neighbourhood join of H; with respect to H
A The vertex-G-closed neighbourhood join of H, with respect to
(G) + In

Jn — In The vertex-complemented join of H with respect to H
Jn — A(G) The vertex-G-neighbourhood complemented join of H ) with re-
spect to H
The vertex-G-closed neighbourhood complemented join of H
with respect to H

B Bl B N

6. I — In — A(G)

Table 9: Some new variants of join of graphs constructed as particular cases of
V/ a Hi using unary graph operations
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Example 4.4
Let Hy = Q(Gs), H. = S(Gs), Hs = Ct(G). Then the graphs constructed by using
these graphs and the graph operations mentioned in Table 9 are as shown in Figure 6.

/N
4

The vertex-identity join of Hs

<-G-neighbourhood join of H3

with respect to H with respect to H

The vertex-G-closed neighbourhood — The vertex-complemented join of
join of Hz with respect to H Hz with respect to H

The vertex-G-neighbourhood The vertex-G-closed neighbourhood
complemented join of H3 complemented join of Hs
with respect to H with respect to H

Figure 6: Examples for new variants of join of graphs defined in Table 9
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Theorem 3.4.

Let G be an r-regular graph with n vertices and m (= 3nr) edges. Let

M € {I,,A(G), A(G) + In, A(G), A(G) + I, Jn — I, Jn,0}. Let H be an ri-regular graph

having k vertices with A(H) = [hj], i,j =1,2,...,k and commutes with M. Let

Hi = (H17 HQ, ey Hk) and M:(Mlg, /\/1137 ceey M1k7 /\/1237 /\4247 ceey Mzk, ccog M(kfl)k),
_|hiM 0

Mi=1"0 o

M. Then we have the following.

fori,j=1,2,...,k; i <j. Let s be the sum of the entries in a row of

(1) IfU el and H; = U(G) fori =1,2,...,k, then the A-spectrum, the L-spectrum and
the Q-spectrum of \/ ,, H are

R <a§"> + 8@ — By — 4ut(c)>,

where ol = b+ p(sry + r) + 0cnb’ + b"ve(G) + aXi(H)A(M),
Bt =c+2p+0:mc’ +c"ve(G) fori=1,2,...,k;t=1,2,...,n,
(ii) ¢+ 2p with multiplicity k(m — n).
(b, b, b",c,c’,c") is the sequence of scalars corresponding to A(U(G)), L(U(G)) and
Q(U(G)) in U for the A-spectrum, the L-spectrum and the Q-spectrum of \/ \, H ,
respectively.
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()

3

If U€ Uy and H; = U(G) for i =1,2,..., k, then the A-spectrum, the L-spectrum and
the Q-spectrum of \/,( Hy are

3 (4 e V(0P - g2 —a2),

where o) = by + p(sr1 + bs + nbj + 2rbl)) + 6:nb, + by/ve(G) + aXi(H)Ae(M),

Bt = by + p(b3 + nbs + 2rb}') + 0:nb}, + b vt(G), v+ = b3 + 0:nb} + b/ v:(G) for
i=1,2,...,k;t=1,2,...,n,

(b1, b1, by, ba, b}, by, b3, b}, bY') is the sequence of scalars corresponding to A(U(G)),
L(U(G)) and Q(U(G)) in Uy for the A-spectrum, the L-spectrum and the Q-spectrum of
V a4 Hi . respectively.

If U€ Uz and H; = U(G) for i =1,2,...,k, then the A-spectrum, the L-spectrum and
the Q-spectrum of \/,  H are

() 5 (o + e /(00 - 52 - aae).

where agl) =b+ p(sr1 +m —r)+0inb’ + b"ve(G) + aXi(H)A:(M),
Bt =c+ (n—2)p+ 0:mc’ + c""ve(G), v¢ = 0:(mn — nr — 2m) + v+(G) for
i=1,2,...,k;t=1,2,...,m
(i) ¢+ p(n — 2) with multiplicity k(m — n),
(b,b',b",c,c’,c") is the sequence of scalars corresponding to A(U(G)), L(U(G)) and
Q(U(G)) in U3 for the A-spectrum, the L-spectrum and the @-spectrum of \/,, H ,
respectively.
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Corollary 3.4.

Let G and G’ be regular cospectral graphs and let H be an regular graph having k
vertices with A(H) = [hjj] for i,j = 1,2, ..., k which commutes with A(G) and A(G’).
Let Ue U, H; = U(G), Hl = U(G') i=1,2,...,k and let Hx = (Hi1, Ha, ..., Hx) and
Hy = (Hi, Hs, ..., H}). Then the vertex G-identity join of H with respect to H and
the vertex G-identity join of H'y with respect to H are simultaneously A-cospectral,
L-cospectral and Q-cospectral.

M

Remark 3.2.

For each graph operation defined in Table 9, we can construct cospectral graphs by
using a similar procedure described in Corollary 3.4.

A
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(H, Hy, Ha, ..., Hy)-merged F-subdivision-edge

complemented graph of a graph with respect to 7; and T,

Let G be a graph with V(G) = {v1,v2,...,vn} and E(G) = {e1, e2,...,em}. Let F be a
graph with V(F) = {u1, uz, ..., uk}, and let T1, To C V(F). Let H be a graph with
V(H) = {wi,ws,...,w,} and let H; be a graph with V(H;) = {ui1, uiz, ..., uim} for
i=1,2,... k.

Definition 3.7.

The F-subdivision-edge complement graph of G with respect to 77 and T is the
graph obtained by taking one copy of G and a copy F corresponding to each edge of G,
and

(i) joining each vertex in T; to the end vertices of the corresponding edge;

(ii) joining each vertex in T to the vertices of G other than the end vertices of the
corresponding edge;

(i) deleting all the edges of G.

60/83



M-join of graphs Some new variants of the join of graphs

Notice that, if T1 = V(F) and T» = ¢, then the F-subdivision-edge complement graph
of G with respect to Ty and T3 is the graph S(G, F) defined in [51], which we call it as
F-subdivision graph of G.

Definition 3.8.

The (H, Hi, Ha, . . ., Hc)-merged F-subdivision-edge complement graph of G with
respect to T; and T is the graph obtained by taking one copy of F-subdivision-edge
complement graph of G with respect to T1 and T2, and

(i) joining the vertices v, and v if and only if the vertices w, and ws are adjacent in
Hforr,s=1,2,...,n;

(ii) joining the vertices u, in the i-th and j-th copy of F if and only if the vertices u/;
and u,; are adjacent in H, for r =1,2,...,k; i,j=1,2,..., m.

Notice that if F has a single vertex, Ty = V/(F) and T, = ¢, then the (H, Hi, Ho, ...,
Hi)-merged F-subdivision graph-edge complement of G with respect to T1 and T is
same as the (H, Hi)-merged subdivision graph of G.
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M-join of graphs

Example 4.5
Consider the graphs G, F, H, Hi, H>, Hs as in Figure 7. Let Ty = {u1, us}, To = {us}.

Then F-subdivision-edge complement graph of G with respect to T; and T, and
(H, Hy, Ha, H3)-merged subdivision-edge complement graph of G with respect to T1, T»

are as shown in Figure 7.

vy €1 vy w3 Wy Uy U13 Ugg U23 U34  uzz

“ “ I I EI I—I

vl €2 Uy U up Uz owy; wa wpp w1z U2 W22 U3y U3z
G F H H, H, Hs
The F-subdivision-edge The (H, Hy, Hy, Hs)-merged
complement graph of G F-subdivision-edge

with respect to 77 and Ty complement graph of G

with respect to 77 and T»

Figure 7: Examples of the (H, Hy, Ha, ..., Hi)-merged F-subdivision-edge
complement graph of a graph G with respect to T; and T5
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Let T be the (H, Hi, Ha, . . ., Hc)-merged F-subdivision-edge complement graph of G

Some new variants of the join of graphs

Theorem 3.5.

with respect to T1 and T». Also assume the following.

(1) F is a graph with V(F) = {u1, w2, .

the degree of up in F for h=1,2,... k.

(2) T, T C V(F), t1 = |T1 \ To|; t, = |T2\ T1|; t3 = ‘T1 n T2|.
2 if ui€ Ti\ Tz
(3) d,-l: m—2 If Ll,'ETQ\T1;
m if ui € TaN Ty
0 otherwise,
r+ Ae(G) if upe Ty \ To;
© _ m—r—X(G) if uype To\ Ty;
# {mn if uie TiN Ty
0 otherwise.
1 if ui€ Ti\ Ta;
Bi=1< -1 if uye To\ Ty;

0 otherwise.

cout; A(F) =[], i,j=1,2,...,k and dj, is

SaRe
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(4) He{G,G,Kn Kn}, Hi € {£(G),L(G),Km,Km} and let b;, b} and b’ be such that

bilm + bl Jm + b/ B(G)TB(G) =

fori=1,2,...,k.

(5)
A0
afr
E = |aB2
Bk
where
Ae(H)

>\(t) _

A(H;)
L(H;)
Q(H:)

apgt)
Al
afy

Otfkl

for the A-spectrum of I;
for the L-spectrum of T;
for the Q-spectrum of '

apgt) c. apf(t)
afp ... afi
)\gt) e O(ka s
afi; ... A

for the A-spectrum of I;

= pe(H) + rt1 + to(n — r) + nt3  for the L-spectrum of I;

ve(H) + rty + to(n — r) + nt3  for the Q-spectrum of T,

with A = b 4 6cm + b/ve(G) + p(di + d!) for t =1,2,...,m i =1,2,..., k.
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(6) B = aA(F)+ diag(bi + p(ch + di), b + p(co + d3), . .., b + p(dk + d)).

Then the A-spectrum, the L-spectrum and the Q-spectrum of (H, Hi, Ho,
..., Hk)-merged F-subdivision-edge complement graph of G can be

obtained from .

> o(Ee) + (m— n)o(B).

t=1
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Quadruple join of graphs

Definition 3.9.

Let H; be a graph and let T; C V(H;) for i =1,2,..., k. Let Hx = (H1, Ha, . .., Hk)
and 7 = (T, To,..., Tk). Let F; be a graph with V(F;) = {ui, uio, ..., ux} for
i=1,2,3 4. Then the quadruple join of #, with respect to (Fi, F2, F3, F4)
constrained by 7 is the graph obtained by taking one copy of the graphs Hi, Ho, ...,
Hy, and

(i) joining each vertex of T; to all the vertices of T; if and only if u; and uyj are
adjacent in Fy for i,j =1,2,... k;

(i) joining each vertex of T; to all the vertices of T/ if and only if u; and wy; are
adjacent in F, for i,j =1,2,... k; i < j;

(i) joining each vertex of T to all the vertices of T; if and only if us; and wus; are
adjacent in F3 for i,j =1,2,... k; i <j;

(iv) joining each vertex of T to all the vertices of T} if and only if us; and us; are
adjacent in Fy for i,j=1,2,..., k.
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Example 4.6

Consider the graphs Hi, H>, H3, F1, F2, F3 and Fa as shown in Figure 8. The quadruple
join of the graphs (Hi, H», H3) with respect to the graphs (Fi, F2, Fs, F4) constrained by
T = (T1, T2, T3) is as shown in Figure 8, where T; is a vertex subset of H; whose
vertices are colored with yellow for i = 1,2,3 and Fi, F2, F3, Fa are properly arrange in

this figure.
LS N
H,y H,

Hj
u1g s ® o U3
U3y Uz
o
Ui up Y22 uz3 uz2 [ g2
B F; Fy Fy

The quadruple join of (Hy, Ha, Hs) with respect to
(F1, F, F3, Fy) constrained by T

Figure 8: Example for the quadruple join of graphs (Hy, Ha, H3) with respect to

(F1, F2, F3, F4) constrained by T
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Remark 3.3.

Some special cases for k and the graphs Fi, F», F3, F4, H; and T; for i =1,2,... kin
Definition 3.9, gives some existing variants of join of graphs: Let G; and G be any two
graphs.

(1) Taking F», F3, Fs as Kk and F; = H, where H is a graph with k vertices in
Definition 3.9, we can obtain the H-generalized join of  constrained by vertex
subsets T.

(2) Taklng k = 2, H1 = S(Gl), H2 :762, T1 ES V(Gl), T2 = V(G2), Fl = F2 = K21

F;=F, =K, (resp. F1 = F2 = K>3, F3 = F4 = K>) in Definition 3.9, we can
obtain the S-vertex join (resp. S-edge join) of G; and G,.

(3) Taking k :g, Hi = R(Gl), H, iGz, T = V(Gl), T, = V(G2), H=FR= KZ;
F3 = F4 = K2 (resp. F1 = F2 = Kz, F3 = F4 = K2) in Definition 39, we can
obtain the R-vertex join (resp. R-edge join) of G; and Go.

(4) Taking k 23, H; = DG(Gl), Hzf Gy, T1 = V(Gl), T, = V(G2). FL=F =K,
F3 = F4 = K3 (resp. F1 = F, = K2, F3 = F4 = Kz) in Definition 3.9, we can
obtain the DG-vertex join (resp. DG-add vertex join) of G; and Go.
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(5) Taking k= 2, HL: S(G1), H, = 5(G2), T = V(GI)LTZ = V(G2), F = K2,
F> = F3 = Fs = Kz (resp. F, = K>, F1 = F3 = F4 = K3) in Definition 3.9, we can
obtain the subdivision vertex-vertex join (resp. subdivision vertex-edge join) of G;
and Go.

(6) Let H be a graph with V(H) = {u1, 2, us} and E(H) = {{u1, u2}}, and let H' be
a graph with V(H') = {vi, v», s} and E(H') = {{v1, v3}}. Then the subdivision
double join (resp. R-graph double join, O-graph double join, total graph double
join) of Gi, G, and Gs can be obtained by taking k = 3, Hi = S(Gi1), (resp.

H; = R(Gl), H; = Q(Gl), H, = T(Gl)) H, = Gy, H3 = G3,Il = V(Gl),
Tg = V(GQ), T3 = V(G3), F1 = H, F3 = Hl and F2 = F4 = K3 in Definition 3.9.

Theorem 3.6.

Let G; be an ri-regular graphs with n; vertices and m; edges for i =1,2,... ki. Let
Uel, Hi = U(G)), Ti = V(G;j), and let H; be a graph, T; = V(H;) for i =1,2,... ki;
j=ki+1,ki+2,..., ke, and let F1, F>, F3, F4 be graphs with ko vertices and

A(Fs) = [W)] forij=1,2,... ks =1,2,3,4. Let Hi, = (Hi, Ha, ..., Hi,) and

T =(T1, T2,..., Tk,). Then the A-spectrum, the L-spectrum and the Q-spectrum of
the quadruple join of Hy, with respect to (F1, F2, Fs, F4) constrained by T is
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o(E) + D o(M:)\ {o(dm,)},

i=1
where
A(H:)
M; = § L(H;)
Q(Hi)
fori=1,2,..., ko,
En
Exn
E =
Exy1

with E; = [&i & fori,j=1,2,...

h(..l)n- (-»2)1"
Ei=| ™ "G forij=1,2,...
[hg)"f Wy

cii = bii + nfbi,‘ A 2rfb1li + pduj;

for the A-spectrum of I;
for the L-spectrum of I;
for the Q-spectrum of T;

Ein, ... Elkz
Ex» ... E2k2
Ek22 ... Ekzkz
s ki;
ki i #
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ri if Uelh;
i = { bsj + nibs; +2rby;  if U € Uy;,
m; — r; if U e Us;
2 if UelU;
C3j = § Coj if Ue€ Uy;

ni—2 if UeUs;
i = boj + tiby; + 2riby; + pdoi;
m; for U € Uy Uls;
n;  for U € Uy;
fori=1,2,..., ki;

& = [hl(3)nj- :EJ,T fori=1,2,....k,j=ki+1,ki+2,..., ky;
i M

ti =

E;;:[ri+pd3f] fori=ki+1,ki+2,...,k;
g = [h,g.“nj] for i j=ki+1,ki+2,... ke i#J;
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ds;

k1 ko

ST n 43 hDt for i = 1,2, ki

j=1 j=1

J#i J#i

k1 ko

ST n 43 Bt for i = 1,2, ki

j=1 j=1

J#i J#i

k1 ka

ST+ 3 Bt for i =k + 1k + 2, ko

/=1 =i
J#i J#i

(17, b, b, boi, b, b5:) is the sequence of scalars corresponding to A(U(G;)) for
U € Uy Uls and (b, bi;, b, boiy b, b3, bsi, bs;, bS;) is the sequence of scalars
corresponding to A(U(G;)) for U € U for i =1,2,. .., ko.
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Corollary 3.5.

Let G; and G] be regular cospectral graphs, U € U, H; = U(G;), H = U(G/),

T =V(G), T/ = V(G/) for i =1,2,..., k. Let H; and H; be regular cospectral
graphs, T; = V(H;), TJ-' = V(HJ') forj=ki+1,ki+2,...,ko. Let Fi, Fp, F3, F4 be
graphs with ky vertices. Let Hy, = (Hi, Ha, ..., Hy,), Hi, = (Hi, Hs, ..., Hp,),
T=(T1,T2,..., Tw,), T'= (T4, T3, ..., Ty,). Then the quadruple join of Hy, with
respect to (Fi, F2, F3, Fa) constrained by T and the quadruple join of 7—[22 with respect
to (F1, F2, Fs, F4) constrained by T' are simultaneously A-cospectral, L-cospectral and
Q-cospectral.
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Spectra of the existing variants of join of graphs

Corollary 3.6.

Let G; be an ri-regular graphs with n; vertices and m; edges for i = 1,2,... ki. Let
UelU, H = U(G;), Ti = V(G;) and let H; be a graph, Tj = V(H;) fori =1,2,... ki;
Jj=ki+1ki+2,..., ko, and let H be a graph with ko vertices and A(H) = [hj] for
i,j=1,2,..., k. Let Hi, = (Hl, Ho, ..., sz) and T = (7—17 T, ..., Tk2)' Then the
A-spectrum, the L-spectrum and the Q-spectrum of H-generalized join of Hy,
constrained by T can be obtained by taking h;; (2) — h(3 = 51.4) =0 and h,(.jl) = hy; for
i,j=1,2,..., ko in Theorem 3.6.

-

Remark 3.4

Let G; be an ri-regular graph with n; vertices and m; edges for i = 1,2, 3.

(1) The A-spectrum, the L-spectrum and the Q-spectrum of S-vertex (resp. S-edge)
join of Gi and G; can be obtained by taking ki =1, k» =2, ci1 = 0 cz1 =n,
c1=2,cn =0, hl) —h(2 =1 and h?) :h,(.j4 =0 (resp. h(1 —h =0 and

hY = h{Y =1) in Theorem 3.6. (cf. Theorem 1.1 and 1.2 in [30]).

M
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(2)

The A-spectrum, the L-spectrum and the Q-spectrum of R-vertex (resp. R-edge
join) join of G and G, can be obtained by taking k1 =1, ko =2, ci1 = 1,
C1=r, 1 =2, ca =0, h,(-jl) = hsz) =1 and hgf) = h,(.j =0 (resp. h(1 = hU) =0
and h{) = K = 1) in Theorem 3.6. (cf. Theorems 4, 7, 10, 13, 16, 19 in [19]).
The A-spectrum, the L-spectrum and the Q-spectrum of subdivision vertex-vertex
join (resp. subdivision vertex-edge join) of Gi and G, can be obtained by taking
k1—2 k2—2, C1,':2, Cj = Fi, C3j = i, C4,'—0f0l’l'*1 2 h(l =1 and

AP h(3 = hgf) =0 (resp. h,g?) =0 and h/('j h = h; @ — 1) in Theorem 3.6.

ij
(cf. Theorems 5 and 7 in [47]).

The A-spectrum, the L-spectrum and the Q-spectrum of subdivision double join of
Gi, G and G3 can be obtained by takm% ki = 1 ky=3,c1=0, coc1 = n,

a1 =n, ¢ =0, h,j =1and hu = =0 in Theorem 3.6. (cf.

Theorem 4 in [57]).

The A-spectrum, the L-spectrum and the Q-spectrum of Q-graph double join G;
with Gy and Gs can be obtained by taking k1 =1, ko =3, c11 =0, c21 = n1,
C31=r, Cs1 =21 — 2, h,(-jl) =1 and h,g?) = h,(.j3) = hf.j4) =0 in Theorem 3.6. (cf.
Theorem 6 in [57]).
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(6) The A-spectrum, the L-spectrum and the Q-spectrum of R-graph double join of
G;1 with G, and Gs can be obtained by taking ki =1, ko =3, ci1 = n, c1 = n,
a1 =2, a1 =0, h,(jl) =1 and h,(-jz) = hgf) = h,(-f) =0 in Theorem 3.6. (cf.
Theorem 7 in [57])

(7) The A-spectrum, the L-spectrum and the Q-spectrum of total graph double join of
Gi1 with Gz and Gs can be obtained by taking ki =1, ko =3, ci1 = n, c1 = n,
C31=r, Cs1 =21 — 2, h,(-jl) =1 and h,g?) = h/(‘j3) = h,(f) =0 in Theorem 3.6. (cf.
Theorem 8 in [57])
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