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Definition
Let V be vector space over a field F (R or C). A function ||.|| : V — [0, c0) is
called a norm on V if it satisfies the following conditions:

(i) [[Ax|| = |All|lx|| forall x € F and x € V,
(ii) |Ix|| = 0 ifand only if x =0,
(iil) [lx + yll < lIx|| + [lyl| for all x,y € V.

Example
0 V=R"for1<p< oo, ||xllp = {X0, |x[P}?.
@ V =R", x|l = Maxi<i<n |Xil-

@ V =R"and Abe an n x n positive definite matrix, [|x|a = \/(AX, x),
(Exercise)

2/9



3/9

Definition
Let V be a vector space with a norm ||.||. A sequence of vectors {x,} € V
converges to a vector in x € V with respect to the norm ||.||, if || x, — x|| — O.
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Definition
Let V be a vector space with a norm ||.||. A sequence of vectors {x,} € V
converges to a vector in x € V with respect to the norm ||.||, if || x, — x|| — O.

Theorem (Equivalence of norms)

If||.]l+ and ||.||2 are two norms on R", then there exits positive constants ¢ and
d such that c||x||1 < ||x|l2 < d||x||1 for all x € R". This true for any finite
dimensional vector space.

Convergence in R" with respect to a norm implies convergence in any other
norm on R".
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Theorem
Letx e R". If1 < p<q< oo, and%+},:1,then
@ |Ix[lp = [Ix]lq,

1_1
9 |Ix]lp < e |ix]|g-




Theorem
LaxeR¢H1gpgqgaxwm%+%=tﬂwn

® [xllo = lIxlqs

11
9 |Ix]lp < npa|ix]|q.

Corollary

[1Xlloo < [Ix]l4 < Al X]|oo-
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Theorem
Letx e R". If1 < p<q< oo, and%+},:1,then
@ |Ix[lp = [Ix]lq,

1_1
9 |Ix]lp < e |ix]|g-

Corollary

[X[loo < lIX[l1 < Al X]|oo-

Theorem
@ [Ix]l2 < [Ix[l+ < V/nllx]|2.

© [[X[loc < [IXll2 < V7lIX[|oc-

Theorem

Jim_ [xllo = 1]
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Matrix norms
Definition (Matrix norms)

A matrix norm is a mapping ||.|| : R"™*" — [0, co) which satisfies the
following:

(i) ||l is @ norm, and

(i) ||AB| < |AlB] for all A, B € R™".

Note: ||/|| > 1.



Matrix norms
Definition (Matrix norms)

A matrix norm is a mapping ||.|| : R"™*" — [0, co) which satisfies the
following:

(i) ||l is @ norm, and

(i) IAB] < ||A|ll|B]| for all A, B € R"™".

Note: ||/|| > 1. If Ais invertible, then 1 < ||AA~1|| < || A[[|A~"| -
Example

1

n n 2
@ ||AlF = (Z Z |a,-,-|2) , A€ R™"is anorm on R"*". [Frobenius norm]
i=1 j=1

@ NOT all norms on R™"™ are matrix norms. For,

Al = ajj
1Al oo 12‘,-3@' il

is a norm, but not a matrix norm.
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Induced norm or operator norm

If ||.]] is @ norm on R", then

A
A = max 1A
x| x|
defines a norm on R"*". Equivalently,
[l = max_{|Ax]|.

lIx] =1
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If ||.]| is @ norm on R", then
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Geometric meaning?
Example

On R™" for each 1 < p < oo,
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is an induced norm.
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Induced norm or operator norm

If ||.]| is @ norm on R", then

A
A = max 1A
x| x|
defines a norm on R"*". Equivalently,
[l = max_{|Ax]|.

lIx|l =1
Geometric meaning?
Example

On R™" for each 1 < p < oo,

Allp = max ||Ax]||,.
IAllp = max. [[Ax],

is an induced norm. What about Frobenius norm?
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Induced norms vs Matrix norms

Theorem

If||.]| is an induced norm on R™", then || Ax|| < ||A||||x||, for all A € R™" and
x € R". The inequality is sharp.
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p-norm.
[AXlp _

XMl

Allp =ma
Il = e




Induced norms vs Matrix norms

Theorem

If||.]| is an induced norm on R"™*", then || Ax|| < ||A||||x||, for all A € R"*" and
x € R". The inequality is sharp.

Theorem
Induced norms are matrix norms.

Remark
NOT all matrix norms are induced. Frobenius norm. ||l||r = /n.

Definition (Matrix p-norms)

For1 < p < oo, the norm on R™" by the p-norm on R" is called the matrix
p-norm.

AX
1A%l _ max jAxi],

All, = max = m
Al x20 ||X|lp  lxllp=1
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Computing p-norms are hard.

Theorem

n
@ ||Ally1 = max > |aj.| [Column sum norm]
1<j<n 3

n
@ ||Allcc = max > |ajl|. [Row sum norm]
1§/§n,-:1
@ [|All2 = [Mmax(ATA)]z, where Amax (AT A) is the largest eigenvalue of
AT A. [Spectral norm]
@ ||A||F = [Trace(AT A)]z, where Trace(AT A) is the trace of the matrix A” A.
° [|Alz < [|AllF < Vnl|All2-

@ If A is symmetric positive semidefinite such that A= CT C, then
1Al = [IClI5.

We will prove some more interesting properties of norms after doing SVD!
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Theorem
Let A € R™" be a symmetric matrix. Then

[Allz = max_[(AX; X)].
I = 1

Theorem
Let A € R™" be a symmetric positive semidefinite matrix. Then,

Amax(A) = max (Ax, x),
[Ix]l =1

and

Amin(A) = in (AX, ).




