MA20103 Partial Differential Equations
Assignment 5

1. Determine the region in which the given PDE is hyperbolic, parabolic, or elliptic, and
transform the equation in the respective region to canonical form
(a) TUgy + Uy, = 2
(D) 22Uy — 20YUyy + YUy, = €°

(€) €Uyy + YUy, = u

Answers:

(a) z <0, hyperbolic with ug, = }1%4 - %ﬁ(uf — Uy),

x = 0, parabolic; and the given equation would then be in canonical form already.
4
x > 0, elliptic and the canonical form is uao + ugs = %uﬂ + %.

3
(b) Parabolic everywhere with w,, = z—§u§ + n%e?.
(c) Elliptic everywhere for finite values of x and y with

1 1
Uga T Ugg = U — aua — Eug

2. Find the characteristics and reduce the following equations to canonical form:
(a) Ugy — 28In TUyy — cOs? Tuy, — cosau, = 0.
Answer: ug, =0

(b) Uy + 2ugy + 3ty + du, + duy +u = €.
AnSwer: Uaq + Ugs = —3ua — 2V/2ug — Su+ %exp(%)

(€) Ugy + DUyy + 4y, + Tu, =sinzx

(5—17)}

Answer: ug, = L(ug +u,) — & sin [%5

9
(d) 2?Upy — Yy, — uy = 1+ 2¢°
Answer: Hyperbolic with ug, = (1 + %\/@un -1 L 1

(€) g + YUy + Suy + dyu, =0
Answer: y > 0, Elliptic with u., + ugs = a?ug
y = 0, Parabolic with u,, + %uy =0
y < 0, Hyperbolic with uen = (& 4+ n)?(u, — ue)

() Y*upe — 2*uy, =0

Answer: 2(£2 — n®)ug, — nug + Eu,, = 0 except when 2 =0 or y = 0.
3. Classify each of the following equations and reduce it to canonical form
(a) gy — (sech*z)uy,, =0

Answer: ug, = [4 — (£ =) (n — &) (ug — uy) in the domain (n —§)? < 4

(b) Y?uss + 22Ytyy, + 227Uy, + Tu, =0
Answer: upe + ugs = [28(a + B)] Haus — (a4 28)ug



4. Change the PDE
Ylgy + (T + Y)Usy + 2y, = 0

into canonical form and integrate to obtain general solution.
Answer: nue, +ue =0, u(z,y) = f(y—x)+ y%mg(gf — 2%) where f and g are arbitrary
functions.

5. Classify the second order PDE

1
2
Zum — 2YUgy + Y Uy + §ux =0

depending on the domain. Reduce it to canonical form and integrate to obtain the general
solution.
Answer: 2ug, +u, =0, for y # 0; %um +u, =0, for y = 0.

6. Find the general solution of the following PDEs:

(a) YUy + 3YUyy +3u, =0; y#0

(€) Bugy — 2Uyy — Suyy =3z +y +e*7Y

****Good Luck****



