S FUNCTIONS OF
SEVERAL VARTABLES

(a) Limit.

(b) Repeated/ Iterated Limit.

(c) Partial Derivatives of First Order.

(d) Partial Derivatives of Higher
Order.

Dr. Ratna Dutta

Department of Mathematics
Indian Institute of Technology
Kharagpur -721 302



M“‘h enabir I .

(e 2919)

Lec‘u’u& 10 =12



Pumckens o} Savensh  Veniadlu

e 4 G




\ ‘c(’") "klé 3 bdwmzw
L'n d;‘-r L1-s) < 4%

7
[w-ales, |Y-Plés



. A bt A enp “hadl g
¥ be uw
o.f\\a"gw o.“\ NE o . d‘ma
Cq'b) ‘ a ‘w«d. +

€

xanh !.'m ® -‘)"
A=>0 o "'l’)z'
g

y 0 n -ty
3;'"”‘ NP0 T "o
% Fwma
= lw ==
N0
| =tw =

- "W\'

[+
[ diffunt fo & '
=7 b darbl Lo \{Jf d’lf:;‘b
b dees nik exist .



. q?e}ealo.d -/_ Thnea desd Lienit -
L W - va ) Wowm
\;:-;L% x> i ")} y l;c—»- {l;-a{em)}

E)MME:-' X(m,q) - *Y

L L
2 U 'f(""o‘*) v oy deamib
(%,4) (Y 7
dm%
g
e Uw ) 4’ ()% = e 0} 0
1=>e v-=> n=e
Ve 4 L = L = ©
YD Ai '7'-::0 M‘)-z il 10}



Exarpls: 1 tey4) = .".'_‘l’_f’;.

Uen ﬁ\a‘m Q_L‘ﬂ)-?_\‘” =

= 9 =>e =>4
U
- W
. y>ae ﬁ.::_;c 4(’0;\)} - \\;':;“ (-\\-;,-\.
> \
e t d .
920y -)4“) oot e
Exavapl ! :
xawpb: {0 = 19..6-).,. 1 Simf@), ot
y
o) , vy=¢

?e}mlu\ Livwite do et ext
TB.A— dookls fiwik XY,

M2 Lxiy .



(\@. 4o ‘:‘(NQ Haol—

¥ e > (V\NCN NAraall ey b
Cletex) | a o A)O(M*Wna ms)M-

| $ton)-e | < € Cotuna  [x-sled, sl
= Yeead
preq of v edaiwn ,vg ey

: v L ¢
1. 2 4y* 42-
=
waym ¢ B
L @ L
e mog 20 9T e .?.'...
g %
§ ¢ l.‘,a,



q 40 A

= vo, . Al
| 42y-61¢ € L
| ¥-21¢6.
/

\x-\IS = |-4d ¢x ¢ I+&‘.
|-at4dbe wb ¢ 1+t

(<28 ¢ -2443"¢ w1 ¢ 28 +IE < 38;

Selzy ey T hem ccdt!
44 -6




O=>
[W+2y-6] £ 38 +id=5d=¢.

Othamevs w1 d Iv-a18

( 7. < é é \ ).
EXQm\hb
Zoxh ty4
Lo o d doota mel
7 ’ ‘
(n9le) (8> e

ol
[V M/VL
T — €
C’l‘D’? (20) - )
A.Q‘ﬂ% 2 ';"‘“J ‘) L‘V":#’ = ¢
Livtk =2















e, NeSo (andh. Avwal), T d>0
At - I{(!ﬁ)_,o /(2.

Fu‘q'fl- Han i
*Y) = = %Z _
[fem-el = | Fmmel
=Y ¢en
- /»,“Siﬂwﬂ S:YS{\‘\Q
X

:l%s‘ms, £ .3.42

Chume 2y (28) 7 = agt
=

oo &l 25") y-east
;-!.. \’2'0\ 4@) '\"Q‘ér\flé"
chor y=Vrt ‘

‘,__-——'—_-'__—







£-3 appoad 3!\.__}1-*_.5 5
p Examplr b iy 2 2
("1")”(‘)')
Sol'  |m—eed, 1y-el¢
= Ve &\:
woiws ¢ | CryrL 2
l Ty T+ Tatayt2 %
Y S *
= \ x -2 W< £ = 28 =¢
2 (x+y ) A

eI

c:km«:/’ |t-ole d, li-er¢s

EXQW‘J" Lo (’:\"1' 7""3‘—)‘:1' :
— (m,q)é(&,!)

selt W= |x-ates, |v-1]<8.
- 350, 0mb. Awmd|

ST



l 2 2n -y 7 l = \Q"-)"—- (‘I'!\\'
+Q('l—z)
- L(‘j—l)l

Z U+ s <¢

Chaw & At

28 +%8 2 ¢
. ¢
S 4d £ =

T
G* ) < %-\—‘\.

w8<}|g‘%—-7—.

-v’\—’,‘\ < t CX‘UM

L Y
| (KX

\
® \'\—'Ll(&, -] &8

dr8&
On &(W )_J

Lenls Liwt
> B ™ g

\a"-\- L




Exeweh: A, (\ +¢7") ==
e 3%
\;_NJAA‘\“ = 1.
—"‘T.; L
S w= (') T

R
L =g

L we - l Q_,% (\-\-’t‘.‘!\') :

A L

h)" v = oreent, \a ‘the ‘

q
\‘;—?o La ) o =>e V’Y",“)( 0“)

) |
o
N (HZQJ’@&&-! —d') :

N =>0 Q_\_,‘q Siav 0 Ow‘o) 2_7



%t |

- C'-n; ’J’. b.'ﬂ\ !

0’) _q(.,.) (w,\o)..g [90) LA
L //

asfuaﬁ;v"'(m' =

L Q.wkm&w

N -.-' .

-_—



Portiak Deriva Lives 4 1. ok
“‘“—m—\

s .f('l,\c) A\ « 'rt..a..'o'n R.
, 47. ("‘7“) = W {(‘*“: 9) — $tww)

A6 —
2{ () )

: .1, () = U= {02, yre) —£u0)

' " '/}
U
)| T

74 VA A



& b N _
Em-a 4(1'\') = '::\':\, *\ ‘

@D =T H =T
E::\‘. 'c'l @v‘) = ‘{:h f; (2"’\‘;‘ ) ':c (l")
o L W

'} (\/,\) = W 4 (Q-!'\\) b) - f (‘)”)
> —

47 \oh) = \A;:':;’ _f (ﬂl \““\:) —'-f(‘\")

R A T

-

>= Y3

et vely - y
A‘el-u Q‘\ \ y, ‘g‘ (’u,‘f) ——-—-—-———C*V*‘) -

C&K'Mwh‘qk\a oy T I
4“0!4%3 34 09) m&) /
_f,( (’z, ) = Ys . |



C- 77%.

obunakew: bty Lo £, oxiE
=iy (")

Qg )

CaydroomV ok (%)




o Fowy et

() 8y

£ (55) et v b



—,—_ﬁ:f ('u,w)
Dot oitn S0, Ty (59)
-—-—/-___? Husealven é«“ T >

. Qd . oo Lo (1) = —a;(‘f")
— sl

)

-
"






\) K} Gebsted L.
C L~ 1 ol

: {,‘,’ 7& _{“ ‘h a;md.

- Y ‘
3 finu) = Y \

=V

RN bwe 4(‘5") ':,
R (B R d Py

L‘n lA'W\ !.(mw)'z—'t '

\,-—3;:1"' L /

Exampts L)z S X ke 131}

— P otdev |21 21Y)

Shes bt £, (601, fm (0)=-1.
Se\".

’



-7 -
‘f"“‘l (‘:°) = tc::‘ ’f:(.‘") - f“)(":‘)
I3t

-~
) = Yo - "‘)‘)
£y (M) i f(\\'nk 1 (

= - kw—20 — K

£y(v®) = U= £(o, ) - ’S‘@’*&?
K->o0 !&Mm

\ - o .

\> ¢c) = LW h -3 .
x’“’(‘) ) - )\L:—')a h - E |




