Week q: Lecture Alotes.

Th&b"tm

S=a .F-f Tthere is o derivation tree in ?-ramw\ar 4

w i HA \J)&u .

Emample:

Consider CFG G whose Pw&ucﬁomb ave
53 0hA3]|a, A->5bA |55 |bo: ShowHol 55 aabbog

onmd construel a devivation tree unose v"elo‘ iS aoabboa
Sol2:

S GA_S > aSbAS aabés 2 aablbaSs aa‘o‘oaq%‘

ovother deri vak own: /L\\
o -
55 aAS % aAa A1 Ny
pasbha Wrasbiodoablan | § B A
= & b a

»O SbAa = 05bbao » aabboa

\
Le,j{w\ost awnd 138L\{mos{: derivalons : Gm‘o‘;gui’c\j

¢ A derivakon A f)w is called & leftwmost devivation

1§ we app?g o P-roc)uc/hov\ onlﬂ 1o Hhe leftwmest
variable oi eve'ng s*eP

4 A o\e-r{vohon A _,>w 5 I ) 'n’L\hMo.s‘l olehvaHon )f

we G?Pl\j a I:"roo{uchmn onl\j 1o Hhe 'ng\v\'l:mo}'l
variable at every step .



| heorewm:

5
H A S in G, then there isa leftuost derivation
01 w

P'rooa?‘-

63 induchion on the nuwmber of 5{9,95 in A -.-.t)w, we cawn
prove it.
e I3 welld) dov CF§ G, then w has atleast one parse tree

ownd wweayov\o\‘ma to o pavHeular parse tree, w has o
unique. |leftwmost and @ unique right wost derivaton
l ! 4

A Ay Xy Xy .. Xn | devivation

* Xi D>y
N Ay Xy - t Lt
¥ B = are 1ew'rswelg_

%
2 Kby - An wade le,]‘& most

X X e . Eow
JANARRLAN
2 K

ol :
t A =) Ky Ky - - - O
AD A Yo - o0 Ry derivalown X ;;) oy
B X, Xp « « Xy X} ave 1e,cwts'wely, wade
g Ts‘ak‘t wiost
'-’> 0(\ D(g, . e A

* W way heve several |ettwost ov ﬁ%&\’cmost derivations
a6 they wmay be wore then one patsetree jov w

é;tmm F\ e

Lel q be the CF§. S bol1A, A —so\os\ma,

»- \ltb]omb.
for Hre ‘Jh'ivw? oo \1ovol, fiwnd
a- The leftwmost derivation
o, the 'ria\r\t\most devivation

C- Yhe devivation tree



a). S5=006= 0020 => 00\ H OCUAD » 0o IIOIAD D

s> 0ol O1o® = oOoNO|O)
=

b). Cowesromolivxa 'ﬁalnl:wxo&’c derivahown
S5 ofé = oo H 00BI = o018l => oo A\ =
P> 00105l D 0011 61A > 0olb106]

). The derivation tree dov W

S e W wmay have severa
™ i .
0 1Ko devivation tvees
VAN
o /"5\ B\ . Co'f'te.bPOV"diV\?/*'o each poarse
l S ! tvee of W we have a un'u?ue_
l/\A Ie,‘{wwst devtivaton and a
F unigue 7ight mosl devivation
0/ Vs 1 |
TN
\
O
Awnotnexy l-&d—{wwst devivation: s
o
5% 00 30000 H ob1sD ) /t’b\\
J o/ B
6o\lb\s (= oonod & oonAah 1/\5 l,\s
J S /N
| Y (o] »

oo 1\oro®d =» ©OOIIDV\O)
C,ow'ce,sP ovxo\imz ’1\3\'\’cwws{ devivaton

SS> 0B = oodR = oIS =D oodlod = 6o »10)
Y
oo Itp1o) & O0LILAIDY (& obl1510)



Am\oizui%a n CF§

b‘(m\o\nple: "
\\IV\ booKs ﬁf/l&cted .W\j'b'lwxak onn 18 a—iven
books AP
selected ———Les.
'Y&j-efl ;W)o,wm)-g,“ l.e. sentence Maa be

Pm'ge_d W two d‘?feﬂ"t
WVIRY Y -

* A tevwinal string wellh) is ambiguous if I 4o or
woxe deyivation +gees fov w. N

« A CFq CI is aw\lo'az,uoub if 3 sowme weLCQ)) which
s am\o‘a%uwub-

* A CPL jor which every (PG 15 awlsiguou® is said to
be on iw\ne,-re,n-l'lg, O«W\b‘ra,uouﬁ CFL.

E’ Ao mF\e‘-

&z ( {33, jaub, 4, 23, P ), wheve [ consists of

5 - 54-5] S¥ sla\b

Poaxse Avees o a+axr b

5 S
Pl ™ I
S &+ 5 S % s
| il b 1IN
a S * 5 S + S
1 1]
15 b o] a

& Te




The \ej{w\os’: derivahons o4 a+arb induced b}j Ty, To_

* 95 545 D A+S5 = A+ S*F LD araxr s D at+rarb
¢ 5= S5S%25 DH 53545 D A+ S5%L D arandSsd ararb

Thus a+arb is a\w\\o'\auoub

€MMP'33
I} G isthe c£4 5> Sbs|a. Shew that G is

am‘o‘xzv\w\b .

Se)2:
We hoeve o d-v-vxd a "*’C’«LCQ) which i & aw\loiguou‘a-

Letk w:= abab aba

& S
SV, /b
o B c\\ /L\s
4 Wwh 5 b & S
\ v | l | /\b\s
QA Q o a a S



55MP“j‘iLaHOV\ of CFf G's

¢ G= (vT, P s) - CFG

i Maa e not all 9ambo\bin \VAVAR

OQ are ube,d

mey be not all qules in P
- ove used

. L(6) g enevaton —

. TTH Yo eliminate tHhose s?w\\oo\b n VUT o7 aules in F
frow § and construct a CFG G Hrat vealizes L(6)

(S(-mamp\e‘
G : ( fs, A B,0,E1 $a.0,e},h 5)
vowere P: §55 A0, A5, B3k, BaY, £ fd

5',\!';
Note that  LLG) - iab'j

Let G'= ({5"\»’5’3, {ab} P',s)

roheve f’: ZSAA(’),A—QG; (b—bbj

\I\]HY? o cleavwinate 55\1\4\00\5 b,E.c,
| o elininate ?'roducHons s> D, €~ Cli.

| }) doeswol derive any termina) b-\*r‘ma
2 € ownd e oloesnest appesr in am-a senienhal j‘O’IM

- > s a vl Fvocluuh'on
4. B> D siwap)a replaces © by D (uwit Prvolud\'oﬂ)




A\ao-r'ﬁ‘bwnb 4o constyuck veduced %rmwsw\ars.

Construchon )

G: (v,T,P )
be‘)-‘me, Q,: (T, P 5) as j-ouoww

Construch on af N
We define W; ¢V ba Tecursion !

W, = §Xe \I)‘Hnewe enists o F-mo'uoh’ovs X—w
where we T% 3

L"( W, = %) then sowme vavri alble wil) Tewaiv
ojtey app\'\wh‘on ol any Produch'on

ond s L1G) =]
Wia: Wi A {X € '\Jl Heve enists a onduch‘on
A with ae (Towi)' ]
(ﬂ/\ub \'\){ c N;‘H a4 i,

Moo, Wyx =Wyy jov some K 2IV] as V a'sod-\'v\ite set
of varialbles.

,)_"\e'ierj'we— NK‘ NK43 d‘ﬂ“ 57/’
wWe derve V': Wy

Constvuchon of ‘P,

Po 3 Asa|a e (v ur* ]

¢« S € \1' (Fvove it !’)



E‘)Lanmp\e‘-

Let G :(VWT,%5) be a‘wen by the produchons

S3 AB, Asa, Bsb, P>C,E->d. Find G such that
cvery vexiakle in 6' devives some +erminal s‘rving.

Sel:
ConstrucHon of \l,
W,: §A B, E]

W, - W, U{ )\@\’) 4 sowme ?'roeluch'on X— & woith
e (w,ur)”

W, U§ 5§
fA, 0, C 5%

o

Wy = W, U { X GVla sowme P-roduch‘on XA voith
*
rWzU4 o € (szT)
p= WZ
V': $A 0, s}

Construnehon of P‘

Pe §x—sa|X xe (v'uT)*]
- {5 AR, A, b b, E+d7

6':=(§s, AbES, Jae,dl, P, s)

—'———’_”—ﬁ
Nole:

5 € \l, alwa\&s.



Theorem

Given o CEG G= (V\T,P %), voitn L(G) ?'.- P, we can
cf-?ec'l-ive\:‘ Rwd awn equivalcv& cfq g':(v,T, p',5>
such tal for eechh A ' Haeve 'S some 1w n T*jo'r
vwich A D w

%ooj‘-
Let V. P ove constiucted Frow q j-ol\ow"m% ‘Hre above
Ot\caoviﬂnm-

Claiwm: " .
N For cach A €V, A Dw Jor some WET

4

C'/ovwe'(tel\a A :> w hMp\ie.b A E v'

e
W L) Llg)

P‘o‘ooj O'P daim W)
Note that wy: wyvw,u... U Whe
We prove by induchon on & 127,11, ... Kk +hal AL W/

impheb A ':)’w jo1 sowe w &Y
¢

Ba se.

Let A éw)
Then A-3w0 isin © Jov some weT”
Bad construchon of i', AW is 1w P’

This ivw turn iva\ie,‘: A :iﬁ aw
q'



Twnduckion:
Let Hhe vesult bLe true »)o-( %

ConsideY A e Wi
Then, eithey
x x
as A eW;, nwhith case A ——?w Jos some weT
) b& induchon
b. . . P N ( . *
Jo ?'roe\uchovs A= &K in with € (Tuw;)

W wowieh case A K is in P‘ ba constrvuchon
\
of P

Then « w\aa ve wowitten as
Xz KyXy- oo X wohewe 7(3 € TUWy
T} X3 EW(,then ba induction \napoﬁ«eb\b §
7(" -;}MJ jb’( Sowme w;eT*
¢!
Hemce, A = wiwy .- v, e TF
c"

x e o
Covwe'wd:] e con show thet A :}; W implies AeN

We can prove it \oa ivnducHon on K= nuwmoerx 02

A
“:v'\eF‘a W Hae devivaHon A = wW n o siwilax
'

G

WAGWNNEY .

(babc. K=l

produchon A-S>w isin P so AeV'



Twduelown

x-
Let A —z?x,x, sy 1D by & derivakion of K steps.

We VAR vorite w: W,w; ... Wy where X; ;)wi o
{¢l¢en, bz.’ @ devivahon of jewer than K steps:
k Ba induchon \f\cho‘Hnebis R e\l', 1€t ¢en

Hence, A - Xy x, ... Xy 18 in p' ba con struckHon of f”-
tet  V': w,vw,U... Vwy and Wy = W,

Let J' be the least iw}eaea’, 1¢jel for wohiedhh Wj

contains all X, Xy, ... Xn

Ab A "‘) X\X; & o 5 Xn 1'5 S‘V\ P‘, UO\nefe Xg,x;-.. X“G[Tuw"y

we wust \Waeve A e Wj.,, e V!

Thwu o A —_;7 w imy\ieﬁA e V'
o

Proo? o claim (i)
cLlg) £Ll6) as PP and Vev —— (L)

e To prove LCG)) QLU-;‘), we wneed Yo prove the
do\\ouaiw% au-;ﬁan-r-a result .

A';)w if A'..i?w Jov some w e T
G' .

We prove i s ‘oa ivvduchon on K= the nuwmber of
steps in the dexivaton A %)w



3053:
K=1

let A —_?w where. wETT

b
Then A —>uw isin P

A = w
G
Iwnduckion
Result is true for <K steps.
Let K " K
A = w uwhere WET . Wewneed toprove A =hw
) G
We ey write  w: w,w, ... Wy and
K *
A =2 XKy oo Xa = w sk Xy =hwyp ) (gyen
4 a N
isin

* I} X5 ET then Xy = W

. I]‘ X3 EV  Haen Xy ;> W i\m{)l\‘eb 7(5 éV’
b\d laim (1)
A\so X -%}w', in ol wmost steps.
Hence \ma indu etion h\JPo-Hneb'ss Xy %}Wi
Mso  x, 1Ay wne Ky, B L\I'UT)* implies
A XXy oo Xy isw P

Thus A => X\ ¥y - .. X ;> W, W, -. W,
) q’
ie. A -.\i.; w
Cl' o »
Tw Pa'r‘l'ic,u\a"(, S = jO‘f weT
This iwplies LUq) < LLQ') s {ﬁ)

Frow () and M), we fzet L(4) = LCQ’)



Theovem £.
Given a CFG G:= [v,T, P 63 , We cawn &?-Pechfvelﬂ j-w.d an
ea\u'wa\emi chq G's (V,7T, P’ s) such Haat Jor each
X € V'UT, Hheve emists o, p € (V'UT)? jor which
- —f=7 AX B
P'(ooj: .
The set VUT P 5ambo\s aypea-r‘ma M sentential yorw
of G is constructed ‘03 ean itevative 0)8073'“’\%-

Q. f’!acc S in V'
Mz";ﬂm b. I,j A is P\ac&d in v and A - "(\l’(xl -+ ¥n, then
' add ol varialbles 0? Xy, ¥y ... oy 4o Hae sel V' and

Cbhb*md\'wl all terwmival s O'? K11 &y cee Ayy to T,
- “ P’ it the set of P7°d“"4“°‘"‘-’°£ ¥ c_ov\"m':ni“?' Onw
L 6\8 wbols o -? '\,’ UT'
E)‘Lample:

Cownsider C?:({S,A,Q,E}, {a"o.cs,?, b) where
F consiets of S AB, A->a, basb,6 E2¢

Construet awn e,atua‘va)em't ramwer §': (VTP 5)
Such Haat e.ve'nd b?mbo\ [E%) T appears N sowe
sentential jozm of ('
Se\2:;
0. Tvx'sh'a\]% set V' {93
S AD
.oooN $5,a, 0.
S+ A, Asa, b b

2. N': $s5,A,8) T, (a,03



No ju’i'Hr\e,'t moc\id—icaﬁon \s Possib\e as S A A-q,
- 0.
S0 Ve fs, ALY T fe,b)

F,: § S— AR, A-oa, fb—;b}

A]goﬂ‘ﬂnm 1
mput:  CRG 6 wi LIG) P <
output: equ\va\em{ CPG G suehthat every variable in

__C)_z devives some 4erwminal b’h‘ina
A‘?O'f’ﬁmﬂﬂ r &
mput: CFG 6 (VTPs)
output: equivalent CFG ¢'s (V, T P, 5) such that
every symbol in vut’ appears in Some

=3
Sentenh ol Jorm -

bej'{vx's\'ionh‘.
e § is said Yo be 7educed o7 nown- vedundant if every
.S\aw\\ool wm VUuT oppeor® iwn Hie cowurse oe He

derivation of sowe tevwina) b-hr"mg

e dow every Xe VUT | 3 some “pe (VUT)’ such
*

That 5‘-—->o(>('3 é)w y wheye we T*

 We sava X is usejul in Hhe dexrivation of terminal

5‘\‘1’%’\% .



Theorem 3.

For every CFG G, Mhwere emists o reduced ca'rammarqj
which is equivalent to §

Pv‘ooj:
We construet e veduced ca-raw\mar in tuwoo steps:

Step )t
Constrndt a CFG C\, Gﬂuiua\w& ‘o ‘Gl Ulb\\na
A\c]og)‘hm A\ado-ﬁ'Hwa 1y, s6 that every variable in G,
detives Some trerwinal 5*7%3
Step 2:
c"s;“‘““"“ Cownstruct o CFG G,' ea(uivalenl: to G, ubiv\a M%m-z

50 Hiat eve'czf .s\aw\bo} (variable as well as
terwina) bvw\ba\) " C\' APPEATS in sowme
\ sentental J—ccwc of C,'

G\a $+e,P2, eve,-ra :,\dw\\otﬂ X in C,' APPERAYS In some
sententHal Forw , say XX @

%\d step  , e,ven& .svaw\bo\ in okXP derives Some Fermina)
b’}'lina-

Note Hrat all bzw\\oo]s of C\' ave SHW\\oD‘b of §

It Jollows Hrat S '-'—1)0()([5 -.—..t)w for sowme terminal
f:‘h?vxg wJ
Hence G is reduced.
Nor§:
To 35\‘. o veduced Jrammar , we must J—\"rs’c app\\!
Maoﬁﬁnmi ond Hrewn A\gori'HﬂW\ 2. for? A’?O‘r'ﬂ-hmﬁ

;b QPPHed :fi'rb't Qnd Hren A’IUU"."HVWV\J- )y wWe YV\Ga r.o{"
caek a %'rawwnar with {2 most veduced )—oym



Emamplc:
Find & reduced grawmmar equiva\enb to Hre grammay
Q whose F'roduc,l-iovxb ave
S~ Aech, B Bclad, A>a, c—>ablb
S0l 2:

G- vT, #8) Mams G, =V Tip', o) Aams 6. (VT ph s)
1 9 2

G

3

W,> iA.CS o Xo) A—oa‘ C— b are ?voduaﬁov\‘: wiH &
teswminal 6’\'1’mﬂ on 'ﬁght hond side

W, - iA'Cj US o S CA va ?7oducHom A HA
Rws. ¢ §T uw.S*

Wlge A S_} U as XXG \I\ A=A with o(é(TUWz)’j
15 ewphy

2N jAes), PA a6 Coab, 5o cal

Ga
0. N+ §53
5 CA
1. VRS ‘ts,c,A'S
SS>CA,C—b, Aa
ok $s5.¢, A%, T ¢ fab)

v
P - isaaA, Cab, A-—’a’i
S The 'se,oouced ecTuNa\ent c%'raw\mar s

G: ($5m.¢Y, fan}, {8 €A, Cob, A-al,



E_otaw\p\e:
Cownstruet a seduced TGW\W\&?’ mwith wvio useless bﬁw‘bo‘
equivalemt 4o Hae gTammay

5S> aha, A 6b‘bcc [dbeA , 0 abblbb, C—>al,
D - abA

5012
Stepd: W= ;,CS as C-» abb s e ov\la P‘a’ocluo)ion withr 6

"'61“’\.\"\@.\ b’l""v\a OoN Hre Q-”-S.

W, - 265 U iA'Ej as A-> vl and E-»al are ProJucHons
with K-H5 in (TUW.)*

*
We: W, U$5} as Ss0Ao owd aAa e (Tuw,)
Wy: Wy U

!

ey = Wy = iA. E, ¢, 63
Plo fA = w]ae Vo]

: 25.-)aAa, A — s\olbcc,c—a be,E-’OCj

StepZ:
o. Vv': §s)
R WAV
L. Vs §s,A% T fa%
5> ala, As Sulbcc
d.

V": iS,A, C}’ T"- 30.'03
Ss>aha, A sv|bce, C—>abb

& Vs ts,a.el, T fa,b}
"

P . fs—baAa, A- Sk|bC, C—*abb}



A ) :
\gon’dmm i T'rambj'btm‘b C) o an ea(u'wa\e,n!: C)’wb\ere &vera

veariable deyives sowme terminal e-l-n'n?s.

Akao-rﬁhm 2: T‘rav\b)vtmb C} Yo an ec?u\ivalemf: C,’ where every
5Um\o91 oppears in sowme sentenhal j‘orm.

- : r
A\czoﬁ"rfnm X l-rav\bjofm‘: G o on cqu\va\enk QG wheve C"
i veduced, i-e. have no useless 53wﬂ°°’5°

ELGVV\P\GZ
S—saha, A= sblbce |Dak, Cabb DD, Fsal
D - aDA
Alg orithvn J:
i
A Y S 3
o v, . scx UiArEI < EC’A’El
W, = $A6E) UEs)

| 2 i-”pAgclE} :'\,‘

'

P i 55 ahe, A sklbcc, C-» abb, E-» aC

Pf\ﬁoc\ﬁnvmﬁi
c)r V"; %5}, $—§GAG
v §5,4 T, $al, A - 5b|bClC
v"

fera el , T". ja.bY, C—abb

V" ib,A,(,}, T % {o,’b]'
f": {5—30/\0, A - 5\°1bcc’c—;abb}



A\goﬁ%m 4. T‘i’@hbj’btﬂ\‘* 4 +o G’ with no null produckon
wheve L(G'): L(G) - tf,}

A\zmﬁ"’\nw\ 54 T‘mmb?vrm& G Yo an e,n,uivalen% q,w’cﬂ\ no null
productons o1 unit produchons

A\gorH‘b\W\ 6: T-ravqgj-o'rmb q +o an equ]\/‘a\ew} 'reduceo' G’

with o nul) Pradu&h’onb oy uwnit Producﬁonb

A\q ox) Hhw Lf
—

C~I q’ s (Via Th PH 5’)
Leg): LG) - {¢}

!

Gl,_ (we nul Proo'uc,’-iovs')
L(C'z.)?v L(.q)

|

C|.5 (V\o uwnit Produ&h'om)
lA\aoviﬂnm i
C\., &!\\ variables derive some ‘erwminal b‘hma)

lA‘?oi\ﬂAW\ e
C\S (6\:3‘\'7 bawﬂao, Qppears wn Sowne
sentental d'vvm)

o i £ & LG, then LIG)SLLG) set 6, - 6,

P s e L(G) then L(,Cq,)a LCQ) where
C’Q & (.Vﬁifrz, P'lvsa_.), V; s \I, U {Szj
e U s »e]s,]



Keduc'Hovw to ¢ANF

F- Eliminate null P"roduc/\'ioms and unil ?‘ioo‘uch‘on;s

<. E\iw«ivaow of terminals on R.H.5. o-y each
Produckons

. Asa A= BC 4ype productions ove relained

0. A.q X‘ x’- . X“ -‘»vre Pycd“ﬁHDU\ﬁ!

;E sewie X; = 0y, o termiva), intvoduce o
new vaxyalele Ca; and ntvoduce a

onducﬁ on Ca;‘-_ —> A,

3, Reex}ﬂ C’,Hv\g Hae nwuwbey O’e varialoles on R-H.5.

A= AA ... Ay, 05D all A varviables.

A - A‘C', C|‘4 A-,,c: ) 2 Ch-’ i AV\-‘ A'\

Elivination of AJul) Vroolud—ionb Lé-— ?-roducHovw)

+ A produc Hon of Hre Jorw A £ js called a

nu f'rodud-iovx wheve A {5 a wveaeviable

A vaexiable A v o CFC‘ i nulable ',,,P
A => ¢



Theovem 4

L= tl6) (£4L) Jor some CPG G- [VT.P.9) Haen
L-1e§ 1o L4") jor @ cee ¢

Wit vio nul) PtoducHonb

?’rood;
We constyucl C\’.- (v.T, P’,S) Qs ﬂ—o)lows'-

{ . [y
Eenstruetion We 1‘“61 Hhe nulable variables reecurss "d‘d"

T o W fAaev]as s s in Pl

) Wiay= W; U {AGV) Hieve exnists o P'roaluch'on
A= ad with o ¢ N;'}

L
Stepi: Cownstruchon of the sel of nullable voriables
BH definition, Ww,; ¢ Wiy ¥
AsN e Fivite, W, : w, jov sowme k<elv)

Wiay = Wy &)
Let w. w,

W is set of al wullalle Veriables

i.e. j—o'( e,ve:nd Vo'riab\e X in W we lnove

X ¢
G



Step 2. ConstrucHon of P,

. Av“d ?'rodud-iovx whose RH.8. doesnotl have any
wullable variable 15 wmeluded in p'

e I} Ao X X.. X, is in P, Yhen odd all productions
A ooty .. &y in P uwheve
a2 Xy i X ¢ W
ool =X ov g 1 x4 W
TR 2 s £ e wot all &i's ave £

Thus producions of ¢ ove obtained b?f

o citer wol e;mb'thﬂ ony nullable variables on
Hie R.H.5. of A <5 KXy 00 An Cin )

« oF enrasiv\g seme o7 all nullables variables
P'nv’\de.d Some s-aw\\oo" oppear on e R HS,

o‘? A > XiXg - .. Xy oj%’e'r e‘rabiw?.

Let ¢'- (v, ¢, o)
Claiwm : C,, has wmo wmull produchtons

.. ¥ AecV, weT*

A :*>bu 4 wEte ond A:f)w
G’ G



(f-oww\p\ﬂ
Cownsidey He grawmmar G whose producHons ave
$>as|AB, Asg B, bbb
Constrruct o gravamaoas C,’ witwout wnul) P'toduch’ong

%e\ﬂe‘(a\ing Llg) -§et

Sol?

Stepl: Construetion of Hae set W of al) nullable variables
N‘ - iAo ek
% P . &J
W, : W, ViA, eV] A & isin Pwith 2eW,
: 1A, 3, 8] as 5o AB isin P with ABew
Ns - W,_ U¢ - \’JQ_
TLUb. \Al L~ g A,G, SJ

Shep Bt Comshruction o T
)
. N b is indluded in £
A. 85 b a%veb “ise Yo S53a5 ond S0

2. S>> AB %s'vea» sise ‘o S+AD, 5 A, 5 (B

L. The 1ec‘u§yed CCC\ witiout nul Pfoo\uch'ons S

6': (§5 4,83, jab}, P 5)

)
vohere 0 consists of

Db, S»05 5—>a, S>AD

S— A, 55— (b



To prove L[Q') s LU,')-— {83 we prove awn oummiavﬂ
yesult 3|'vevs b-ﬂ He j—ol)owing selation

~ AeV ond weT”

A Dw i wie and A :c%)uo
qv

onoj"
(1) Let A ——%w ond w £

We prove Hiat A :?w by inducHon on The number
G'
of steps inn Hhe derivehon of A ’é‘%w
Basis:
I} A Duw oand WFE then A3 w isin P ond
C'

&0 A =>w

lv\a\uc-\ivm:
Assuwme the 7vesult Jor devivaton in ot wost ¢
fa*e,rb. .
L
Let A = wond w &
4

We can split the derivakon a5

¢
A => X\X‘z_°°' XV\ => w.wz~- \.\Dn
4
wWweryve
W - W ywrg, ... Lo\

ond - x, '=;5> w;




As wEE  mot al w;'s are £

if Wi € Haen ba inducHon \napo‘\“b\ests

.C;> W, ownd w; + & .mpl,es ~J -—q_s')w'J
. if Wy z&€ then X; eW (1ee. Xy i5 @ nullable
va-ria\o\e)

-~ X i P
we consdtruct producton A o a, .

So ubina rTOducHOV\ A > x, Xy

: '
-. Xy in P

where

G = 3 X W owite

£ if w;:-e (e XjGW)

Sinee wEE nol al o<j’> ore ¢

-

»
A = oa, .. e =y w,d, .
G’ G'
L 4
‘:> w'w;ds°"d"
C'

¥
'-:> WQW;~- wh s

-

) -
G' =



[owy %)
We -Fwovc'ovdu if’?mt bwa imduchon on the numbver

of steps in the derivakon of A —.é-s')"o
69555 I A ﬁw Hhen A= w is i P

&J c,ovxb'\*ruc’non of P A->w is ob—taw\ed j"tow\

Somwme Ffroduchon AKX Xy oo Xy In P ba erabs\ng

Soww e [ov vone of HAQ.) nullalbble variables.

Hence A => XAy - - X ’.f—>w
4

TwdueKon:
7 As Assume -Hne. result Yov devivatiow inatwwst i steps
Let A ‘a“—? w
This can be 591& as
A -2? KXy 55 X —%)' WO, Wy -+ W, = W
whweve X ':-")wg iv jewev Hian |+ steps:

63 induch on M-‘.Jpoﬂ\esis X: .-> W,
The frst production A= A, ... x,‘ in P ie

obtained j'row\ sowe ?ro'o\uc,h'ovs A-sol in P loy

e:mb'wwa sSowe (0" nowne of 'H«e) nullable veriables
in X



#
A'=>0(’:> X,X;.-,x,,
6 g

o
i Xy €T Hhen X; -.Z> Xi =z way

if X eV Haenm bH induchon hy pothesis

x
Al = wi
G
% x
A =p Xith ix X = W, W, c. W W
G q

Thus '\otl e ?'ﬁnc'\P\e of induchon whenevey

A = w, we have A = w and w$s
qQ' G

. A??\ahﬂ% Hie aim Jo S ,we hoave w GL(A')
P2 we L(G) ond wg
> L(g") = L16) - {ed

Cowo\lav«a 1:
Av algoritam Yo dedde wohether gells) Jov o
ctqg
- Cownotruet \W |, the set of Hhe wnullable variables,
ot wiost V] steps

. test wownethey S€eW



Cmo\\ovxd A
I g: (VTP 5) is a CPG,we con find own equ‘wa’en!:

CfG G.= [V, T B,8,) without null preductions encept
5,-2 £ when. £ elld). When 5, & isin b s,
doesnol appeay ow the R.n6. of any producHon in Pv
?‘10032
®

Case }:

E ¢ L6
Tven C,, > ob*aine& b\d ub;“a ’ﬂneoreml‘r is tHhe 'rec,uino‘

wro\\avu 1, we con deade wheter £ & LU:)

e 1\1(\\:0\ ent a'mw\w\mr ‘

Case £:
£e L(G)

Construct G': (V,T, ¢, 5) using Theorew Y
Then LG L&~ §¢3
Deline 4, - ( vu §s,3, T, A, 5»)
wheve P, Py fs s 5 £9

S5 doesnol appeay ow the R.H.s. of 0“3 Pwoduck‘on
in P,
. G, is the vequived CPG with L(6): L(4)




E.\\'W\'wxa{-ion of Unil ?qoduc-\-icmb

« A uwnit qudu&h’ov\ (o7 0 choin Tule ) v o CF6 q
1% o onduc;l-iovx of tne Form A>3 vohere A ond

ove ~vaviables in .
EMMP!e: G is the 9rammanr : 55A, A>3, b>C, CAra
SHA, Aats, b C, are useful just t+o replace Sby ¢

Thu » LL‘\) s id&
1} Ct‘ i5 Hae ?1a\mmaf s a, then LLC«')= L[G)

/I—b\eorem 5

T4 G s a ch , we cean J—W\Cl ) CF4 Gy which has

no wull P'rooluoh'ovx:, o uwnit ?-mdud-iov\s ‘such Hial

L&) LU—))

PﬂrOOj:
We cawn applﬂ CD'YO“MH % o} Theorew 4 +o ?m\mmar

Maov;fhm G o ﬁe,t o CFG C\’—'- (v,T, P,b) witrout
null P7oo‘ucﬁo‘\nb suclh Haat

Constyuch
s Li6) = LLg)
Let A eV
6%&51'. Cownstruction of He set of veriables

devivalole yrvom A




Dei—ime W; (A) tecursively as j'onows'.
Wo [A’) ks iAj
W ()« WA U fBev[csBism P wity

cewi(®]
&3 dehniHon of Ntl‘ﬁ y Wila) ¢ Wi, (/)

As V is finite, Wy, (s Wy (A jor some K <[VI
Wk*.) La) - W, (A) o 1>0

Let W(A): Wy &), Haen W(A) is Hhe sel of al)

veriables devivable }rom A.

Note: B e W(A) means A =8
qr

Step 2: Construckon of A-onulucHems n G,

The A- P'roduc-h'ov\b in G, ave
‘ : . . . ’
erther 1. Hhe nown-unit A- produckions in §
.. '
ov B A & whenever B3t is in

Ac’cua\\a () covevrs Gy ae A €W(A)

/\]ow, we dejw‘v\e, G, = [V,T, P b) wheve P, Y c,oms'huc'}ea(

usiv\u Step 2 Jox every AeV

Claim: C\, is Hie 'rcc?uirea 3¢amm0?-



E-'nam\o\e:
Let G be 5> AD,L AKX, ﬁ—aC]b, C> D DU, Esa

Eliminate unit onduch‘on‘a oawnd Se‘: an eqv\iva\enl'

%‘ra\mmmr-
Stepl: W, ($) = 3573
S AD
W, [5) e ]A]Dls) U iAg GV)Ag - A’ is in Pw'vH\
A, é\ﬁ’.ls)j
= No[ﬂ v 4>
z is}

- > lW(s): lsfl
Siwmi \mlj A : §A3)

W, 3) = § n)
s clb
W L) = Wels) Ufe - il
cC-> D
W, ()= w,le) vind = 16,603

DER
Wz.w-;= W, UEES* ta,c,b.t"ﬁ

[wie) - 18 b, &

Wole) + $eb wolt) : 1B}
C> D b &

W, [ e)= §eb) w, )+ 15,6}
D win - {b,E3

Wy L) §CDE]

Ul (&) = ic,b,z;jj




Step 2:
The Fv-oduc,ﬁov\s of G one

S A, A=a, Bob, E>a, B39, Csa, b>a

(ab 26—\0 and 94\)} 1% wn q Ua;‘ﬂn. EGWLQ)

Ce W)
Ee WD) )
Step &.
Te cowmplite the preo} , we have +o show Haat

L6 LLG,)
« G = (wT, P 5

c\\ s (\’.T. P' ,53 where consists o-?

- all vien-unit onduch'ons o-? Cl'

ii. producHons A= whenevey B—s& is in P
with B e W(A) ond o ¢V
ie. P A A i1sin P, —P, Hien it is nduced b& (S
in P ouwith Be WIA) ond o 4V

Nows, BeWLA) implies A —>

* q'
A =0 =&
G' 6’
so, ¥ A —,:>a<' then A ‘—:=>°k
G, 4
Thug

©oL(g,) ¢ L4



To prove LLG')E L&)
Suppose that L€ Lle') and cowsider o lettwost
derivation of w in C7’, Say
5 =rel, Doy D ... =HAp=w
C’ q‘ Q‘ CI'
Let * be Hie swiallest iwnden such that ¢ —:)‘ Ayay 19
. G

obtained ‘md & ouwnit Proo\uck‘on ownd ] e Hne ewallest
indea cd'read:e'f Hron © such Faat & =) Ajay 1S

obtained b\d 6 von- uwnit Prao’ua*{ov\.

av, 5 -.—-G\_) X; ond Xy -:.? Aj4y €OWN be wisiHen ad
\ G

Ay = wi Al p; =y Wiy Al Bi 57
coe D wep Ay Bi D Wil S Ay

when A, € W(Ai) ond A) = A is & von-unit
p'roo\uvh'on-

Hence A; =3 ( i% a ?roéuch‘ovs in A

® »*

o(', ?> 0(:) +) OW\a we lhave 5 '-._—._:r> O(j_H
! ]

R&pca\'ima, e a'rauwne,w\:b whenever Ssome uni t

p-roo\uc/ﬁvn occurd in Hae -yeme.'miv\g pawl: O'? the

devivation

S DR - DA DAy T - =>o<57>a<5,,,-=>-~ rbo((:.o

. X
We ceow prove Hrat S = dn =W

!

Hemee L(6" < L(6)



Cowol\ovj

I3 @ o e CFG, we can construet an e¢7uive)ev\‘:

ca'rawwn oy C;' which 1o veduced (i-e. has wo useless

53\'«\50‘9) avnd Was no null p'roo\ud'iw\b ov unit

_E'wo\u chons

aooj-.
We construet C.' in the j—onow;v\g wav'.

A\%oqi%m gliwxiv\a-‘:e wull P-roo‘ucﬁonb 4o 3&{: G

° Eliminate uwit Y'Toauckons to ‘J?r{’ ‘)?_

Conttruc Howv

6

Construet a reduced qrawmway 51,

equ‘\va\ emt to G,

C\‘ 1% Hae 'TC,?u'weA e7uiva\enl camw\ma'(-

Note:
We \Weve ‘o mpp\-j He construchHons owlv in He

ovdey z,'wem alvove. OHherwise we mo-avxot cae,l-

e grammar in the wiost b’a\mplid«'e,d Form .



