k\l&ekg‘- L&C‘Lu're. /\10%&9

Covwlucm.k f’rce qfawxma'rb (,GFGD

A cov\’tem.{ Tree. ca'rawwnG'I XS C\ s [V, L Y. -‘>> where

- N is a —}—(m‘stc sel Lwon- e.w\ﬁj.) whose elements

ore celled varialbles

~T is o j—\'mi’ce set Kmov\-cmp"n) whose elements

ore coll e.a Fetwi w15

- \}(\Tz +

- S5 a apecio\ veriable colled Hhe stast ueriable
- P s e —)—‘un'\{e sc'k 0‘? P'roc\uch'ows or yules whose

clements a1e A powere A i3 a voriable and
~
A 1% o -_-.-Hivxa o-? s-dw\\oo\s j-rom (\/U'T)

&ample:
G - (fe3, {+, % ), id}, P, E)
j-ol\ow'wxca set O'? ~ules

where | fetwesenl:s Hhe
E—> E+€ £ ()
E~ E=x€ E -~ id.
A?P\\diwz ?mo\u\d’w\ns 1e‘>e.a£u“a , we con oltain wore

ond wore c,ovnpliw%eo\ enpsessions.

= devotes act of éeﬁv'swl £ EsE
(id—»id)*io\ consists of ownly > (E)xE
teyvninal 5cdm\oo)s, Wt i a - (E)*iol
word iw the \omcaumae S [6+€E) *id
tae,vxe‘ra’rea bZ) 9. 5 (e‘.‘.;d) «sd
S (id+id)*id




Lral . le“alﬂﬁzeb 0‘F PO‘ihd'romeb o-? O'b and 18
= V\o‘!: 7eZu)o'r

* £,0,1 ove Fn]fna‘fomes

. i? w s o Palfnd'ro\me, 50 ave Owo ow\c. Jao)

Sueh 'rel:u'rt'we—]\j o\e%nea \av\a,u\azeb (Ll’"> can be
emp«essed —)-o'rmana ) con{eod:j'ree_ camwswm-(

(j’v'\’ Pa\(vx&'rovv\ee,) GIFQI
Gpa = (183, foul, 7. 6)

wheye P 1epre sents Tlhe set of j—ive P'rodud-ions

E—~E E->O0EO
>0

- Tl«e 5c‘l; o? Froa\ucﬁons 's ‘Hre Kevwel o-‘? zfawmnm’

ownd 1Gm<zum%e, 51>ec'\$icn¥iom,

+ Note (Qe«anolin} P-roduoh'on 1u\e.s)

(i Qevev.se. substihon is vwot ?evw\'\-H'ed
e.q. WP s>A0 isa ?rooluc,Hon , Then we con replace
S bv AR but we cannot replace AB bj =

(" No WWersion oygmi-i.ovx is yevmi‘c’ced

c‘j' " 5 A® s a ?'rooluc\'ion, Ten it is vod
nCQeasa'fj Haot AP >S5S s a ?-rocluc)-itm-



No‘ka"'{ owns

1. Tke C_QP;{G ‘ﬁt'\?ﬁ?ﬁ A,G, C, b, E a"‘d 5 o\eno{c
Veriables. S js Hae stavt :ndwa\oo\

2. The lowercase l\eters o,b,c,d, e, digits, bo)djace

9
5\'13\!\%} ove tersminals .

2. The cour)il:ad letters X X, Z denote aldmbo\.s Haat way
be either tevyw'ivals o7 variables.

T The lowercase leMers UV, w2 dewnote .shina.s
of terwinals.

> The lower cose Greek letters LB, T devote
5-\'1\‘«35 of veriobles ownd terwminvals (VUT}*

A CFG is often 7esented by simply liskna its
. P d =Py J
Pdoduc,hovxs.
I'} A-a, , A->A%,, ..., A=A, ore Frv&uch‘ons

J’D" VO'TSCI\O‘Q > 'Hr\e\ﬁ Lvoe. W\QJ e_ﬂPrebs 'H,\e_w') bj
the wotahlon
b
Aoy ] . lke | standsder fon’

Btamp)et
EsE+E, E» ErE, E- E), E~ id

Con be written as

E —» E-\-G] E*EI(E)["O\



De'r‘wa’n'cms and lov\gua?eb
e G = (WT, . 5) = (Fg
° _":7 - relakon on (\IUT>*

O\efiv\e,o\ as j—c“owb:
i;? A-—’P s a vaoc’uc‘:"iow of P and A [ € (VUT)*

*—k
ks A =%0(r
<A1 q F

x Al olifec:l’]'a devives akP'f n ?mmma'r C)

* Twso S*T;r\?s ote jelated bd => ezacty when the second
is obtained j»-rovn tHe -]-hrst \03 one oFP\'acaHOﬂ 0-?
Somwe ?'rodud'ioﬂ

© = relakon on (vuT)?

o\ccaivxcd as follows:
éu‘)po.se ‘ot Xy ofy .-+ K, € (\IUT)*) m> | and

o\j ?oﬁ_, d; ?0(5, & O(M-' '.2> o(m
>

Then o =>owm o7F d, devives Xy in 8mmma-r ('7
q

=’=‘? \s 10]19,%'1\1& , transi tive doswre 0‘? ':C?

G

" ¥
AR Jor each 5‘\‘0'"71% X € (\IUT)
4



* When it 15 clear wolieln ?mmma‘r [7 IS involved, woe vorite

= instead of ? ond D instead of _~q’i>

o(-.-‘éP if o« derives P \oa em&ﬂg 2 steps

« The lanauecae ?e,nera{ed b\x’ C) is
L(6) = fufw eT" and 5 ?»wj
ie. o string is in Ll)if

I The s-hinz consiste o? 501513 o-? terwminals

" The a’m‘nj cov be devived Trom S

Cow*ew{ jvee, language (CfL)

L is @ content ]‘1ee lana,uoa& (CCL) i‘f L= L[G) j’o‘f

Some GPC, G
Sentenhial form

A ::r\"rivxz X € (VUT)* is colled a sentenhal Jorm
it 5 &

E—c[ui\m\ewl: Jrawmar
G, Gy ave e,a’uivakn‘t if L(fy.)= L(,(n)



EMMP’C:
Consider CF 6 G - (VT £, 8) where
V: sy T fael, P: { 5% asb, s-éob;- Fiwd LLG)

L6): feo|weT*and s =~’f>wj

S=? asL = aa Sbb ==> O$5b$=> N oh-’sb”-‘

Layp’n'm3 $>a5b n-i Hmes)

=) " R (app\a !'hg S ab)

ol »*
Thus, S=y o™ €T 5 ny ceL(G) jor n3)

/\’Ow, we need 10 show Haat LCG') < {o"bh , h>,)}
Let w e LCC,) W is a terminal b""ting ie. weT”

The ovﬂa wad w cov be deyived J‘ﬂrom start saw\\otﬂ 5
1% 0 A
S5 :i—t& o 5k SR Jor some n)

Y —
“?V‘E};“ﬁ Sabb o owne anLlcaHOh of

j’ew wo-. o'? Hwesb 5> alh
v I
numbey of 5 emain S number of S's ia veduced
sawe inthe sententha) bv 1 v Yhe sententio
Jovw i) Jorm J

ie. LLC-,) c go"lo"lh»l}

ne S vemmins i Hhe
1&5\4“‘;"\3 5*"3"\3

_n\ub
L(G) = " [wom}

——



E')Law\F]e,
Fi\nd " CPQ cae,v\emﬁ“ﬂ e lamauaze, of even \ewz'ﬁn

[m\%v\ dromes.

V.e. L= iwwg lw ezxc {a.b}.}

G: (£33, fab}, B ),
P is defined as 5—5050,b5b)£

A’fjumen{&
i. £ 1% o Pa\t'nol'rome_
n-onb are Pa\inclfowaee
w.if a is a Palinalromes, Hhen omna, bab are
Pa\s'w)'rome‘b.

E)[amt),e:
Construck @ CFG eV\e'(a‘Fln?
L: fwew': w e {a.b}*}

G- (25}, favb,el P, 5)

where Pis de,iined as S—sc(oSa]bSb

AﬂguW\&“*i
Anj shin? in - s 3enem%ed by gecursion as
Follows:
. cel
i ael, then waw' €L



E Aawmple

A CP(? j‘b'f the 'reau\cw ‘Gniumac, c,our'rebPov\d;ng +o
He 'rezu\m’ emp-rcss': on 00* 11 L

L= § oty | i,y >0
idea:
The lcmaua?e_ is the concatevaton of twe 'G”Uua?es
- lomcz,uoae, of y}ﬁmas of \O's
- lanzua%e of s\‘ﬁw?s of 1'%
G: ($s¢.03, 103, P, 8)

whieve T is defined as i S- Cb, ¢c—> oafo, D lle}

gxamp)ét
CFG that aenerates sentences as composed of noun
and vevb F\n'r ses.

S —» NP vP
NP = +we N
VP = V NP

N — bihzb’ea{:s
N - cafl éona] bird
\'H\e bivd biwzs e sohg g accep{eol

" the 50“3 eats the catn —s also acc_e,p"reo'

e A\ le,?a‘ senlences ave ae,ne'fa{eo\ b not :lus'l Hrose

That arve mean'mgjul — content- j‘ree



gm:mph: o -
ComPlemehf of 10°) : ty) >o}

idea:

Fm’dﬁon Hre sel of y}rinas into thryee jailure cases

L. éhings not of the 7;3\& j‘b‘lm : somewhere Hheve
i3 o 1 ollowed by & 0O

2. onla 2eyoes

S. Ohla ones

G ( §s.A,8,¢,03, {on}, 9, 5)
wohere P has Hae j-o!lowina produch’on aules :
S — Alfélc
A = dotd (preduces all ahr‘ma,s woith o Oand ) out of
order)
D - Obl‘bl € (F’roduces all ‘.-A"r'\wza)
B - OBIO (Pzrodute.‘.- b‘\v’mc}.s of 0'3’)

C — lcll (ywduces yh—'anaﬁ of 1'5)

e.a.
?Test whether weLUa> where
w: |oloo)

SHA = Dlod > gron - 1ob

2 101D

5 100D

D 10100D
> 101 001D
> l101001¢g
> 10100)
s 1w

we L(G§) - i'wlwé—r*and 6'—3«»}



Eﬂample:
Find o CFG G Jov all bimaﬂj shiv\a.s with an even

numbey of O's
S— 15 ] OADS ’ £

A -5 JA l g
’]{;voo\uces s’hivxab of s,

How 4o de,c.owopobe sueh s*r;nag, ?
T 5Jm\oo) starts with 1,jo\lowe,al bg even no. of 0's

2. Js} S mbb‘ 9*@7%9 w""‘ﬂ D) 1’\nen 90 40 ‘\'\Ae heﬂ't O,

j-ol\owr_o\ even wnuwmbver o? Os

ca. 101000 e L(G) as
S=> 16 2 10ADS S 101A0S H 1012065 = 10105
3 10100 A0 © 10100E0 & 101 000

TRWNOY

enevates all
vt

e A \omauag con be wore thanrn one 9

55 slet|e, T Tlosj glse &
binory b‘}‘ﬁna‘:‘

even vno. o Ds

ideo:
We de,meos,e all lo%na'nj 6"73\’\85 woith an even

number of Dsas jv\lvws'-

b & ,jolloweo‘ \oa odd number of

2. We use T 3o %enaafe all bina-rd
0dd wnuwmber o8 zevoes.

2, \We use 5 ‘o aene'rahs oll binary 5’nrinz
nuwmbey of Zevoes:

Oroduction sules: S —> 1s|oT| &
T =17 |os

SHmbo\ {s O
6‘\‘)‘5»«35 worth

with even



EMW\P’Ct
Let G- ({5-C3, a0t P, 5) where P consists of

S >ala, C—> aCalv. FRwnd L((a)

5= ala s> abe .. abe e LG

5= ala » aalaa » ... > a" Ca”™ o a"ba"
o a"ba” ¢ L1G) , n»)

fa“ ba" ln»v} c LLg) ——[v
Now, +o prove L(§) ¢ {a" b a" ] n>, 1}
AV\H b*""\? weT* z {a.b}* w\) be in LLG) if

5 = w
The ovs\a 3- ?'rocluc,ﬁon 15 S >ala

if we a‘ap\% C—>b, we ¢ag’£ abe & T

...> abo
i we "‘P?“j C > ala, once o1 seveval Himes
wezet S B o"(a"

D> " ba"eT
(ov\e application of cb)
- Thus a\na devwahom 15 of the j-o'nm
5 —? O bo‘ '\7/’
> LlG) ¢ {a bao" \ n’;!} /(ﬂ)

Thus Jrom 1) and (2)
LL6) = faban | nonf



EMW\P‘&’-
Let Q > ( {s.A.1 fo,21. 0 S) valasve I zovsisks of

55 05A2, S5- 012 | ZA, > AL, 1A — 1. Gnd LU})

We hawve
s>me .. on ¢Llob)

5= 05A,2 2 0012A,2 5> 0014,22 7 601122

S5 05A,2 3 005A,2A,2 9 DO0SA,2A2A,2

S-> 05A,92 G\PPI{CA (n-) Hwes

i~ s | n-)
>0 s(a2)

!

20" 012 (A,2)"

2 01 24, (A 2

S 07V A1LA, \AJ“A:Z“"

Y o™\ AvA, 24, (A
> o1 AN "
> N IA Ag T2
> 0" n A"

S 0"m AN "

w

='> oo "
o"1"2” e L(G)
y  jomrm2” |non§ < L6)

Then we need o show Hat LIQ) ¢ {Ohlnl" 1“71’}



F’)Lamlp)e,
let G= ({5A.A.3, fa0} T5)
where I consists ot

S>> ah A,a, A - bahA Ab

A, > Ajab | A, 2 baa

bA 2b —> Qbﬂb

Test whether w- bea bvbabeoabbabba is in LLC\)

S => Qa A, Aza
=2 boo f_\&&

> bac_\_ﬁ_,oba
7 baa ba A, A, baba
2 boaabbaa A, baba

7 baabbaaA,abbaba

H» VYoobbabaaobbaba = 1w

wellq)



Eowmple,
¥ Hae qrammor G is given bz ‘Hhe ?roc\uc,h'ons
S—> aSa\bSb\aa\bb \ £, show Hiat
D L) has wo 9-\1;v\89 of odd le,wz'H«
) any b’r'ﬁwz, w LG is of lema‘ﬂn AN, w0
ﬁi) e viumber of b‘\”ﬁ\n?b of wﬂ%‘”\ An is 2

On application of each production (encept 5 S,), o
varmiable is 1&{;\00&3 by L tevwiwnals avd olwost

one vanx) alole

T‘nub eech sleF W QNJ de-ﬁvoﬁcn increases the

wuwmbey O‘? of Yeqwi nals bg 2 emcc,p'l Haatl 'mvolvfnj

S £.

Whiclh ev\,ﬂah\b (A) awd (W)

Now any smﬂz o of teﬁaw &n is of Hhe jorm
A10g - .. By Oy Ay - - = By

wownere eseh O, s either a ovr b

:='> nuwboer of Zn -loil b*ﬁh%b 1% LU-)) L) 0'2“



Caample
;.,\f:;j:u& ;:;,\ :;:?t Jree grawmar G genevating ol
Let G= (VT P o) where
Ve § s, Usign), (digit), livtegen) §
Te fo--0 2, 4+, =]
ond [ comsists of
& — <s;7.\> /4 iw}eaex)
(Hign) - .\.\_
Livteger) — (dE%it)<in*ezer)l<o\;ait>
(o\"ait7 ety o]\[g\ ... )9

Then
L) = the set of all iw}ea,exs.

C'ﬂ' derivaton of =)

T

Csignd (hn‘}e?et)
T /N
- (d?\‘i) (m*e?‘er)
[} (o‘"zif)

\

-



bw"vah’o\n /l\'fees / paw:e, Trees

* G: (v, T, P.5) bea CFG. A tree is @ deyivakion tvee
o1 porse tree j‘b‘lq if :

i é\ue;; vevtex has a labe], wohich s @ sg,mboy of
VuTu fe}
#. The \abel of Hie voot is S

. 3 @ vertew is iwnlerior and has \abel A , Haen
A wwust e in V
W, )j vexterx n \as label A and vevhees NyyNay e - 23Ny
ave sonms of vevtea n , i order }rom Hhe lept
with labels X, Xa,- -+ X Teapcc-\-“vd_nj, then
A -S> AiXy-- Xe
must be a ?1oduch°on " @
v. MW vertex n has label £, then n is a leaf
oand is Hae on\a sovn of its ja’ﬂne7

é")lomp‘et
G« (5.3, faed, 7. o) c
- wheve consists of a/ L\\S

S» aASle /\\ \
A > SbA \as\ ba /5 ® /A\
b a

Qa

Q

A votural o\ebcﬂ?ﬁovsot
Hre sentential jo'rm

\Aio\o\ 0f the — s00bloa

derivation
tree



e The \Jie\d of o devivation tree is Hne con catenation

of thre labels of the leaves without vepetiton in the
leH - to- 1ight ordexing .
‘ ¢ g

Eaample:
sz (€543, fouel, P, 5) /\

vownere 4 consists of S S
s—»aAs[alss a/ a/ \A\5

A = SLA| Lo R
‘ !o/\a Q

A porse tree b\f\owa'v\g
the devivahon

S *=> ooboa

e The «aieh} of the devivation tree is a sewtential
Totm in G e 4336(0' & (\IUT)*

-
b')lavmple‘-
q: ({61}, 7T, 7€)

[ .
where | consists o-?

E— I[E-rE[b’*E/CE)

T - o[b‘Ia(Jbl)olJl
and

T = [4%, ¢,3,a,%,0,1]



W A porse tvee s\now\w} e deriveh on

"> E » (E)
E/ \\ gield e (vur)”
/ \\

A poTse dvee s\now}v\a Hre derivabhion

2 ::) (O’O' + lo\) * (01 -HO)

/1\
/1\
( )
C/l\ /N
c + €
Il ![ \,iclJGT*
/\ /\ i VI
11 I 1
/\ l |
I 0O b a
A
T



Kela‘iomb\df bet ween derivabon ivees and derivations

Theovewm:
Let §-: (V,T, P %) be o conteat - -3vee ?rmvna'r Then

S A P There is a devivotion tree in grammar G
Lo A «d'eld

Proo}:
A-tree: A subtree of a deyivation tree is colled on
A-tvee if the label of its voot is A
S-tree: devivakon tvee wohen S is the sterl 5<7mbb’

We prove that A-—}tx i Haeve 1o an A -tree with
«Jw\d o

(if) 5up1>ose A s Hae ﬁielo‘ of avn A-tvee . We prove

b\& inducton on K: Hre wo. of wiernal vevrhces in
e tryee, Hhat A .—:—i)og

Bas‘ts
— K=, j.e o\n\(\l ovne iw}e‘nnml verteq

/? ™
Xy Xy o+ ..o Ra
Rz KyXye oo X ownd

A>3 R wust be o ?-roa\ud-ioﬂ wule in G b:,

defivition 0f a derivative Hvee



Induction slep:
Let us assume the sesull tor all derivalion trees
WitA 2 K-} ivternal vertices jov sewme Kk?>|

Let & be Hre '\dield of an A-tree with k- inderior
Vertices o1 sowme kv)
Let the soms of e vool A have l\abels X,,

in ordey From e lett
_nl\CV\ A-—& X.X;-..X

x;,...,x.,

w isin P (n>,) 19 any iwleaev)
b X\) xa.,. 2 Xv\ COV\V\D{ ol be leaveb (ab K?’)

e ¥ (-th som of A is vot a \ea-P, then it is Hie vool of

2 subtree and X; must be @ variable .

X ~tvee woith «di-&[d X sqa

Wfom son of A is a lewp, leb o« =%;

Then X o oty oty... #y s one coan e,aaﬂj see Haat if jet,

then vertent | and all its descendants are +o the left
of verten 2 gnd all its descendonts.

/‘IOW subtrees must Whave ‘?ewer interior wnodes then its
tree does, uwless +Hae subtree is the entive tree.

= \,Je \have j-o't each XKi-tvee ot «diew A¢

Xi "-:7 Ay b'a induckon as X.- tree is wol Hie entire
tree.



Also,

Xi >0 o Xi=%
A é XXy - -» Xn = oy Xy- -
k3
=) KAy --
Thus A >
(O“‘H )
Let A = &

X ..

Xn

"
X

We must show That there is an A- tree with U‘e,w x

We do it \Dz mduchon on K: Hae number of steps

in A __,)a(

( Base)
K=)

i A ==70( N am81e_ step, then A —« is in.

Twduction:

Asbuw\e Hae vesult is true jor

Let /) oL

This cewn be b?\ ‘Hcd (e A g X, X
wn?hes
A X\";..

+In X Xy -

derivahives in LK step®

K-
A =y A

K-!
%X = K either

~F

Ay is in P

1. A;is mwot c)nemcze,o‘ ‘ﬂmouz\nmﬂ: He derivation

oY w. X; 18 chan ed in some Subse uenlt step.
t i % P



Let &; be Hae bubs%'r'm? derived from X;
Then Xi = i in (1) and 1 -—*>D(i Vs in i)

s As GI s content jvee, in evera step of derivation
XXy o oo Ay —)o( we -te,r\ace. a 55“8\9; variable by Q
5‘\‘7’\\'\?

Ab X, )“2) ¢ o0 A GC&D\AV\&Q j'b'l‘ Gn Hhe 55Mb0‘5 in X
we Wave o= o oy oo Op

e I X is & ~vaviable, Hhen -Hhe derivah on Xi —.:>o<l- has
<K steps as the entive devivaHon A :>o( +akes K
6*e,f>s and Hre -J—t-rs’c step is suvela wot a ?mi: of

) - §
Hewce \oz imduction , Jor each Xi Hiat s @ variable, theve
'S oan Xi- tree Ti with \I:eld X

Now , we consdtruel an A- tree witha t\%sdcl A o8 Tollows'.

A A
X\ Xz “XV\ i ® XV\’|

(*evmm-l\ &. ‘ (Ferminal) &

Byt construct o A-tree with n leaves labeled
XiyMay oo X ond wno other vertea X

)Ze,‘y\ace coch vextexn with label Xi bt‘j tree Ti wheve X
15 vion - tervwinal .

i X{ is a terminal veytenw, vno 'are.P\aceme.n% is
wiade .

The :Uielo‘ of the 1e5u\Hy\j A-tree 18 o4y ...



Note:
The derivation tree does not 99;@3?3

whichh we GP?\'i the ?froo\uc.-\-tov\s j‘b‘f 8&“‘“\3 X.
S, the sawme derivation tree con induce several

derivation [with the sawme Ajwlo\)

Hre ovder in

&matki
Let A :’:‘-—b-w wheve weT* (o +e'nm'w\o] !ﬁ'tiwa)

and A D> A An

Then we coawn vogite W wwy .- Wn

s0 Yhat A, —f—_§ TON



