Weex 12: Lecture Notes

Kel&%‘emsw? of +he 'regu?av ond Con{cwt-3'rea

‘ar\ju 0335

e Al ‘tegu\O‘r lav\guoaes ave

CfL (05 evg-rd FA cown \och'nn’a“:,
considered as @ PDA)

* 13 L s NOT @ CFL, Haen 3t
cawot be 1&8'4\01'. (?um‘sw\ lewiwma cew be uwsed 1o
S\ow Haat L i wol CPL)GD

¢« CFL- 1is closed uvndex
a. Onion o. Cowncolenalion ond

c- Kleens stowv

— 47ivial \mzuaae_, c;? awnd {0} ose Ae?ivﬁ%clj

CFls
- 4 75:\510{36 wiHr no 7ules

B {03 vﬁ"‘C'l@%e.C; vorHa 0'\\3 one vule §—->a

e So Hre elass af cov\\:emt—ivee IOnauo?ea must conten

all Yezu\of |0v~auoze_s, “‘Hre. closure o‘? Hhe +7ivia)
\avxauméa\c/‘/ uwnader Hrese o?ero'\-io'ns-

Direel Cownstruction

. M= (8, 2, 8, 9., F) — & DFA

- CFG: G- (v=foves, -2, 7, 5=1,)) P consr st of
P- {1 2op | sla.:pJU §3-2[16F]

« L(™M): L(G)



P‘toPev-kes of ¢fL

The (BAR- HILLEL) Pump%na Lemma jo-t Cfls.
Lcwwna:

Lel L be any CFL. Then there is o constant s dependin
d S A

OV\\J on L, such that ’\f Zisim L ond |2] Zn, th
we w\mJ wnte z.

2 4|

UVW ':] such Hat
o |va] >

W | vwal £2n, and
W AT 20, uVlwaty isin ks

onoj:
Let 4 e o Clnowwska Norwma)! Form ((nP) qrawmmar
tae,v\e-:ah‘vxﬂ L-3¢€3
(Nv qrevemoer Con be j'ound if L= ov {e}
« However, if L= &, then the stotement of the theorem
'3 ot valid a5 3 o such b}ﬁv\a Z nde¢

* CAF Frammay C) i ac{‘ug“a 3%@)”@{'& L"ftg,w\m'd'\

is acam'v\ not of impoytence, as we shal) 5ure\3 preR
N70, in which case 2 connol be £ anv wag.)

Observe Hhal i-? Z2ellg) ond z S long ,

tHhen any
Poarse tree :)-o'a

must cowlain o ,o“ﬁ P,-H,\,
Move f"e'd”li we hove Hae j—o”owivxj claim.



Clasm:
SUF?Obe, we lhove o pevse tvee accorclm% to @ CNF
afraw\w\ av G- (v, T, % 9), and suppose Fhet the }jield of
e tree 15 a Yerminal s}ﬁv\g 20 .

¥ Hae \ev\c,aﬂn of the lcmcaesl path is n, then

Y

?-rooﬁ: We ?-rove 't ba induckon on mn.

Baser mzc) — taivial

S — vaeriable
l l@]t—]s 9,\"5 2

a — +ermival

o

Twoduction: Su‘)pose the lovxede,.st ?a—l'h has lema'H« m, ond N>
As n>1, we cownot stest the tree u.siv\a & P-roduLHon

with @ tevvaiwnal.

A?\’)‘d WwducHon e subtvees Yooted at A and B

which \hove wno PO'HA of \em%*"'\ 7 n- /5\
g v%elés of sublree vooted at A as A 1O
well as > have le.vxz“l\b & I &' A
A 12}
AN AN lvol £277% ) quw,] 227
LU ‘-’\:JT

= &didc‘ of Hhe entive lvee rooled at S las size

n-2 “-2 “,‘

£ 2 + 2 : 2

Hewce Hre P»’ooﬁp of He cloim.



¢ Let G, have. K ~nariables and let p:. 2®
Lk 2 isin LIG) ond lz2lzn

Nowo bd e claim, any qué tree whose lonaes{ ‘PO'H/\

s os lemcuHA K o7 less vust have &

K-
L = h/L o7 )355-

vielc\ o¥ lena'H«

Such o porse tree cowmnol heve '\aida’ Z , because Z is too
‘Ona , 1212 n

Thus ow\a porse tree wa\Uie\o\ Z \hasb a FG'HI\ o? lev»a'\‘k
ot least k#
But such @ PQ'H'\ has otleast k+2 verkices , all but the

last eve labeled b-d norialoles

= There wust be some nweytex Hhat appears twice

on ‘+he Pa‘H«- -

o

A\ b?'\ddiwz ‘Hae
A‘, 5+7iV\ w2 %0
A Hrat it con
! be

a puwped

E;e'r\d sujficiently long shing in L wmugt have &
lovs% path in its poarse tree

Y
) S
/\ v
,/\H, i A AN\
v W a

nw v W



We cen say wore

Sowme vartiables must appeay twice neer Hhe bottom ove Hhe
poth, In ?a'r\-icula'f, P ve a path Hat is \ovxﬁev Hhon o7 @5
\owg as any FOHI\ in Hhe tree -

Then there wust be two vertices v, ond v, onte FaH«
60\-i5$\d‘wx3 Hre j—o“ow\n% c—ovxo\iHO“$=
t. The verHcees v, and Vv, both hove Hre some label,

T Vertea v, is closer ‘o the voot thean vertexa V,

!
- The por Hon of e pa'HA —E'rom v, to Hhe reof is a'?
\en%\‘b\ at wost K (e 2 Kk#)

« Yo see that V,and v, con a\wags be Eouvch,')ust p'roce.eo(
ap patn P yrom the leaf, keeping hrack of fhre labels

evxc,omr\’(ewed )
* 0f e —)-‘ws't K+2 VverHces, O\A\y e leaf has o tezminal

\abel.
¢ The vewraining lc#! vevlitee connot Wave dishinet veriable

\ebels

- Subtiee T, 7ro0ted ot W, ve,rresen\—s fhe dervivotion of
a subword of lev\a\’\f\ 62", s lowaes’(. poth in T, is
of le,vx%Hr\ K41, siwnece PWapa f»a-\’k 0¥ lomaebf \enﬂ“’\

ivn Hhe entire tice.

« Let Z, Yve the Aa‘»e\c\ of oulotvee To

S A R MR vooted al Vy ond 2, is the UsdJ st "o . Waem

A 232,27y T




" puv-“hewmo-re,) Ze,2y connol be boHy £ as Hie j'(nﬁz derivahon
of Z, mwust be of the Forw A=>bC, Jor some varjables D, e
* The subtree 'T;_ must be ¢omﬁe%e\y w ithin eiH.er Hhe

Subltyee %ehe,fa{e,d bv B 07 the subtyee %eweza{-ed by (o
We viowo kwnow Hhat

A %} 23 AZ\, anno‘ A —-__-‘:> ZQ)Whe1e ]72252\’) fa'zkz:n
q

But it a—ouows Het .
A % Z'y 2, 2 Jov each i%0
Thus Hre 5*1%\/\3 Z con c\eawl:’ be wrien as

2: uz32;z,,»:j jor some U,y

We le*- 73;\1, Zo,2W, Zy= 2€A +o CDMP\&*C ‘he FTOO'?.

Applications of the fumping Fov cf1's
( Proof 0% won- cornteant *jvceness of a lanauﬂU?;)
E—mam?)c‘- L= {on\" /o ] ny, } is not a CFL.

Let L be CFL and n be He constant of Hre ?“W‘Pi"ﬂ
lewamwo ﬂ-oz’ CFls

Considey z= 0 V" 2"
Waite z: uvw xy, where |vwa ] ¢n ord Vo FE
NO%C Hrat Vwrn cannol nvelve both O’j avw' 2’_‘5,"

Since the last 0 and Hie Yirsl 2 owe 5eFa'Ya{~eo| by

n+ posi Howns @
. Ve Whes wo p?’é - Then Va consist o# onld s
andBiand Was atleast one of these 5aw\‘oolb.
Then Uwy  which woeuld have Yo be in L by



fhe PL, has v 25, but fewer Hhon wn 0's o3 fewer then
n 1% o1 beH, . Tt 'Hne-rejo«e doesnot belovsﬁ in L.

R. Vwa has wno 0's - 5am‘)aﬂy uwy hes n 0’5, but

‘?C\De'( 15 oy dewe?’ 25 or boH, . T} 'Hne'te-}-o're cownnot be
wn L

We get contradicHon in bo¥, hence L jo vot @ CFL.

Eﬁomplet L i"\ € {D.\}* l]’k\ ise Peﬂoecl— 5e‘umr€J

Let L bee CFL ond 1 be Hhe constanl of Hhe PL [
e CFLs i
Consider Z2: O

Write z- U way with  |vwal 2n and VaE €
Let  Jval 2, Then maen

Now> consider the s«Hing Ul\lzwq,"'j .
ﬁ)\d e PL jJor CFLS i U\v"w'xzv eL

BU\E n’l.<luv2 2 2 2
walyl = nPem ¢ ntep ¢ ()%

luvzwmlgl is V\o’c (] Pez ‘?ec‘: Sﬂuave.
'ﬂnescﬂ-owe_ u \szﬂzn 4, L

Whick is 5 contyadicHon o the PL Yor Hre CFLs .
L j» not a CFL



L:;tamp?e: L= Zaib;c;d3 {t‘zl, ) >,1§ s not CFL
Let L be CFL and n be +he constant of ¥he fL fov CFL
vaib%o\etl 2: a"b e’ . uvme wi Ha ]\lwmlé"‘ and
l'\f’l\?) OV\A U\V.‘ wm:\J éL —\f L 20

Then vt will have el most +we diffevent 5aw-\oo).
1} vt Was twe different 5ambol.s, then tHhey ove Con,bc?quc_

i-e. evther o,%, ov b,e o1 ¢,d
e Vo has on\d 0's —then uwy has jewer p's Hhen ¢'s
g’imﬂav\j, '\-? v has ov.\j b o% ovs\g c's o1 o\n\:., Q'S
= uwy ¢l
e vt has gv\\j a's and bs - then alse uwy \nab-Pewef a's, then
similenly  if v has °"“§[ bs and ¢'5 o1 ¢'s omd J*
2 uwy &L
Thus L is nol CFL.

l;nmp\e: L= {0"] pis o F-rime} is ol @ CFL
Let L be @ CFG and v be the constant of the Pij CFL's

Let 2= al €L, p7n
ﬁj 3 Jov CFL, 2. uvwny with  Juwom) £n, lua| %)
awd Uw"wog,ig el ¥ Lo
R'r = O, U\Vow')lo\d,._ UWJ 6‘L‘=’> [Uw‘j\‘c’, must beGPriW\Q
Let l’\/')tl:'Y.
Thewn ]uvqwa’51= \uwnl—ra‘lvm)r il
f ) P'rime
=7 Uvqwmtd ¢ L



Oﬂden's Lemima

Let L bea cPL. Then Hrere is a constant n [wohich way
RmXact be Hre sawme os Yor Hre Puw\Piv\S Lewwna@) such Hiat
Wz s oma word v L with 1212w, ond we werk ony

. O0F wore Yo.‘fsﬁovxb o? z v di.s'h'vs uib‘neaﬂ) Hrien we can
write =z uvway suth Heat
L v has atleast one oub-ﬁmau'\s\ne.d Pob‘*‘h'o"‘
. vwa Wes atwost c\ibﬁnau’\ shed ?o.sH-iOV)
W, o7 a\\ 2720, uuiwm{tj el
o (or. Hille) Puw\?;v\a lewima j-o( CFPL is & $,>ec'm1 case
of Ocadew‘b Lewiwma, n which all ?obi-Hov\s are

c).inv\Buis\Aed .

* There ave cerlain von- CEOLs Yor whi el Bar- HiNel
PU\MPS\nz \ewiwmaa -jo'r CFLs is of wo use .

E;tamFle: .
L= ia.‘ o' X lej'Hnev (=0 or '):)(=-Lj is not CFL
s Let 2. \o; CKJQ = Uvway el
Then it 5o alwavb ?oga‘\\o\e Yo cloose UV, w, 21y 50 Hael
uv""wm"“v el atw
(o e?\aw\\o\e, 1 # we choose Vwa Jo have cm)!d one b3
e Lek Z»atl? 2 e UvVwny
Then v, o ws':Ub\’t consist OV\\\J of 8" in which case

u'\/Mwm"\\-, el ddw

= PL 18 o no use



Clobuve ?aroPetH es o? CFl s

Theorew: CFls are closed undes umion, concaltenation ond

Kleene closuve
?ﬂ)oj-. Le,"t L19 Lz be. CPLs %eneqake‘b b.d Hrhe C_qu
q1= {\")'rh P\)st') ’ G'L: (VQ_,TQ_, Pz, 52,7

WNe assume Vi, V, ave J.A‘b‘)oimi (’f not we vhay Fene e
voriables al woil) vy Haout

'e,b\ovxaivxa Hre 1@'/\80\6\09-)
Let  Sa, 9y, 8¢ ¢ Vv,

FO* L\ULQ, 5 construet G%'rawmr\a'r

C\'b: [/V’UVLU issg ) T,UT’_, ?‘50 6&)
where ?3 s AUk P)u.s the ?-mducHOﬂ Ss 5»‘52—

¥ ;
. vf wel,, Hren 53 -_2 5, —=-> w v a de‘nvaHo\ﬁ X% Cis as
) Gy

every ?'roduc‘\'ion of Chi.s o Fnduc‘Hon of q'b
. 6iw\i\o'r\3, every word v Ly Was a derivation in qsbeaining

with 3, = 5,
Qs

Thus,  Livt, eLlG) — (1)
for the cowverse let o ¢ Ll4a) . "
Then Sa —27‘0 ’\oe«aivsb with eithey S "z?ss‘ =2,;0
Ga 2w
oYy § => Sa =
3 a4 Gs
Binee , Vi,V, ave olﬁb“)oin'\,ov\\d b\dwﬂoo\b of G wmaey appearin
Hre devivarHon S, = w
Also, awy Vyoduch‘on of Pothat involve °V“U 53""'”" of
Q‘ oretthose Jrow Py

Rewnce, ownly yroo\uc-h’ ons of 4y ave used in He derivaHon

S, %7(9 which iwturn imeplies w elL,
s



A\na\ozous\tj, § the derivakion stavts Sa '?) 52 we way
L]

conclude o elag
Hence L(qs) ¢ Lul,y —(2)

Frow (1) and (2) L{Ga):= Ly ULy

fox concotenalion (Lily)

Let G, = (Vyuv, Ufs,, TUT,, P, 80) wheve By is OUR:
P\ub the F'roe\uc-h‘on Sy > 55

A ?roo-? Hat L[,Cm) > 1(Gy) LU«;) 1o similar Yo the ?100—{;
Jor union awd is omittred .

Co'f closure U—-a*l
Let C‘S ¢ (\I,U is,%,’ﬁ, ?s, 55)) wheve PS 19 P‘ P’ua Hre

P‘foduc:\-'(omb Sy — 5, 5S¢ lf.
We G'%OGV\ leave Hae P-roo—? Hrot LLG;)= LL(h)* Yo the yeoders.

“Thesrewm
The Cfls ove closed under muH—iPHwHow.

Pveoa'. -
Leb L ve o CPL, L € 2" ond for eaen aeZ,

let Lo e o CFL..
Let L: L(L) omd Jor emch ae %, let La= L(Ga)

Without loss of %ewera\itj assume Hhat Hhe variables
of G ond G, ove c\a’s)o:’n{ .
Now, construct a 3¢awxma~rqc’as Jollows:
vaviables of &' 1 all vayiables 58 q and Ga
terminals of G tevwimnals of Ga

Stert 55\1\’\\00\ o? G': Steort $Um\oo\ o-f C|




?'roc\uc’n'ah Og G' - a) P‘roe\ucHonb of Geo ?1\45 ondud‘l’uhs
obtrained j'rowa o yroo\uch‘on A->H o¥q \oU
5ub6H“}uH\n% Sa inP\éce 0f eacwh o e S

oryearivxa‘, in A .

gmamp)e: L= zwe ie'bj‘l

©wo has ca'ua) numlbery cb"E a's ond l"‘sj
L@= %Ov‘\“\ V\?,\‘S ) Lb= 3wwﬁlw35 in lO+2')‘j
fox (:' we way choose
S oS\oS]bﬁab]f—

for Gatake
Sa = 85, 10)

CUT qb “'QKC«
5, »> 05, 06| 25,2]¢
Now if £ 150 subshitubion F:la, HE): L, Hhen
3U»> % %e\ncvo\ed \Od Yhe %TGVV\VV\QY
5—> 5a55,5|5,55,5]|¢
Sa—> 0541 | 0!
S, —> 05,0\25,2 | ¢

Theovem: I3 L ise (FL over slphe vet & ond 1 is &
substitubion on & such Hat Ylodis o CFL Yor each o€
Then JWU) i5 o CPL.

?'roo X'-

l‘t Wz QAR - Op ez-y
Hhen 'FLUO) 5 %01,9'2... U 1 10[" eﬂ-tai), f-a.’,l,...n't)

We write Flwo) = ¥Flay) Ha,) - jlaw)




CPG G construckon gor 1) vom (35 CRg Cagor 3L4)
ond 1#) CRG G jor L. , a¢ g

e Voviables of G = wveriables of §
+ variables of Gq For ael

¢ 'Ee,‘rmiv\a\s of C\‘ . Terminals of Ga Joxr e Z

¢ Stast 5\{1w\bo\ of C" : Stest svw\bo) of 6’

' P'roe\utHom o? Q‘ s onduch‘onb of (10

+ produckons of 6 with eoch

termina) & iw Heeir Yodies feP\oceJ

b\d SQ e,vera where & occurs.:

To prove LIG"): 4L0) s
y'roo\ucko\no?
Claim: av e L{GY) if$ wefLL') G
— o/ s Ny
let wejlt A A A
2 3 N=z=da,y ... a, el Ty ™y
ond A ed-KQ{) , Lely2.umn pProduckon of Cia

5“0»\‘\’\1\0{ w =M Ny - ’)Ly\

. A povee dree iw G beains with o parse Lyee of 4 > ond
HWni shes wiHa \Memd ?a'rse ‘}'re,es, ecchh in owne of Hre
QToOWMM axr of Ga

iy
522 WMy o mo 2 = WO

X 2
5"':? Sa,Sa.,... 5q“ "—Z’> Ao, Hay =~ SQ“ =p---
o
% Nay 10;-’ Qanw
Qn

. w e LCG')



(OV\\\J 2]
Let wo 6L(C|')
. i\fw Was a porse tree T it must look L'ke above as
Naviebles of C? eand C\q ove d§s‘)o§mt
. —“'\e'rcbg. we caon eabﬂ'j iden')-ife:’ a b‘\"ﬁvsa a,0, .. a,, £L(G)
ond :r\—n‘v\%; Ny €4@L) 5 t=12---n  Such ‘Haat
e W= Nmy L. Ay,
B The 5\-'rivx3 Sa,%a, ... Sa,. is the aie,\d ofa tree

Hrat s -)-o'cw\eJ 7o - bj dele,l-iv\a sowmWe
Subtvees -

Bt Mo s -« Wy € j—lL) as it is jv'rwxed bv 5u\o:>H§-an3
s*'r%v\?b Ny j-owr each o-? Hhe op's.

Hewce, w & :FU—)

L) = yL)



Observotion
The closure of CFls under subsktulon smplies
i closure under union
. closure uwder cowncatenaton
. closure under *
« Union of La and Ly is a%W\P\:‘ He substitubhon o£ Lo
ond lpinte fa,b}

. La\.b . 5ub&\-'\'\’uHOV\ inte iab*
. LG,* - subsh YuHon into o*

« Howowor ?Mism 1% o :‘;Peu‘a) +.'JP‘ of substiton. Hence

we Wave Hhe j-o\\ow'wua .
The CFL's are closed uwndex \r\ommorp\aism-
Theovewm: I} L is CFL, Hren so is e (veversal)

Lﬁin‘:: Re\le‘rse eacla ondu&HOh of Cqs dJor L
A- otis in G, Asxf s in Q’Q

'n/\eo'rew\:

The CFfLe ore wot c\oseJ undey ivdc-t.sech'o"\

?*/oo—}-. &@'a counter e'xavv\p\e)
L= §atbict |i=1] ismet CFL oy PL Jor cPLs

Now conside¥ L, . iai b'c? | iz 12!
Lz % i a{b’c’ l i) ):)71’}
Botn Ly awnd Ly are CFls

However LyNly =Ll i5 NoT ¢fL




Cmonm\dz
The CFls ave not closed under complementation.

?'moj'- CFls ove closed under uwnion.

-

) ‘Hned ove closed under complementation, Hhen by
De ﬂof%@w‘b lows, Ly AL, - s U'iz would lbe closed

under intersecHon, Lowieh is o contrvadickion.

Theovew :
I} Lisa CFL and R is o reqular seb, then LOR i &
CFL

P‘roer]'. Let L=L[™) Yo¥ PbA M- (&ﬁ. 2,‘1, 5'4,‘1., Zo> P")
el accept—sﬂb\d Hwa) state
Let R: LLA) jor DPA A= (B4, £, 84> Po> Fa)

We construct o PDA ™M’ Jo¥ LAOR b\d “'runvxiv\a M and A

' ?e'ra\\c\ " os j—ol\owb ;

—E
;V\Fut S5Yote Lﬂ

\ ! A
SYate
LN

|

i'——“ \ Stack




{?ovwm\\v
M:(8,%8, .5, ™, 8, Lre,.], 2o, Faxfy)
where S(tp,q’\,o,x) i5> defined Yo be the set of ol POITS
(Cp" 9) such Haat
i+ P'= 80 (psa)
B poiy (q',r) ¢ B (q,’,,x)

V.-e.
- M Sivulates moves og M own W\P\A{ £ without o\nana’ng

He state of A

\"n'\eﬂ M 6vmu\o%eb QA wove own w\?\x\: S\dmbo\ o, |
Simulales ‘Hial Brove and alseo siwuletes A's C)"G"’ae
of state own mpul’a

e M accepts iPf boHr A ond M accept
An inducton on i shows Haat
(Lper2ol, w0, 20) o (gl e 1)
i
(2, 00,20) 5 (267) and S, [pow) =P

(éasc: L:0  is tivial since P=po, 9:9,, (20, Wese

Ivduct on:
Assume Yhe stetement 3'05 (-1 owmad leb

(Lrer 21, @eu2) H- ([¥egl, e p) s (R1der)
when w: e ahd_a is £ oy a 5Z,W\bo\ of i

62’ ivsduc,‘H on \nvFo-Hae.s‘\ 5

(Po, o) = ‘D oand (70:"() 2) b (1 s P)



@3 debnition of &, Hhe jock Hhat
( Ly, a,'l,e,p) )—;,7 ([r,q], g, r) 4+ells us Haal
SALP',G): P ond (q’,o,P) ey (‘i,e,(‘)

Thus,  8p(pe, wena) = b ond {90, w: 70, 20) Ho- [3,6,1)

The converse can be showmn S\W\i)aﬂ:’.
(w2 Ho (1er) and S, (paw): 4
iW\Plj
([F“’cto])wtzb) ’F':'L ([P:%], £, f)

Theoqe’vvn L""' LZ.- is V\Ot V\C,CG&SG‘Y”:‘ CFL when bO'HO\ L‘
O\V\A ’Lz avée CpLs

P’""’j" Givew CFfls Lis Loy |
© i Lol isa CFL, then Z7-L would dways be o CAL

when L isa ¢FL, aswe Kvnow I is CFL Jor every
G\P\Aa\oet o 3

¢ But in Mgl case L = zx—L is & (FL when we
pick propes a\F\«a\oe" s

which is e contvadicHon @as CFls oare wot closed

under comple mentation .

Hewce L\—Lz is wot wece ssmil\j o CFL



—
lheorewr:
The CFLs ove closed under inverse \r\omomovp\/\ism

P’Yobi'.
e h: 2 A howow\owP\Msm
. 1. EfL

L] L= L[_M) W»\Q‘ie M 15 the ?bh (_&,A’ r':sn %o,zﬂi‘j)
o Cownstruct o PDA ™ OCcePHV\j h"(L)

\jvx?u\; of T’l‘
1

[ "
! _
contro) . Cowtro) of
ot M‘ hl‘) rf‘

I
[

l ‘ stock of ™
e Own "“?“‘t a, ) De,nefa{es o:bd :'l'
b-’wiv\j h(a) ond siwiulates M own W la)

) . ]
™ cannot necessaw\j Simulate M's woves on \"LG)

WiHtA owe [O‘f a“tl ‘&V\'\fe nuwi bey o-?) woves og ‘ts owny
2> in Hae PDA case

(VO M could pop \N\GV\U b\am\oob on a b‘h‘inj
(1) since ‘it 15 won. deterministce, wmake woves

Hrat Pubk awn aw\o'\-b'mry numb ey o-f 6\dwﬂoo)b
on Hhe stack.

« M uses a bu-?fev’, in whieh 1t Med store hla)

e M e ?eTvn;++eol Yo vead a new i

nput sywmbe) only when
He buffer i ewmpty P d J



. %uj)ev lholds abu-P?\"n o—?' hiad j’b‘r some & ot all Hwes

o M accepts its ‘mFu{ w if buff_e'f 'S em?’f:‘ ond M is in
o -}-\‘vxa\ stote , i.e. MM lhas accep'}ed W lw)

LM . {w]hlw)el.j
= W (Ltn)

bramel  Covalouebn
M- (8,25,7, 5,2, F) PbA jor L= LLM)
law}m&
M- (8, 2,8, [, ], 20, Fx {a'i) wheve

« & conssts of pRiTS [2,7] suchthal 16& and %
1% a (no-L \neceasa-rﬂ:’ onpe'l) >wfve\"x of hila) Jov

sowme & EZ

¥ S' s deB\'ned as «)ﬂllows
(v 5,([‘2.'&1, 8,7) contains all ([pnﬂ,f) swehh Haal

Simulates £-moves oy
™ hnaePcr\Jen\: of Hhe
buffer contents

(ii} 8‘ (I‘l. an), 8,'\/\ contains all ( Cpal, 'f) sueh Haat
simulates muves of ™M oh‘h(mi

SL%) a'\/) m*a‘“b LP’ () ReSH, 7C\N\OV.\V\3 o j‘fUW\ e
Jront of e buffer

SL‘Le:Y) conYain® (P}‘F)

L) 6'(&.81,0, Y) contains ([Q,Ma)],?') yoral aes, Vel
w M's

- |oad ’OWF‘?C\’ with Wlo), ‘Ymc)i\nja j“YO. \
)V\PM

- +he state ownd stack of M vemains unckancjed



Claim:  LIM') = W' (L{m))
- if (2, wnla),x) \—-;— (p.€.8
Hhew ([1’23’ a,x ) )—i— [ [2, n], €,x)
)—ﬁ,— (Lp £], €, P)
Thus if M accepts ln(w) that i s
(30, Mlw), 20) Hi- e (P,E,P)
fo1 some pPef and per‘", it follows That
([0, €3, w, 20 ) \ - ([pseld, €, )
So ™' accepts w
Z W (L) £ L) — ([
Canvevse\j, Suppose ™M' cecepts W= A8, --- Gy
Note: qule (%) con be applied owly with Lbutfer emphy
([902], a0y anze) 1 (Lpy sl 00 an )

nule 1: Simulate £-wmoves of M ivxéePenden{- o¥ buffer

contents . |
T L[P\,Na.ﬂ, Q.- QA oh)

rule 3. load buffer with Wla) »a, Prom Msinpul
Pi s oAy uvxc‘r\omcjed

'r%;, (Ih, el, @ay--- On, o )

h:‘l— ([Pz hen), as -- Gn, o2 )
= Lot by



[ ]
°

\— ([Pn-n el, Qm""\)

M '

sy ([p,,,-,, hlen], € 2n)

‘—irr' L[Pn; 5], E, O(V\-H}
wheve PV\ 6 F
Thus (9o, &, 26 ) \'iﬁ‘ (Pn £, o)
ond [ pi o hlad), &) Ho [ Pims E,din) X1
PM‘H-MS these woves +o<3e,+\nev. we have
(10) \'\tavam---ﬂn\,Zo) }—%— (P"’ E’ ““*!)) P“C—P
2 hlaa,... an) GLLM)
> wiLM) ¢ W (L) — @)
Co\mbf\ninﬁ (1) ownd (2), we have
LMY = W' (i)



U Se o-e closure ?doPerHes L’ro prove certain IOnauoeaes ave
Emam\e‘- pot ch)

L 2 .
L= iw € {a.b,c} ] w has on e,e[ua\ vo. 0F a‘s,b‘s,c's}
1s nol CFL

Let L= a*b c”, 'reau\av set
oo i L ovs CFL, Haen L (L, will alse be CFL.
Now LAOL, = ia"b“c": V\>,o} is alveady showw to be
nen- CFL.

Hewnce L is wet veau\av

E:)taw\ple: Let L= {ww] W is in [o-v-b)*} is not CFL
te. L cownsists of al words whose Past ond lest holves
ave the sawe, 1% wol CFL.

Sol2:
Let L be CFL

0+b*c4d+ - veaulav ]ov\czuaje_
“Le LNo*btetdt ., fa.‘b:’o.‘b" ]p,),jm} is CFL.
let . be a ‘/\OW\OW\OTP\A"SM Ae‘h\ned bj
W@z Wi : a, Whib):=hld)=b

Then, W' (L): i‘m’h'xa Ny | oa € (a+e) ave of some )enj'}‘k

awnd Ny, 2y & L+ d)*vwe of sawme \wa'\—hg
s L e £ o0 v )
e Q@ b*c.\'d%’ n h (L'); L,f- iatbs cl. AJ , i’l,; j’l'} VV\Ub*
be CFL. .

But we hove a\veac\tj showwn that L, is wot cFL,

—n«exe,-}o're L cowwnoti be CFL



Decision A\?oﬁﬂn\ms Jor CFLls

Theorem: Thete ave a]?oti-Hnms Yo determine if o CFL o
(0 empty (D Hnrte ov (¢) inlinite

P'vooj:

(o) Llo) non- empty i ff Hre stact pumbo) S cde,vxe-ro{es

Some s-h‘m%s of terminals

— cown be e?-ﬁidew\—hj Yested
—A\%m | deterwine selt of veriables W when eacl

AecW devives a termi nal 5416»«3
-5 if 56W,Haen CPL 15 nown- empty

() ex (¢)
Lla) 1o Binite if# LLGY) 15 finite vohen G is the WF
Lla)-fef

‘3‘m~mmm’ with o useless 53»«‘00)9, ﬂev\C'vath

Drvow & divected (770?\1\ wo Ha

each variable 05 o vertex
AB is an edqe 2 A PC oy A>CD IS

P'roo\uc\—i on Jor ony o

Exowmple:
£ S— A, A (sc‘la, B> Cc]b, C— &

Claimw: LL@’) is j-\'vx'\\:e, £8 Hais 3109\« iP5 acndic
Rank of & variable A - the \ewa'\'l« of Hhe ]onaebt path in Hais
‘310?»\ beaw\v\iv\ﬂot A. @
S

Nertent RewX No cuc\e @’/ @
521 3 | 5 Rowk of evewy veviable pwie /’
A 2 s Ronk 0 827 — wnol wiore then # of
vérialoe s
B ) = 5 derives wno. o-? >’t~r%vxj> 0 lenyi‘k
" 5 72fo

- |e\n3uaae, s Linite



Claiw: L(G") is -?ivxi{e E8 Hais 3'ka s GCUO‘;C_

P?Ooﬂ‘v' _
¢ 11 there is @ udc'e, say AsA, ... AvAo Hhen

Ao > oA, LI Oy AaBy D --. =D ol Anpn > O(n-nA'v?MM
Wheve Hhe o's angd p'_g ote g,hr';mﬂs . 4 variables wiith
l"‘t’ pi, l= 1 Leaol« +Hwe, ovﬂy owne \lG"t‘\able_/S\dwx‘oo\ ‘mc_vease)

Since theve orve wo useless bUmbols,

*
D(V\-H :1:)\&) a“d p“-\-\ =>9( j‘D‘f sovwn e w.‘XéT*
of +otal lenghn ot least na)

Sinee N72, W and o cownot boHr be ¢

Also, as Hieve ave no useless Sﬁmbol-"; we C""\ﬁv‘d
o % GT* such Haat S —-_:> :on'Z- (A'o iV Some 3e7uenh'a)
) . e
onol also WE cawn E\V\d VET sueh +Hhal
L 4
Ay = N (A,, derives a tevwmina) 6“"‘“3’)
S D yhoz > qwhAnz D YW Aotz S . ..

* | .
I ) "d\.&)‘/\l’l 2.
As |wal o, '\duo"'\/ot;z 75 tjuu“vm"z i} 1)
= The a'raw\w\av ﬂcvseva{eb awn  jnbivite wo. of ah'inas
3 Cov\vetselj, &v\\)?os& He 11a[>\¢\ has no cade,

bei"“e the vankK of & varsiable A Yo be
- the levxﬁ'HA of Hhe lbnjebf ?a-\;h w He O'ra[)\n
be—ﬂi"‘“’\j ot A

- the absence of cvc,le iw\Ph‘e_s the vonk of A
1S 'b'ni'te



Nouo ;-F A Be isa PfroduC'Hom, Hhen vanK oﬁ B3 ond vank o-F
C < +he 7ank of A,

because Jor every fO‘HA «P-vows Borc 4 a paH« of lenj‘Hﬂ one
cj'ieo"ref Jrom A

Claim: if vonk 01 A: v, Hhern wotermina) .shinj derived
}vom A Was leg'\‘\m > 2"

onoj (_153 inducHon )
Basis: 1=0

I‘] qonk of A s 0, Hien its vertex has no eo‘ae cut

< AV A . produclions have teswinals on Hae 138)\&, ond A

derive s ovﬂj s-hing of le\n?*'k :

)hAUC‘HOL" >0

J} we use & production of tHhe Jovm A0 ,we
may oerive ov\\y e b‘}v;ﬂj O'P 'etﬁﬁ'}’k 1.

T-] we beaivs with A-> BC , Hrer 05 B, ove of rank
-V 071 less, bu ivwdue Hown \nvpoHnesib, ‘ﬂnej derive
o\n\3 s‘hr'mzs oF 1em3+l« 27" or less.

Thus BAC cownol derive a .s'\"t'vnj of ’Qha'\"‘\ 721‘

5\v\ce., S i o? g\'v\&e_ qon¥X 7, , ownd iw)ac{, s of Tson K
"o 17&0:%37 FThen Hhe nuwmber of veriables (as ne

C\Jclc'), S derives s'}'vivszs oF ‘emaH\ no 31&0{'87
Yo
Hran 2

Thus, Hhe \av\auaje % g\‘m'ie :



I"lembexshir
va?u{: A Cpq C\: (V,'T, ﬂb) o 5“'7'3\!\3 A E 'T*
Outputs Yes if 2 eLld), No otherwise

NE
Cl —q_——ﬁé Gl"" [V')T) P” 5)

such Haat L[4 = L[6)- fef
Case: &= g alveadg discussed
case: OL-—tg
- every F'TOJUC'HOV\ in GNF ﬂvow\mo'r add s exacHy
one levmina) to tHhe b-hrinz being tDeV\e'IO’:eO’

e 56 if X has o derivetion in q' it has one with
e’}lOC,‘Hj l%‘ 3‘}e‘>5

« 1} wo vaviable of C,‘ has wore Hion Pv‘oo\ucﬁ'onﬂu
Pen Hheve arve otwost g leftwost devivetions of

5‘\1’W\tab of l-e_vxv-]-k [

« Tnefficient a\caoriﬁnm, eo(PovxewHal Hwe e\aoﬁ‘l"ﬂm
" \4&\



Cocke - ’Tvumﬂer— Kosawmi {CYK) Alvom'-l-hm

Twputs A=z a,0,--- 8n 6T | cFG G >lVTP3)
Output: Check if n€G e D asa,... on
s

AN

As By... Of = Piajay = On
k_———'&—-—d 5 . . .*
subsh’w\j of a of |cn3'Hﬂ) “’37”’““0

Po,iHow i .

Aiy e Ai A{arsee Aia)

« Vije iA QVIA;>0(.:'J}

* iAele-éﬁC ib‘n?w;-ﬂ,\ eé\fik ond
C e Visg,)-x or i ch}

. '\/m=fA€V1A=*=>0(,;”-,a....an=’>l}

Cheek € se Vin

« Ny = {Aev ‘A —_’—f>ou,=ai e. A—=> o isin P}

+ Use J\Jnamic F'roa'rawumivxﬂ U’Gb\e j‘mi"‘j w\e-Haod)

to comPu'\:e all ‘\f{‘] ) jsz,,,.,m‘, LeN2yees, N4
Kz Yyeesy )=

e




for L= 1tondo
Vi = A EV]Asa; isin P 1
fov 3¢2+°v\do |
Yo U=l to 'n;-j-\-! do
Vi = %
yor k=1 +o j-) do
Vi) = Wi U{Aev)A—»(b(_ isin £, Bis in

Vi\( GV\A Cisin Vi_}k’j,\(}
ena do

cha do
ewd do.

[?mamp\e: Consider Hhe CF( C1

S—> A@\(bc, A—aBA\a, - cclb, cC — A@1BL

ond the iﬂ‘)ut boea ba

® Al A, C o A, C

AS B s,¢| A5
% & B
& |S.AC

S5A(




—r\-a'rimg MOCL'!;V\Q.

A Finite contvol, an inpul fape Hhat i» divided into

cels, ownd o tape heoad +than scons onme cell of the tape
ot o tHme

e The +af>e hes \ejimosi cell, bbul is infinite Yo the n‘ghi
. Each cell of the tape may stose eo\acHy one 5yvnbo\
: R/W tape head con enamine one cell at @ Hime

° N \e—)&mo.st cells imiHa\\j hold Hne .‘v\Pul' Jov seme
Xwite n%o, cha'wﬂ\nj CV\%’V\H& of cells each hold

the Llank, which is o 9pecia) tope symloo) Mot
i not en inu\: &U\Mba’.

o, ayl.-. ] a;]---|an fb—\gl 61
T

Ghi ‘e
c ontvel

* In one wove Hhe Tuwina moch?ne,olepenolv'nj

upon the :ssdmbo) Scawned by the R[w tope head
ond Hhe stote of Hre Hwite contro)

{. cif\cmcags state

. ?'mnis [ :ndm\ool on Hre {'ope cell scavned,

Tep) acing what was written there, and

d. moves its head et o —riaht one cel

« Unlike Q—waj FA Twﬂ'nﬂ machine has tHhre
obi\i%_y to ckanae .S\Jw\\oo\s on 1S {—aPe-



{'\o'fma“j (c } Tu'rivxa Machine M isa 3-tuple

LB, 2,1, 8, 9y, O, P') where
. & is a Jinite wnon- e,m‘:ﬁ'j set of states
2. is o Jwite won- e,mp}g set of tope bd\m\oo\s

5 Pel 15 the blank

b. 8'- &X\d —> &x('x iL,R} 1o tHhe }yonsi Hon juv\ckow
Lﬁ may be undei-'w\ed j-o'r some arguw
5.9, 8 is the int Hal stote

en%-s)

(L F e B is the sel of Linal states

—

T nwatantane ous Bebc-r}?\-iw\ ( 1‘3)

: G w\a\d occuy i oL Ay

Moves v a (‘rwri\nj Mac hivne
e 5(4,%) induces a c\navxc]e in 1D of TN

o Xy Xpoo Xia q Xi-- Xn be an 'D  and let

8(2.x)= (P 1)

where £ (~1=n then Xi= ond ig i=1, Ylhen Hnreve is
wo went ID



Move velaYion 4

if 21 |
X\ XQ_ . e 7(|:..| CLP\‘ & et 7(\,, l’ﬁ Xy xz--' x\'-z ? Z((" Y”’X-f)
suffim deleted
\'g t=) .l'F comp\&*‘e\'j
'(csu\hma 1b S PY Xt oy oo An blenk .
¢ 5(7«))(1') ¥ (P) T, K}
XXy o vn Aies q Xi-oo An l.-':q- XXy - = Kgey TP Aidy -0 Xvy

i‘f 'l—\*v“, Hne b’\vimj XyoseXw 15 emp}u and He vcsuﬂinﬂ
D is XX ... Xin F

W ten, Hhen vesu)\'inj D is XXy -oo Xppy Yp B

* Ij }'_"IK dee‘fwcs o velaNon amonz IDs

K l—-j- Te1\ew'sve tvonsiHon closure o? —
. Laﬂjuaaes ac(_g?ted Uj M’ (&, z, f', 8:%9,6"?)

9o W ]—-’Ldst’dp_ Jor some yéf,

L{m): fwes”
ond s,y éf’*}

’ C\iven e 1M 're,coaa vniz.ivxg [ lawﬁuaﬂe L, we
assume withoul loss of <Jeherah'\'_y Hrot the TM
nalts, i.e. a5 no neal move wheneves the inpul 5

acce,?-}ed ;

Cocr words 1ot @c_ch\-eA b\d ™M , it is Pobbi’o\e e

TM  will never helt (o halts in nowaccePHu\j state)



E'fxaw\‘ﬂe:

Consider the TM M descai bed btd Hhe ﬂ-o)lowimg
transition teble. Describe the ?'wt,essimj of

(@ o (L) oont  (¢) oo using 1bs . Which of
the above sh‘mczs ase accepted bv M

?1€9e\n‘: Tape Syw bo)
state o 1 R Y 3
—1, 2Rq, &R{
! oR q, Yl yRq,
1s oLqy xRas  yLa,
“!, oL qy nRaq, -
s YR BRY,
\
Ei‘)

- 4,00 |- 29,0 - 9,y F%qey) b Ayqq]
6(16,1) not debined, M halts.

b) 9,001 |- A, 0n |—2o0q,p 2250y 9,20y
=%q,041 I— A% q,y) FAanyq,) +—rng, 4y

= X myy - AAQ Yy = XA Y QY = RAyyq B

Fanyyba,
™ VWalts as 9 is an e\cceph'vxz state .

¢) 9,001 F-%q,00 209\ — %, 04 - q, %0y 29 0y
— A 1Y - ANYq,

M walts as s s not acceph‘\nj state 00 c?é L(M)



Taansiton b%aca'mm

« Nertces *re?'re.sevxi;b state
e divected edcje,b 1ep1e.sen£s Lronsition of stetes

when 6(9; ,a)= (2;.b,L), Yheve is o divected
&c‘cﬂe Jrom q; teq. with label la:b, L)

2 . B, B, R)
Eomple oR) Y9
(Yov,2

0) S
(o.m.ﬁl’@ Ly, 1) ’@ (2,2 R) 5 w.a.n}>®

L”m A,L)
a)

\Jtoon)

Obteiyn +he computation sequence of M Yor processing
the input s¥ring 001

Yo )2
9,001 F— 9,010 |—2oq,n = AL,0Y41 1— 9,2 0y)

= Ag, 041 b= Anq,y) = nwyqA A 9
FoAq, MYy rAeyy b wAY ey ARGy B

— URYy » %



EﬂO\MP\e! beshnm e TM +hel occep{-_s io"}” 1y,7,)}
So)¥:
i\npu{’ .s?ﬁmj )
) i e let most “’U‘Mbd of wis 0, replace it by % and

move viﬁ\n’t R o lejfmosl' 1 is encountered in w0

Change 11 o 4 and wove Lackward.

D) ereal—(i) with the lejtwost O
1} move back and torth ond re o 0 ov ) remains,
move to @ Fival state.

W) (os 5*7’:\'\%5 nol in the Jorm 0717, dhe 7esulHng
stele hos 4o be non- Fwal.

Construchion of TM M A - {Q 1,,9,.9 “l}
0y by, y '3y by

M- (8,2, 8,9, &, F) f. §a.%
Z s iDy’}
\\5'5’ C;Q lovD’R) r' 2 10‘1,0('9'63
Y ¥
*\
AR l‘: y,L)
Storl (M, R)
A
’ ‘D lo.o, L)
1¥.9,R)
. (8.6,R) .
(*m R

010 . q,010}— ng,10 = Q,2ay0 2Ty F— 2Yq,0

M halbs as 3 (2s,0) is U\ndeﬁ!‘med and 010 is not Gtcepl-d
by M



Voviov&s og Tu'ﬁv\s Machive

¢« Mu lhtape ™

F\'\m':e,’
_ I\ _
-1 % 1 ML f #= s
|
) O T

c

FEC R

. Nown- deterministic TM

5. dx "
—> Bx *x5u,0, 81"

5(¢,a) = f(p.,g, 5,9y, P2 Y2 By),- - -5 [P Y b..)}
Pobare-- 7P €& 6: OxM - asubset of

‘."n \-’2"‘ Bn 6"’
Di = ReoerL

Bxlx { LR}

. Eve13 \omcauocac accepted bvomﬂi-fh. W\ﬂ‘H*’aPe/

nondeteswinviske TM is oc¢ep¥ed bvd sowe sinﬂ\e

+¢Pe ™ Lf.e- stondasd TM)

Ruvmima Time ofo TM Lw\ﬂeﬂ Hie ™M \"O‘b)
. # of steps the TIM tokes before halling ow imput

sh'\m’ w

¢ Ttvﬂ : @RI VAUW o? Yunning Hwme o-? He TM over al)

‘mFuts o W size w

. P’\, > $in3\e tape ™

~$§w~u\aﬁvxj wiu lhitape T™H ™M
1\1, takes O(hv) Rwmwme Fo simulote N woves 0? M



L]

b
L B & Yewvsivelj enuwmerable i f 36 ™TM M Supa

Hhat
L= TLM)
- L e Z¥ vtecursive if I sowme TM M 5@%45?3“\3
1. i¥ wel Hien M @accepts w end holts

i if WwEl then ™M evemtually olts, witheut
’Vc,adniv\g o an mccep-Hn% state

Decida ble ?-roblew\s (Mes [Ale) S if Hhe c,o'n'ebPonJl'na (onauage
1S recuy $ive

. Ar,f»‘q 2 { (G,w) (CPC, 4 accepts ,wg - deudoble

» Acsg ¢ { Ca, w) l Conteat Sensitive Grammay G
accepts w 3 _> dea’doble

. Cﬁq : Conteal Sensitive Grawmwm avy
L consists o-? all +3Pe 1 P'roo\ucHom‘A

. *‘JPe 0 qravmmar . wo Testricions on the P—roo!uc,Hons

v dype § c"ramwm'(: FAY— dxV, dEE
+ is e lejt conlent
W s Hhe Yi%\n'\' cont exnl

,.{HP&‘L cuuw\mm'! A-> o, Aev, ote (vuT)™

- type 3 gvawmmay - A—20 oy A2>al, aeT, ABeV

(5 > ¢ is ollowed, ?'mvioled S doesnet
oppear on RH.5- of ony production)

Undecidable Problems
o Ay * { (M,w) \'ﬂr\e. TM M accepts w }

* HALT ., { (M, w) l'n\e T™™ ™ holls on w (g



C huveh -T'uﬁmﬁ Thesis

Given any P'roblem Hrot coan be solved with an
effective a\%oviﬁaw\, there is & TM ot cen

solve this ‘woble m

° —r‘rcW\eV\aoub awouwnt o? ev')aev\ce enists j°7
Churew - Tu*n'mﬂ Thesis

be difﬁv‘cult Yo construet o ™M to

Y wWay
n that can be wMPM\'CA

c,owupu'te & pm-H culey juv\d-in
‘o'd own algorithw

—> 61?(‘)\ a TM ceawn alwa\dg be '?bumoQ
= A\jo'ti-HAm > TH

. iv«\ecJeY 4} —-;'rcmesevﬁe«; as >N+ Yo

0> owne 1}
5> mw (6 ones)

* Hlouple (2,0,0%) = mxy oA 11w
E-’)tamp\e‘- TM )‘Of d'(.v‘y ).ﬂz\ = ‘V\‘ 4’”2_

7 N, s - N, 4) 1:5
_(TTU 1 1 l

g

2%2: 9%

ky@ (*,8,R)
o

(1,®, R) ol

@ (g,\, ﬂ)
U(m.e)



Unsolvable Croblems (o effective oonv'v'Hnm ensts 4o

Solve @ P'roblem)
" Ha\h’vxa P-mb\em

¢ Problem of ée{erm:‘wing whether two CFGs
Jemerate sewme set of .sh'{m?s

e Hilverts o™ problew

—whether there are integers solutions +o a
?Neﬂ Pdumomie? B?uoh’on wiHA ;vs-)eaea’
to-efhicient

- 23 problewms Hilbert Fo.se.c) in 1990

- Pdo:a'ress af cen‘twv mothe moetics

Posi:'_s Cotrespondence erobl-em (Pce)
= 2 on alphebet -lnav%na otleast +wo elements

- Given two ovdered sets D‘? .5"‘15\1\35 Whyig, - -0 Wy
ond N5y, oo, Ak over S,

is il Poss‘,ble_ to -Eivsc) inieaerb. iplay-ecsly, 1415 4K
such +Hratl

Wi, W0, oo W, = iy Ay ... Ay,

HG\HV\S p7oblem undeu dable

% PCP is undeer dable

% Ts (Pq owabiauous 0¥
undeddable ?



The classes P ond NP

e Tlw) is Hae lwe cow\p\eﬂi‘:j O‘r e TM M
- cDivevx ean inu'l; w of \ewca'HAn , M holis ofier

makimj ot wost TI» woves

e L isin f — L =L(M) Jjor some Po\tjmom;o) Hwme
detevwiniske TM ™M
(le. T is ?olﬂmowxia\ ™ ”7
e L isin NP — L= (M) yor some Polxjv\omia\ Hwe
nown-deterministic TM ™
(i-e- M enecutes of wmost T(w) wnoves }ur
every input w of !emaHn n, Tin) being

o ?o\\dv\ow‘ia\ i n)

?olsjwo wiral vedueHon

;"__"’_"_GL"CC_; indSteance @
of P, of . e

?lﬂumwﬁa

Yeduchon a\ﬂ m .

— ) we have a Po\dmw\ial reducHon yrow £y P, and
Pt 15 in P; +Hren P» must e in P

Non- cowmplete fxoblem
« L is NP- complekt ¥4
WL is in AP
(W) Yor every L' i AP 3 o?o)dnowia
of L'¥v L

! Kwe 7educhon

« o Y’Ob\em je NP- L°W\p1e{‘€ , Hhen Fhere 75 ro need to

find ?o\sd\now\ia] ov casy o\aozﬁ'ﬂnm tos the problem

—saves Yiwe and enerqy



SAT s NP- complete

SAT - i Boolean Junetion 4 13 sewme truth ass) ﬁ\nme"": t
5.t. Jle) =) }

. kv\o\pﬁaak problem
‘Cﬁve,vx o set A- {a.,...an} of ‘V\D\n-‘he‘UGHve iW}e«aeb’&
owd on in’cever K does Haere extist B C A such Hhal
S by =k ?
beh

CSAT
~Given @ boolean expvession in CAF, isit sah’s%‘ab)e?

Hoewiltonian Cireuit Qrob\e,m

- Does a ﬁ"mP\/\ G Woave a Homillonien Civeust
(civeunit ?absivx% 'Hn'roug\ﬂ each eo\ae o‘e q
Cmc—HU once)
Vrave \\;v\a Saleswman P'roblem (To¢)

- Qiven n ciHes | the distavce between Hrem ond a numbs
D, does Hreve enjst a Your onca'mm $or & salesman

Yo visit all Hhe cities e‘nach ovce so Hnhat Hie
disteawnce trovelled s at most D

» Vertex Cover onb)em

-Given o cﬂfmph G and 6 wolural number K, does
Hrere enist o verten coves Yor 4 of K vesHees .

(Ue't’%e'u covery of C) is & subset C of verhces °'f C)

sSuh Yhet eacl e,a\ﬁc of C' has en ofqd vertexn in C)



