WEeEK 11 : Lecture Alotes

Deterministic PDA:
A POA M: (B, 2,16 2,2, F) is delerministic if
) 8(9,0,2) is either ew\ﬁa o1 @ bma\e-\-on set Fov
eoch 9¢e8, ae Sviel ond zef

M &(9.¢2) +0 implies 5 (2,0,2) ¢ ¥ 0el

o DFA, NFA owe ctlw‘volewt with 're.‘—vfed to the lanauaﬂ&’
accep'}ed

¢ Seame is nol Hue j—os PbA
.« wwk s accep&:d bﬁ von- deteyministe P DA, but s not
ou:ce_Pl-eA oy ows deterministic PDOA

E-;.amp)e,
Consider the PDHA
e [ 110,101, fa, 0208, 5, 20, 20, 1)
where $ is defined oy :

5 (2, 0,2) = (10,020}, 820, ,20): § (20, b20)
6(%,0,0) : { 2,00} 5 (%,10,0) 2 §(20,00)]
5(90,ab): f2, a0},  §(2,b.b) » {( T, b))

5(%, ¢,a): flm},  slaae1) = §12,0)]

o( %0, ¢4120) ¢ f(t.,z.ﬂ, $(4,,0,0) = §(2,,b,b)
(%1, &,20): §(1,,20)} = fle, 0}

5(24, ¢ 2) = {(a4, )}

Thew,
N(m) = i'wcw'Q [w é{a.bj¥}



Pug\ﬂdown Avtomatla and Conltent- j'ree lon uaz,e_s

¢ Class of lcw\cauacaeb acccp%e& ba PDA's axe Frecisel:.,
Hre cless of CFls.

r—-) |av\¢zuaae, ac.cepi-ec\ bv PbAs givxal state ore

CW\P*:] statK i.e. N(™y) =L il LIM2) = L, where
My, M, oave @accepted

L% \awaua?eb accepted by empﬁ-? state ave
e'J\oc-Hn Hre CFls e AlM=L i3 L isa

cflL
E:aluivalemce o? accep":awc& b}j j":W’l stote ond ew\p')zf

stale
'ﬂneo'rem=

T L i LIM,) fos some PDA M, then L i N(M)
Tor some PDA M

P'mo'] g

Let ™M,- (B,2,0, 8 9, 20, F) be @ PDA
sueh Het L= L(M,)

let M, (80§82, %'F Z, T Uixl 6 2,
wheve b, is defined as yollows*
p’ ' 8’ (q'o,» g, X )= E ( 0, 2:;)‘0)%

Ko 8 (2, a2) « $(1, a2) ¥ (2,02)€ B x fzugesf

| | xf
Rs: 8 (2.6,2) containe (qe, €) Vgef and z¢ (U fx
Ky : 5 (Te, ¢, 2) contains he:5> Y ze r'U{X'}



* R, allow M, to simulate M,

* Should My ever epter o jival state R, ond Ry ollow ™),

the choice of eﬂ"’e7‘$|ﬁ3 stote q& oy\d e-ragin% s sdeck

I\U;e: Mz_ ma‘{] Poss'sblg evase its entive stacK to7r some
imput % wot in LI[Mg) (i.e. mithout e,n’re:rmv to a

Yol stote of F )
This is N\A:j M, hes its ouvon 5Pecia1 bottom- of -
stack wapsker Xp
Otherwise , My iw so'wsu}a'l-iy\j Ms would also erase

115 entire staek, 'ﬂne'reb'j aaePHna 2L when it
5‘!\0\:‘& wot .

To prove L-(Mg) £ N(M,)

Let aelLlmM,)
Then (95, 2, 20) \J"T (9, €7) fov some qcf

Now considey M, woir th iV\PuL‘ U

By A
(q.’) A, xo) }_;,T (%07 A, ZOXD)
by Ra,s every wiove of My is a \eaa) move of ",

thus
(2, &, 2,) l’":::,‘ (2, &r)



a\r\d 50

(Qo,) X, 7(0) ";‘ ( 19. ’N.Zo?\o)

-

l—':;' (q,, £, rXo\

P (qe € 2)

)

fbj Rg amal ez‘
ond M, .:.acceptb 2 \o\j emp%:, Staek -
Thus re N(™M)

To prove N(M) ¢ LLMZ)

T4 ™M, accepts 2 ‘“3 emphy
el the 9et1uev\ce of wmoues wust L@

stock | it is easy 1o show

l. owe wiove bj R,

. then o ::e,a‘ue,vxce, GE wmove s bj Kz v which Mv

simulates occeptance of % by M.

followed by the evasing of M5 steck using

R % o«vso\ R"

Thus
nE L(Mz)



/‘
lheorem

J¥ L is AlM,) —)'01 some TDHA M, then L Vs LU";)
jo'r some. POA My

?‘woj!
Let M. (B2, 18, 9, 2,4) bea PDA such thal

L- Nl
let My« (BU§T .5}, =, (U Y, &, 10, X, iyl)
where & is defined as:
Re & (2. 6,%) - {(29,20)‘0)}
Rt 8(2, 0, 2): &2, 02) ¥ qeB,ae Svfel, zer

KS.‘ 6‘ (‘t. g, Xo) Containg L‘Li , E,) X 9 4 Q
« R, couses M, 1o enter the kel 1D of ™;, encept
Hhot My will hove its own  bottom -of- stack marker X,

e R, allows M, to simulate ™,
Swould M, ever erase its ewlive stock , then ™M,
when simulabing M wil erase its enkre stock
encept Hae a-aw\\oo) Xo ot the bottom.

. K3 Coau ses Mz_, when X, oppears, Jo enter & j’i\nm\ state

'l‘he-veb\J accepﬁwa ‘Hhre \nFu&. "

The ?voog that L[r’fz\ : /\](ﬂ,) is similar 9o Hae
?'/evi ous Ffroo—? .



E_';AamP]et Consider the PbA M, caiveﬂ \oa

M’ 5 (i‘t.'t'}l iG, b%, %G,Zo}, 8' %o, Zo, <#>
whene 5 is Ziven by

Rﬁ 5 (Q., a, zo>= {(10, 02.')3
Ry: 6 (%, @, 0)- %(‘!o,aa)}

Rey: O (“" b,a)= Zl‘l-’ E)k
R‘,: ) (cfv, b, a):: g (q's 8)}
Ks: & (%, &2 §1g, 6]

Detesmine N(M). Also comstruet 0 PDA M, such
tHhat LLM:): N{Mt)

501!:
« R, stores a iw PDS
Ry 're,pe.a-l-eonz stoves @ in PDS (‘ﬂnub s+-r'ma

o" wn PDS)
* Ry is used o erase a Frow PDS when b is

encountered jov the first Hwe ownd PDA +ransits
to state q
2 R,_' TePe_a-}ed\B erases A -)—row\ PDS when b is

em,oun’ce;reo‘ omo‘ PDA 7Yemain w Hie same

stete 9

w KS e,mrh'es Ybf) I‘P Zo Mo AIN S % 5“‘@0‘( @?-}er

P'rocesvs'mc& the entire imPu'E-



Thus,

{2, a6, 2,)  F— (%, 6", a™20)
— (2,,6™) 6™2,) by Riend Ry
P (2,6, 20) oy Ra ond Ry
— [%,ee) vy Rg

Thus  o™e” ¢ N(M)

ie. {a“b” l\n?,)] ¢ N(M)

To prove Nlm) ¢ 3@“ o \h>,\}
« Let w e AN (M)
= Thewn (‘t,’ w, 7—0) ]—!;:‘- (qq, 2, Q)

L/\‘D’ce: PDS cen ve ew\pHeol OV\‘:{ wolhen Misin
Stode 9,)

« Also w yust stert with a otherwise we connot wmake

Gvni wove .

o N& stove A N Pds if Cuv'rav\{ ;v\?u{ 5umbo’ 15 O
ond Hre topwost b\dwﬂool of PDs is either o o7 z,

PPA evases 0 in PDS if cuvrent input s'dm\ool is b

© DA enters Ib (%, 62) owly by Rs

« PPA con veach IBD (19,, & 2o) only b‘J erasi vg
@5 in PDS, which is possible.

‘When 4 0P bs = # of o's owmd 30 w: a"b"

e NLM) = ;a“b"‘lnwl%




ConstrucHon of M, sueh Hhat L(r’)z):ﬂlﬂ,)

M, = [ $90, 2.3, §oubl, {00203, 6,90, 20 +)
l C onstruet

er- (31011', Ctp,lqv.)}: gab}) KO’ZD’XD})

5,) "Lp’, Xo , %Q_,])
whe Te S’ 'S o\eg‘heé bj

ac’?f&?‘"’ 8' (70'; €,% )= g'(q"” z"x°)}
(s (e, 0,20) = 5( T, 0,20) ¢ {““'a‘“)}
YoNow 65 (%o, @@) = SL”"""“’)}
given | § (4, b, @) - §(<r,,,a>}
ul !
YoES ® (CL,; b, 0) & i(q'" 6)%

L'b' (%, £,20) = §ta, 9F

odded \3‘ (2., €,X0) = 3(%» £)j
vuleb .
“ 15 (%, &%) §la, 0

Thus
LLM!) = N(.Mv)



E%uﬁva]ehce, of PLAS and CFl's
Theorem:
T L isa CFL, then there enists o PDA ™M such
that L= NLM)

?vooj:
Assuwme that ¢ é— LU})
(The construetion con be mad;-]iea' i$ e LU!))

Let G« [v,7, 7 5) bea CPG in GAF qeneration L
Lt M= (493, T.v, 6 2,5 &)

wheve 5 (9,a,A) contains (,1) whenever A= oy
is in £

C\G«iw\'.*
S = AR by a ledtmost derivak on 17
(a, 5) !":.,‘ (1,%,0()

whete neTY ae V?
E_;\ewp]&

Construet o PDA M eﬁuwaden% Yo He j-oﬂow;v\j
CFe: 5 oBm, B->0s]1s]0
Test whether 010" is jn /\)(M)

50\!‘!
M - (§31, fon}, 5,83, 6. 9, 5, &) where

8 s defined b\j
52,0 9): (2,881},  6(%,,8) = §(2,0)]
é(qio) rb)‘ g[q,s),(q,g)}



So,

(q, 010", 5) (%, 10", ep)
— (2, 0", 58)
— (4, 0>, B&B)
(4, 0% &8)

+— (4.0, ®)

— (9, ¢ &)
acecept
Thus, 010" ¢ A(M)

Claiwm:
5B ax , qeT", meV? »
iff (a,a, 5) )—f-,;‘— (2, €,x)
Proos:
*) of gart

Lel (1,9(,5) "L‘ (q" ﬁ,at) O‘V\CJ show bd i\ndw}t‘on
on 2 Hweat S t——}'ko(

66562 t=0.

id (4,2, %) F—(%¢,0)
.. A= g L A= S owal
£ 5(:2x) wolds

Twnduch on step

Let i%0 and M- 40, 4deT* , T
Consider mweat Ho last step:
(@, yo 5) F— (%,0,p) % ex), pev®

M

(2.9, 5) ¥ (%.ep)




B\J induchon -M\a?o‘\'\neb§s
5Dyp, yeT', pevt
Aloo, Hae last wiove
(2.0.p) (2.6,
iwmplies
P = A jov some A ¢V
(9, 6, AT) (3 en) 2 502, 0,A) comtains (2.1)
(e, %) e if Asan isin P
\wplies o rL{‘
Thus, .S-i)«afs > «dovlfz yas . aAg
and we econclude Hne i parl of (1)

only if poxt:
v L

v
Lel 5 2> ax | aet” aey? oy o leftuwnost
o\e’r'\va-\-ion.
We swow ba wdueRon onn 2 thal

(g, 2, 5) F— (9, ¢,&)
Base: .0
A€, o= 5 a5 S => AKX
(9, #,%) -(2¢6) — (2.6 «)

Ivductive step -

c-)

Let i%0 ond suppose SDYA[ yon T

where 2: va, o(:vl{‘ ownd A-> ovL 'S In Pas
G is n GNF
5 is m



Ba ivnducHon \mdpo"'b\e,sis
(4, 49,9) l—f‘; (2, €, AT)

ond Haus (2,90, 8) P (Q.O:Ar>

Since  A>oq isin P, it jollows Hal 5(9,0, A)
contains [ q,n)

Thus (2, 9) P (2 0, AF)

b (2. e, nr): (9, €,%)

ond Hhe only i pont of (1) felous.

Allervative construchHon

G 15 not in GNP, set PDAM 4o be

M= (£33, T, VT, &, 4, 5, 4)
where 5 s a\e?-ivxed (- Y0) j—onows:

- 6(,¢, A) - f(‘i,a() l A X isin ?3
2. 5 (‘l,a,o): 5(%,3)} Jor e,velrd a &1
gmample: CDV\VCY{ ’"’\e Cpé g %;V&h bg)ow "‘OO DA )
E>IleselExe] te)

1 - alblial lb)10| 12
Sol2:

M- ({23, fab 04, 5, ¢33, $1,630T, 5, 9, 5, 7
whete & s dbﬁivxe_d @b
52, ¢,€) - t(e,1), [9,€E+6), (3, ExE), (‘l,m)}
5(2,61) = {(9,0),09,p), (2,1a), (,10), (2,10, (3,1]
$(9,0e): $13, )] & ceT



l;nomy\e:
G ise CPG with produeHons
55 op®, B-> 05[18]0
Cowvert it 3 PDA M such that
N(M) - LLG)
Sol2s
m: (123 fond, §5. 8,003, 8, 2,5 &)
ST ST
where & 15 defined as

sla,¢,8) - {2 088)]
§(q,6,8): §(2.09),(%,19), 12,07 ]

$(2.0.0): §l1.03
§(2,1,1) = $ln))

Check 010" ¢ N[M) or wot.

(2. 010", ) (2 010", 088)
- (2, 10", B8)
— (2, 10, 158)

— |2, 0", s®)
— (2, 0, o&BB)
— (%,03, 6en)
+ (‘t,o” oetb)
+ (2, 0% ©8)

— (2,05 0m)

- (2,0, )

— (¢, 0,0)

~ (2.8 ¢) nccept



/l‘heovem
The yo\low‘m% Hrvee Statements oarve cc7u'|\r31ev\t

I. L 19a CfL
2. L= N(M) jor seme PDA 1,

s, L= LLM,) for seme PDA My
(P‘Voo&b bk?ypcﬂ‘, ovs\:' constTve Hons anve ,a;\,e,,,)

- 9> (2)
mz_’LB; Z’P: 5, o, 2o, P)

sueh that L= LLMZ)
l Construet ™M, st. Lo» N(Nt)

M, = (6, V1%, w0l £, ruind, 8a0, %, #)
womere & is defined as Jolows
2: 8 (). & %) = § (%, 2ok
8 (2,0, 2): 6(2,a02) ¥ 38, ae 3 Uith zer
¢ (4, ¢, Z) contains \"le,e) ¥ qef, z¢ rUZXDS

6' (?u g, z) contains (‘L,&) v zelU ix,,}



. (2) (9
M, : (8,51 8 4,,20, ¢) suchthat L:=AN(M)

l construct Mz et. L=sL [M;')

My: (B ufa),. 2,7, 5, TU iKY, 8, %, Xs, %m)
whese 5 is defined as Followss:
R 6(2,8,%): §(%, zoe)]

R,: §(%,02): 6(2,82) ¥qes,ae Ivfel and
' zef
Rst 5 Lcl; £, Xo) contains (%i, 5) Af cle&

e > (2 ’
G = (v, T, P 5) such that L= L(6)

icovxs*-rud M, st L= N[M™M)

M= (4§93 T, v, 8 9,5 <)

where  8§(2,a8,A) contains (2. 1)
whenever A->afl is in P
Alternative cowstructon of ™, From

G2 (UT 08) wot in GNP with L= LLG)
lcomb’t‘(ud: M, s, L= N(”l‘

M- (823, T, vuT, 5, q, 5, )
whete 5 is defived as

v 5(2, ¢ A) = glq,x)]A—zm( 15w P}

§1)) b(q,a,o) : {(‘L, 2)} Jor every X<



() D )
ml 2 ( &r i’ r'l 6’ 10; Zo #) 5041'\ "Hl\at L= N("ﬁ)
L constyuclt G = [v,T, P, o) s.t. L:—LU:,)
Ge (ViT, P9, Te Z, V= 5U{ [9,7p] |4.pe8, zers
ond P is set of jonow‘mg ?‘roduc\"lmnb
v 55 [q, 2., P] ¥ PES

(4., ¢) € S(CL,O,L) induces rvoa\uc-)-ion
I[29.2,%] =>4

e
.

. (9, 2,2 .. Zm ) € 5(9,a,2) '\ate‘o‘!: r‘/oducﬁmb

[19 2, (tm..-yl = ) [Q') z", q"] [q,’zz,f1$] . - .
"'[‘Lm, Zw, q,wn-r’]
Jor each 4,9, Ty, € B
Z1,239+~ 2 C.[‘
ownd a¢e 2 Ui&i



-
[heorem
1)‘ L is N(M) jo¥ sowme PDA M, then L is o CFL.

?'tooj-.
Le‘t M‘ (9‘9 Z, r': 6’ 1'9 2y, +)

( construekion of §)
We define G: [V, 2, 75) where
v: {sy U2 p1 |t ped, zer}
Pis the sel of producHons:
o 5 [0, 20, 9] for each ge B

s [q» Zy ‘1"" —k 2> @ [Q. 12y, ’2«] [1;,22, 13].-- [?n)zh)?-‘]

tor each 9.9,,9,,--. 9., €%
coclh @ e S uUiel and
52y, 2p € I such Hhal
(), 2022-- zw) ¢ 5(3,0,2)

2. i1 m=0, then the F'roo‘v\c:Hon s
[1,2,9,] > a induced oy (%,£) € 8(%,a,2)
X

Covf&&?bﬂd\'v\’ ‘)’0
L L(’,) : NLN) move evasa’n? o

pu shaown >U~M'0°'



FMMP\C: Construet o CFG § wwich oaeeepts N(M) where

M: (120,03, f@b}, fze2%, 5,9, 2., +)
ond £ is given by
5( %6, b, 20) = {10, %2)]
5( e, & 20)= § (20, 2}
(1o, b, 2) - {(q,,zz)-j
5 (%o, 002) = §(%,2)]
5(1, b.2): §(4,.0)
(%, 0,200 §1%,20)
12,

——— e

Let G- (v.7, 9 5) 36’\2.‘)’@"‘{\1\3 )\’(M)

= a0, 0)

$ U { [% 20, 2], 19,2,2,], [90,2.2,],
[te2,9,7, [, 70, 0], [2,2,4,7,
B s oy Bl [ %]

The F'rodw;h' ons are:

\Y

"

S~ P’io&uch'ovsb-.

b 5% 19,2, %'3! [ %, 20, 1]
OHre wodud—io\nst

2. (3, b, 2o): §(‘to, 210)3 ~ields

fQOs'Zo;“‘o] -3 lor‘fo. 2,‘].][?.,29,1.7
(q" 2o, ‘10] % br“o. 2z, ?v][q'p Zo, “lo]

[ .26 ﬂ.} - b [clto z, ﬂo][ %) 20, Qc‘l
[T, Zo, 2] = [, 2, 2, T[ 9y, 20, %]



3. 8( €,20) = {9, )] wields
(90120, 9] = £
b 5( e, 2): §(%0,22)) wyields
L 90 2, %] —> bl%, 2,211 %2, 1,]
[, 2,91 = bl %% 2,079, 2,9,]
19, 2,21 = b[%, 2,2.] (1., 2, 4]
1%, 247 = b(2,2,2,]1{2,2.2,]
5. 6(9.,8,2) = %(_e,,zﬁ yields .
(% ,2,9. 1 a2, 2,%]
[, 2,2,] = a[%, 2,9,]
6. 5(%,,0,20) = ft2,2)] yicds
19,206,303 = a [ 3o, Zos To]
{2, Zo, 2] = a %, 20, 2,1
1.6(,0,2) = §(2,6] yiclds

[‘i,, 2,‘1.] — b



EMMP\ef
Construck o CCQ C; whith eccepts N(M) where

M- (123, fo}, §z. A 03, 6, 9, 2)

wlheve 5 s de-}imea\ by
$(2.02) = §(2,42)], 8(1 2)- 1(1.62)},

62,0, A)= (2, AR}, 8(21.A) =§(ee)l,
sle,00) :§lg,, s(a,, &) {(2,88)]
5(a, £2): .9}

Sol2:
g: (VT R8), T fo,13

V- 5u§ 12,221, [1.A,97, [, 6,91]

Prod sl s s:
o 5- F—ror)u cHons:
5+ [2,72,9]

¢ 5 (2,02) = {(2,42)] yields
l 1,2, 1] - 0 [Q. A:Q] {Q,Z,‘i]
*5(1n2): fla, e} 1ields

[2,2,91 - 1 [q,8.9]]9,2,9]
e 5 (20 A): {(?,AA)} %i&la‘s

[2,A,9] = o[1,A,9] [2,A,9]
c 8 (1, A) = fa,e)3 yields

1. A,9]1 =}
e 5(2,0,0) - Z(q,g)} yields

lq, »,91-» 0O



.+ 5(q,,8) = f(‘l.fb&)} 43{9,\&5
[9.8.9] = 1[q, 0,911, 2 9]

v 5(a,82) - {(2,0] yieds
[q,2,9] = £

Let
X: la,2,97, ¢: [9,A,97, b: [4, 8,9]

Then Hnhe F'roo\uc’n'ons are:

S» X

X —=> 0CX
X = IDX
C—> 0cc
(G |
P -0
P - 1bd>
R—> €

Thus,
G- (i %, C,bﬁs, io.!'i, {5—5 ocs)xbslz, C-> occ[v

>-> 1bhlo |9)



Emample:
Leb M: (140,23, to03, {203 8§, 90,20, ®)
wowere O 15 given by
5 (%0, 0020) = §1%, x2.97, 5(,1,%): §(2,,6)}
5 (20, 04%) = l[io, xx) 3 y 5[, €%) = fla,,e))
5%, 1%) = §la,e8  5(9,,6,2)- 2,03

To construtt a cfg 6= (v, P,s} 7¢ne1aHm3 N(™)

5012
T" 10,13

V: SU {[Qo, Zo, Qo], l?o, z°} %!],

ITD,X: 101, [q@:x:%‘] ’
L T 2as Tol, [2, 2.,2)],

L2, X %1, T9,x,2,1§
Yrodusbions in £
oS> 3., zo,%]l [ %, 205 %]
2. 5(9,0, Zo) = §$(%e, %:2) ) induces
[ %e: 26, 9,7 = 6[%%.%, 90112 520:% ]
L, 20, 21 = 0[%., %, 1) [%, 20,20 ]
[qe, Zer 1 = 0%, #,2] [, 2e.q,]
[T, Zos 2] = 0] %, %2,7] 2,206, %]



3. S(%v,l; x) = 2(79’ £)} ;V\AUCCS
La,,%,9,1- )

4. 8(2,0,%) = § (2, 20O induces
[ 20, % 201 = o 2., %, 2120 »2, 1]
[ 2, X, 2] = 0%, ¥,2, ][ 24, % 2]
[, %, 2,7 > 0o[%,. x2.312,x,4,]

[%0, Ay 14‘] -’o["l,, X, 1;]19-!:)(’ 1’]
5 6(2, &%) = {2, 0] yields
lqrnx) q'l -5 &

6. 5(q, 19%) = § (2., ¢) 3 xdeadﬁ
[ 2., ¥, %,1 - i

2 6(%, 8 20) = § (a4, %) Hie,\als

IQ;, Zo, %,3 -3 £



