Week 10: L ecture NoTe s

Novwal Forms Jor CRgs
q - (VOT. P. 5)
¢ onéuc\-{ovws N q 5a'[-i5}\_1 cerioin veshichons

Aot , AeN, xe (vur'*

Two O'F ‘them r Chombk% Nbrma) form (CN")
—— Gveibach Normel form LC‘NF)

Chombka Nowa) form  (RestricHons ow Hae lehsﬁno»f
RHS ond noture of bvmbols
in RHs of ProduchHen ).

A CEG G 15 in CNF, if every P'raduc'Hon is of tre
form A - 0 oy A->BC ond S £ 1% in C7 ‘# ééL[G)

When £ €LLG) we assume Haat S doesnot appeor ON
e R-HS. of owa P-roduc'h'ovs

E'qamplet S - Aﬁli, A>a, (b

o foy o CFG n CNF, Hre perse tree has the «J'ouow'mcx
fwopev{nd - Fvevo& vode Wes ot most twoo descendants,
-cifey hwb Ywterna) verlices o o siv\a\e Leaj

Reo‘uch‘on Yo CNF
E’maw\p\e,: 5 ABclaC, Asa, pob, C—c
Equivalent CFG
5> At ,E>BC, 5 D¢
o A~

e S>ABC, 15 vnot inte vetyu‘weajom\
Rep!ace Yhem by S AE, B> BC

D”av A"’ao
. s"’ OC .5 h ,'\’l’lﬂe— 'QTN;‘CJ :lo,"‘
1 no

chloce Hrew oy S PC, Ml




/ﬁ\e,o'rem Lﬁccluch‘on Jo CPN)

For eve,-r%,v (PG , Hheve iS5 an ealu?va\em\' 2'mmw‘ar G, in
enf

?’roojx

Step i € liminekon of nul) producHons ond unit produchions

L
eneept Jor 5-3E, W g €lly) and

S doeswnet appemy on R.-HS. of any
produckions

et G: (WT,P%) ve the sesulling  CAG

ﬂep 2: EliminatHown of terminals en KR-H:D
NQ d&“i\f\e.- q' - LV‘) T) P‘, 5')' wke’t r’ u“d 6' ove
Constructed as Jollows:
H A producHons of Hre jorm A= a o1 ABC ave
ncluded v P'. ANl yariables inn U ave included in V'

) Consides A= % X, .- Xy wits sowme ferminal n
R-Hes. . Tj Xy ‘s A terwnina) ,bntj oi , add wew variable

Co; Yo V' and Co; = 0 " P

Tm‘?vodud-{on A XNy .- Xwn, eve-nj teyminal on

The R-H.5. is 1e,f>\oce3 bg ‘Hre cowes?ov\div\ﬁ new
Noviable and Hhe veriables on the R-HS. ove
1etaived . The ‘febu\\'i\nﬂ P»rodud-iow is added +o
F,

Thus we cae'\'. Q, = (v, T, ¢, 5')




5‘\?,?& ; Reahid-iv\a Hre numbey of variables on R-H.5.

For an P‘roolud-ion in P dhe R-H5. consists of either o
bhﬂa,& +ermina) (01 £,'1-F S ->£) oY two o7 more variables.
Pefine G, (v',7, P", 5 ) as Jollows:

1. AN Pwdud—iov\b w P ave added 4o Y -Hno:! are in the

Te‘f"""”‘ jorm . Al wvariables n V are added +o V’
B Consider A AA;..-An when nxs, A €V
We intvoduce new ?-roaluc,'l-ionb A=A, G C» A0, -
Cucz = Any A ond mew vewiables CiaCs, ---Cuep
These ove odded 4o P’ owmd V" respectively.

Then Gy = (v, T, 7", b) o tHae fe,c'm‘red LNP.

Emampla Reduce e »)o\louo%vxﬁ growmmer G to (NF.
G 1 5206AD, AsaB|bAl, B-b, Dad

Seol2:
Sepl: Ao wul ?voaud'iov\s o7 unit P‘roducﬂom
tep2: i B-b, D3Jd  ave included in P’

e S5 aAD 3ives vise to S5 (AD, La—d
A-> o’ 8;ves 7ise Yo A (B,
A bAR v.'us viseto A > C_AB, ¢G5 b

G s (V1.8 V{5 A8, &
Ple £5-5CoAd, As Cop|cyald, b b, bsd,
Ca=>a, Cyp- b}
Step 3
v A (e, 6> b, D> d, Ca—a, Cp—b, ave included

in P,



e 59 Ca AD s veplaced by 59 Ceey, €, AD
A> CLAB 1s seplaced by Ao Cpe,, ¢, > AG

Ga = [ 15,8, 6.5, ca,cy, €16, 3, forbd}, P, o)

where P § 59 Coty, As o8] Culy, € AD, ¢, 5 As,
- L, b"’d; cﬂ")a’ cb'_’b}

Gz is in (NF and is c1m'volenl+o G.

Stepd: Claim: L(6): L[G,)

To cow\ple,-‘e Hre p'roo-? we have Yo show Haal
Lu\): L((n)t LLQ;)

To prove L) £ L)

Let w e LL4). 1§ A XXy... % i3 used in the
devivation of 10, Hhe some effert con Le achieved
bn ubi\n? e wvnesyovsd‘ma ?roduc’r{om, N P ond

‘the pre duckionsd inHe new veriables.

Hence, A -,—_-"_‘.7 Xy Ko con Km o
G

Thus, LLG) QLLC\')
To prove LL4) ¢ L(6)

Let w ellt)
To show wi L{G), it is ev\ouz‘n to prove

A "-:>bo W AeY, A D w (3>

4 4,




We prove it bU nduction ov Hie nuwber of steps in

A D w
Gy
Base: ,
j ADWAhen A w isin P
Gy
%‘d constauckon of .f’, w s o a’ma\e teyminel.

oty A->w in Poje. A =Dw

4

Indue Hon Slep:
Let us assuwme @ jo-x deviveatons in of most K Steps.

Let- A -‘.‘;)’w

Q,
We can split HMis derivation as
X
— A’At-v' Ah ’:') w --own s W
i 6,

%
St Ay = wy
G,
Now eeclhh Ai i i eithey in VvV, o7
. 0 new wariable , fmv Ca¢
»
v wohen A eV tHhen A =>wW; i% e derivehon in ol
7’ G’
wost k- 3“'Q,P9, 50 bv nduekion hvpo%esis R

¥
A ; ':Zw‘-

e wolen AL = Ca; , Twe proc‘ud-ion Cay = oy i3

opplied Yo 3et Ai =5 wy
G,



The ?vodud'ion A AAy... Ap In P is induced ba @
?'roc\uc’rion AsY% - Xy ™ P

awoherve Xi = Aj £ Aiev
Xyo = wy P Al e Cop

X
So, A =D KYX; - Xn = 1w, .. W,

G q
e A D w
q
Thus () 15 tvue fov all derivahons
Ltg) = LGy

To prove Lea,) = L(6,)

The eﬂ“f*‘ . @PP\agv\z A= A Ay ... An in o derivation
oy w € LU.\.) con be achieved b\d app)\d iwz Hhe
produckions

A-> AC, ¢, A8, .- Cmg™ Apma An

Henee it s eaaa -\-oaa\d Hat LCCv.) (4 L(Gz)

To prove \Uq;,) < L(C-n), we con prove en aumih’ov(y

Tesult .
ADSwifaeNy  ADw (2)
G, Gy

(2) com Ve P'roved b\a inducHon ow He number of

steps N A '% w
2

App\&\‘nﬂ Q) o &, we 36’(
ADERIUHE



E;mwsp\e: p\né @ WMWW\OV in CNF e.quivaﬂen{ +o
5S> aAbd, A- aAla, B> bk |b

Sol?2:

» No unit P'roduc.\'iovs, no wnull P-yoc\uc-Honb

. eliminate Yerminals on R.H.S
Let G, ¢ (V,, ’m.b‘, | 5) wihere V, ond P, ave
constructed as pnom-.

i. Asa, B->b ore added +o P,
- 5> aAbd, A ah, G bb 4ase\a\s

which eve odded o Ps
Vi: J 6. A ?, CaCol

. Restrict the wvuwber o veariables on R-H-S
P, conmsists of S Coahc, 0, A Cah, B> C, @, Co—0,
Cob—> b, A2, bbb
Let Gy - (Vz, fa b}, 92.5) where P, and V, ove
consty ucted as:
. S5 CaAC,B is 1e.,>)aced Iay

> CaC', C.—)AC,_, Cz"’ Cbtb
which ore odded o Pz.

. R&\Mﬁ'\miv\} P-roa\ud-iovxb N PI ave addeJ Yo Pg_

'V,; {9. A, b, Co, Cilc C.,c,_}



Eﬂamplez C%nd a avammm v CAF ea‘u{valew’t to Hhe
a'taw\w\a'( bqul[ﬁpsjlpli

[ s bew\a Hre cmle! voﬁab’e)

S0)2:
« No unil P-raoluc'h'vm‘b , wo wnull Pmdu&ﬁonb

¢ Eliminate terminal> on R-H.5.
Let G, = [V, T. P, 8), wheve P, V, orve constructed
as jollows:
. 5» b, 55 9 arve odded +o P,

B, St w8 Judased SA%, A= ~ | whichare

added to P,

. & 3 [.5.:> 5] induees

S>> B3Csbd, B+, ¢ >, Do ]
which ove added +o P,
.« Kestriet Hre vuwmbes of variables on RH.S
Leb G,. (Va, T, Pe, 8) wohere o ondVy ave constructed as
. ?, consi sts of
s séplq\Ab, A~ A, B[, csD, 0]

e S BSCsD s veplaced b\\-}

S>> 0BC,, ¢, 5¢;, ;> CCy, Cqa- 5D which
owe odded to P,

Vl & {50Ai fbncv b’ c" C’” Cs’s

o Cyz noin CANF ond is ea[u;va\ent o the z?vch

%YO'N\W\ QY



q're': boch Normal Form [C\NP)

Ube'}u‘ in some ?100‘}5 OV\A c,ona—\-mc,‘Homﬁ

(e-ﬁ. CF6 1ev\e-n¥ea‘ by pushdown euvtowmata is
in GNF)

De tinition :

A crg g (WT P 8) is 50 GNP 32 every production

is of Hhe form A S ax, powere a¢T and AeV”

("‘"‘"“d be £) and 5 £ isin G ¥ &€ L)

When £¢L(6), we assume thal S doesviet appear on the
2.5 of GV\H P-roduc_*ioﬂ-

¢.q. S amg.]e, A= bC, Basv, (3¢ s in GNE.

Levwma |}
Let G- (v,T, ?.6) e a CFG. Let A o, 3d, be

an A*?ﬂod\&d’iom in P amJ b~ [3,[]3,1---”51 be the
set Of all B- onducﬁbmb.

Let Q\ = LV'Tv rs 5) be obltained Trom 6' bv de‘eHma
e F-roo\uv\-ion A- o, B, j’""m P‘ ownd oddiv\’

the produckon
A, p, ol apm| - |apras

g1 .
L(6)= L(6)



?‘I’ooj:
To prove LLG) ci(6,)
Let wellq)
1} we ‘?Flﬂ A->ct,Bet, in Hae devivalon Jor w ellh) | then
we lhave Yo O‘PP’:[ - 13; jor sowme . ot |later .'A-e’:.

A\so viote Hwot A~ o, fﬁw(,_ 15 Hnre onl:( ’P'roducHon ()
(, wol in G,.

The e&eeci of "‘PP’}]‘“Q A —> ol Bey ond eléminakng
B in 21amma'r C) is Hhe some as app’ating A - Nipiﬂ’,
j“" Some 1 n G’

Henmee w e LLG,)

To prove L&) ¢cLlG)

Thnetead of aﬂﬂaiv\z A= A Bidy ino derivaHon o? 4,
we caon o«?p\a A=>Bx, ond B> B in § 1o aef

A Z;') Ay ﬁf‘*z

Thus '\—F w € L(G,) ond A = o, Bi A is vsed J-o'v +Hae
derivative of w, then by 1eP)ac,'ma Hre sina)e_
A= dBidy by twe steps A-S a,pa, ond 8-> g;
in ‘Hhe dervative of w , we obtain w e LU?)

Hence Lie,) ¢ Llg)



Lew\ma 2

Let G- (V,T, P 5) be a Cf6. Let the set of
A -productions oe

A Ao\ Ay ] .. lAa,)p,l B:l--- | Bs

Let 2 be & new wvoviable.
Let G, - (vu i S e o 5), wh ere P, is c\ej'(v\ta as

Jollows:

i. The sel of A. productions in fi ove

Ao o] Pul e | Bs
A p,z\ﬁ,ll .- lpsz

i The set of z- F'roduc{-iov\s in 1} exe
Z > K, Id:-\”' 1"(1
zZ- “121”321"' |ty 2
. The F-roduc;\-ienev —)o'r Hre oHrer voriables a7e as
v §.
Then G, i5 a CFG ond e?ui valent to §

).e. L(G'): L(C))
P'rooj:

Twn & le,}bmoa{ devivation, o sec?uev\ce_ of yvoo\ud‘im\a
of Hhe j—o'nm A—>Ad; must event end with a

T;voduc-Hom A= F’i

The Sequence of 7e,F)ace.men%s in C}

A-.-_C-: Adi, ':-2 Ad,;’lx‘-_' -_—_.;) -.--.:Z Aa&iro((?_,... d(’

"—2 153 O(er O(CP" SR



Con Dbe replaced n G, oy

A=D Bz = B, A2 = © A .

= 7 Ay (C  eee Bl 7 = : .
) ﬁ’ \P d\,r.’ dl"z Z’ P’ d{Fd‘P” - d"zdi‘

G,
The reverse tvon mealtion can be alse wrade.
Thus L(6) = LLG,)
A A
Aﬂ
A Aiy oy Y,
A P 2
Xip . .

Py
E;Lamp)e: A?P\\a Lew\maz Yo Hae j'o“ow'sna
A- produckivity in o CFG 6.

A->otb|pbele  AsAnlap
fb' ESY s s i
So\2 .
G- wTPe) = G- (VTP s), V' vufz}
P': 1 duckons
. A abbd|bbe|c B oD u\ o{
A—”ﬁ' ?I— B5
A-> aBb2 \bDbz | ez A > P,lezz) sz
", 2> fbl‘) due ki
Z2- produc tons

| z 5oz |2




Theovem (C\ﬂj‘oaclf\ ANormal Form o7 GNP}

Evend CPL L witoul con be ?e,\nua'l'ed b~a e CFq
Jor whickh each production is of Hre Jorm A= ad
gl P ;

where A is 0 Yerminal ond & s a (Po.e»s'alo)d e.w\p43)
.$+1im3, of ~eriables.

Pfrooj-. (C_ons\'vuc}iom of o CPG iwn G\NP)

E’If_t}f € iminate wull Fw&uc}\'onb oand Hen constuct
il s G n CAf 8e.ne-ra+-iv~8 L

We venawme Hhe veriables as A, Az, ... An vy Ha
S: A,
Let (‘ s ({A"Aty'”An},T: e: As)

Step 2: (Moo\'t-?j Hae r'IOdUC'HOv\b oottt 15 A > A {
s o P"Oduch‘oﬂ, Hhen )>i>
5‘\’0““\'\3 voith and ,woceecl'mg to we do tHris os
Aollowos:
*iAsbume, ?rodudionsv \ave been wmodiFied s0 Hat jor
i ¢k, A;-> Ay{ is o production enly 15 ) >)
We wvow w\odigij e AK“P’""‘WHO‘"b (Ayp7y lewmme })
e T4 A Ayl s o ?'mducHon veith | <K, then we
3ev\e7a’ce. & mnew set of )?‘N)duﬂ-‘\_ovsb b\a substituting
Yo A3 The R.H5. of ecach A —P'roo\uc\-ions

ac:t.o'ro\ina +o Lewwo l.
i.e. e Temove Ay = AT ond adad fvoduc,\-ionb

Ay =3 9{ Jov all Aj- ?rmduc%-‘tons Ay = B
as 3¢k, Aj—>p sahisfies *x°



Repe,a-\-iv\a Yhe process k=) Hwes ot most, we obtain
?-roducﬁonb of the Jormn Ay A, dnk

Step B:  lApply levama £)
o The ?voduc:\'ion with [=¥ ore Hen 1eP)acea\ ac:.ordu‘v\j
o lewma 2, in’r‘roduc‘mg @ new variable Z

ie. we vewmove eath Ay, — ALl ond ondud—ienb

ZY- - r, zk -> (ZK
ownd —)01 eaclh. A, = £, wohere p doesnot stort with
My, we add onducﬁoaﬁ Ay = F,Zk

. Bvd ve?ea\'ing Yhe above ?-rocess- )‘Df eaclh oﬁgfm)
veriable, we have on\\d ?roo\uc.-Hov\b of the Form:
te Ay > A0, 70
W At > af , aeT
*
. Zy, r " (e (V\J iz,,... 02\"93)
/—\wj An-ono\ucHon '8 of the j’b'tW) An—> o
where 26T as A,is the \lav\:\ebi nuwmberec’ veriable

5'\8P 4. | Mod\'g'& A{'?'wduc,\-iovss Yo the Jorm A >afl
j‘b'f t: 142,... n1 ubhﬁa lemwia J)
o« A,- yvoduc*‘tons ave of the Jorw An-—’af
; ’
¢ Ann ?v-roduc"ions are of Hhe :)'orm Ana - al
oY Ap,y A"{,
E imwinote P'roo\ucHon A o - A, {J k"d u”""a
lewwoe L.

e 'f&$uH'iv\j prodwXons ore in the -mctu.;ved

Yorwm .



. RcFeat The construction ‘OU c.bv\bide'l'wwg Aﬂ-ernoss
A\

Mg Lﬂf’d?ga zi-onduLHOﬂ‘: usiha lewima 1)

s Zi= onduc-Hons are of Hhe j-mm Z;—>af or
Zy > Ayt jo’( some K.

Kemanrk :
Tt s not nece ss0TY Yo convert all the F‘roolut\-iov\s
o Hhe Jorwm qeﬂui-red o7 (NP in e 1 y\'ep.

We wony allow ?'roo\ud‘ions of Hie jorw

e Aok where aeT, e VY

* A X where & ev” with R L

Kema'ck
A CFG in C-_,NC Wevxe-mteﬁ ® CFL witheut £



EMmFle:
Comwert ‘the avammar 5-> AB A &5\15 , B sala
into GNF.

S012:
Sdepl: No wull ?'roduvh'ohb, CNF

fTenamwe ~aviable: Az 5, Ay A, Ag s ¢

F'wduch'ons ave. A-> A As, A, > AshA, \b, Aq-> A,A,\G
Step 2:
.. A, productions A, AsAaz isin 1ec1u;1ec! Jorm

e Ay P-rodue’ﬁoms Ay - A,A,\ b ove n the -re_cTu'vred
Form

. Ag —> a is in 're,c7u'\1ec‘ fosm

AYP\\(’» lewwma L +o Ag— AvAg
’TCP]o\ce As > AyA, ba ‘e JD“ow'w\3 onduch'ons
Ay —> Ay Aa Ay as A, A Aa is an A,—?-roduc-}-ions

Apply lewwa L a%atn Yo As > AzAsha
Resm\h'vsg ‘poroc\uc,-\-iovw ove Ay~ AgA.A,A,_le.A,_,
Thus A, - produttons ove
Ay > a| AsA, Az A, | bAS
Step3: Apply lemma2 4o As~? AsA, AsFy

mtroduce o new Voriable Zg

the 1ebulﬁhj productions are:
Ana> ol bAgA, |az, |bAs A2 Z,
Za > A1AsAL) A A LA, 2,4

(As"’ Pv‘ﬁ:l?:%‘&zs' Za -,ohlo(,z,>



Step Y-
o Ag- Eméucﬁcme e
Ay > a|lbAsAr)azs | bALA, ’2;1

—_—

U Ay~ preduclons ore
Ay, > AsgA, b
+ We retwin A, > b
- We replace A, - ALA, using lewma 1,
The 7e.9u\\-ima producton s ave
A, s aA, \bAs A A, |azg A, b AsAs zg A,

The set of ol W\odid{ed Az—Fvodue.HOns 'S

A, > b lo\A, leSAz A‘l\az’-‘—’A‘ \ A As z,A—D'_

m. A, F'roc\uc\-'\onb are A, > Az Ag

A??\} lemma | 1o Ay AzAa o ﬂe{-

A\ =B \oA.blaA,Ag\ bA$A2 A’Ag \023A,A3\ |
bAsAzZs A'IAS

p—

_(7-]5?5”.
The zs- V?Odu&homb ave

Za-> A As 22| ArRaAsZs
Apply Lewwal Jo Vv\od;’?'a, 24- preductions
The tesulbing Zs- productions oare
Za > bAsAshy]ah, AsAshy | A ALAAS Ash |

A 24,A1As AsAq \bAsAt'Zg A,Ax Ay



E'atam?le:
Construct o CFG in GNF ee[uivclenl: 4o the CE4
S>AAla, A - %s|b
Sol2:
Step): No vl FvoJucHons, the C(F§ 1o in CNF.

Rename Hre veriables: A, : 5 A,: A
Se, the Pa'odud-iov\s ave: A, A, A, [a‘ Az~ A.N‘b

5+6P2:
LA~ P'rodue:'ko'nb ove W the ve7ui1ea) j-o-mn '_"ney
ove A, > A, A,la
2. Ay b is in Hre 're?ui'red form.
AFpla lewwa L 4o Ay = Ay Ay
As A, — A, A,_la ote A,- onducl-ions) we
‘f&F\GLe Ay = A, A, btal, He j—olloww\% p'rodud-iovﬁ:

Thus A, - productions ave A, = bl Ay ALAvl"Av

S'Yef: 5:
A?P'H Lewmma 2 o Ry =¥ AA, A,

. Im*ﬁoduce, o new Vamnaeble 4y

¢ Az’ﬁ A, A, A, s 1erlace& btr A, %bzzlaA.z,_

z, 5 AA | AsA 2,



§4ef 4.
l- A, - Fvoo‘ucHovwb ove |A,-> bl"‘A'l bZ, laA'za =)

A\~ preductions ave
Ay = A h;]a
We vetapin A, —>a
We 1e[>kace A= A A, us{nz Lemma L and ?e{‘
Hre Tollow‘mg productions
A - bA,laA,Azlbz, A, \ ahAyz, A,
The set of all modijied A,- onduc_Homs are

A, - alez ,aA.A, l bz,A,_laA,ngz] -~ @

Step 6° Moo\ign Zq - P‘roolucl-iwws uai\ng lLevwwa )

22' P’TO&UC‘Honb Zy =¥ A, A, lh; A, Z, ove feplaceol bv Hoe
‘)"“Uw‘\na productions

- ._;bA,laA,A,]bz,A,laAnZ;Av - 1
—®

22 - bA\Zz \ﬂA?pHZz)bzzA‘zzl AA,Z,A]Z

Hewee Yhe equiva?eml.- am\mm'v is

!

q g ({A': A, zz}, la|b$, P', A,)
w heve P, condists oF A,. F-moluc’n‘oy\s, As- ona'uch'ons
ond z,- quc,uc‘\'ionb ?s‘vw by O,, @ Tes pechively



Puslndown Avtowata [ Ppa)

'tc<au\m e'x.?qess\‘on —> FA U> {JA)
content - yree qrewwar +—>  Poh [now- deterministic
device)

* DeteyminisHc version accepts ovs\\j o subset of all CFls

E mawmple:
L= la" b lh%’} i5 not & 'wau\a'r LC@M be showmn usiv\g

Pu“"?inj lemma), but isa CFL as the (F§

S abb |ab caev\e-mkeb L

e A FA camrol acept L: {o” 2 (w1 ] as it has Fo

qewewber yrwwmber o—? 05 in-the y\--ﬁﬁg amo‘ so N
%m\'w\;ke wuwm ber of states

« This difﬁt’wlhj con e avorded b:’ oddin& on oumill:‘avy
wxewxo'r\J w the jo'rm of a stacK

g £ fusH The g_'_b n Yhe 5‘}131133 are oadded 1o S
(PUbH a)

When b 15 enaoumlze‘rea W Hhe .‘V‘j’ut 3’7"3
o A s Femoved e 2

LPOP a)
Thus w\o&dn'mcz of Hie nuwmbers O'? 0's ond of LS

99 9O

Statk S

iS5 opeeo w\?“ 5%3)

« DA s &bseﬂhaug a FA with control of botx an
iw?u’( tope and a stackK.



Definition (PRA)
A pushdowwn ouwtowata M is a 93,5}em
(8,2, 1,8, Q0, Zos F') where
& s o inite set of stotes
2.2 is an alrkabek, called the input olphabet
5. [' s an alp\r\abet, called the stack a\P\nabe{

4. 4, in 8 is te inikal state

5. 2o w [ is 0 ?av-l-'\cu\av stack 5~ambo\ called +he
sStart azjwﬂpo\-

(. F2 B is e set of Jivral states
7. D 1% @ WAapping j'*rom &X(Z u{zi)xf' o a
hwnite subset of Bxi*

: a k

Fivﬁ%e »
store contvol

L

Yushdown stove U’i”)
o lower case letters wear the j-umk of O\F\Aabe‘

L-§ in‘;ul 5\31”1‘00‘

. lower case letters neav the end of alphabet
L”o’r*rimag of input 5vwﬂoob

. Cayﬂ'a\ \leHers — stack svmbo\
o Qreek \e—\—-l-e'rb—-’ﬁhmj of stack bvmbob




Moves
—_——,

*o(a) s [, ) (b, ()]

. .\w}eque)nh'ovs of $(1,a, 2.)

* PDA s slate 9, with input 5..(,mbo1 a ond z

1S Hae -h:F b\Jm\oo, on Hhe stack.

- Com jm GV\} , enter state by,
'rePYGCO. s!am\oo, 2 b\j {2 A
ond  advance He ;v\Pu!: head one s'dmbo’
* Conventon
—lejtmoyl: b\dmloo) of f,_- wi' be P)ac_ed hiakesf on
the stack and the frigki-wxosl: bambol lowest on Hhe

s>tack 2y
f.e- ‘? {\': - 2' 2; - - 2k 'ﬂne"\ z;”"
3

s 3\;\-}9,1 Fre{—a'l'ion of o (q, 2. z): {(Pnfv) c e (Pm,rm)}

- PpA v shate 9 ,ivxo\e,Pex\den¥ of Hae nput baw'bﬂ’
loeivwz

scanned and with Hee -?-op é\dm\'»’ on the
steck,

con eviter slete p; and
Teplace Z by i for ony

—In this case input head is not adwmcei_-,




Ce maw\gle:

LC{ M‘ (&v Z, r')s' qo. Zos F) where

8: {4, %, 1, L B fa,b}, . fa, 2o ]

£=§4,%
ond § o 3iveh bj

5( 20, @,20) = i(‘lo. 0120)}
5(2), b,0): §(a,,€)5
5(9,,a.0) - i(q,,aa')}
5(2,,¢,2)): {(1,, £)}
(1 b,a): §@,, )}

Pba coannol Ytoke lransition when PDS is e‘m&.‘
Tv Hnis case Hee PDA  Tolis.

e The behaviouy of PRHA is non-deteyministic as the

tran siHon %%ven bj ony element of S(‘l.a.‘l)

a, 2,02, b
a, alaa

9e, Z.|&

. a]i




Thstantoneous bebc'r;FHon (1d)
Let M- [8,5,¢,8, 0, Zo, £) be a PDA

Ar instantanesus de.sc:r'aPHon (\b) 15 @ tuple (7, ..,,r)
where qQ 18 @ state, 20 is a 9'\'1'1“2 of ihPu{— 9ambo\s

ond [ is a sfhhnj of stack baw\\ools.

Move aelakon f,‘.’"

(1,0\»),24’() ]*—r?—--(P. wPo(> if 5(2, a,?-) conteing
(p. )

r N
ce er

& i‘? »w: a" a’.-. a” ’ d: ‘Zz P 'Z.m, Pl 3"’L.-.7n

(a ma\j be £ o7 on 5n}>u% sambol)

a.’ qz e a'\ o 05 ° . an
1 !
(@ 1—= b [
2 :
) Y
— LT 1
Zw . : |
 Zm ]

Av Nustration of Hhe wmove 7elation
Relation ko [Reflenive and transitive closure of ",T)
e I P T doseach Id1
o T ﬁ-ﬂ—TanJT}%‘K iwply T l%,"l(

Note: T FLK i£ Ib 1 cown become K ojter emac‘Hj
t Steps

Note: -, l’iﬁ' ) ﬁ;“ éu\oac'r'lrt Mis dropped W
) PBA M is understood



Accep*ee\ Lovxauazes
. For o PDA M: (8,51, 6.9,2, F) we define LIM
the \om%uatze a«u.ep—l-ed b\d the 1—‘w\a\ state as

%w] (30, wi20) K= (p &, 1) for some P inf
ond [T in f" }
« We define I\'("f), He \amzw.\?e, oa,epked by emp‘a stack
(vull stack) to be

{ w]Lﬂ,,,w,z.) } - [ P €, e} Jor sewme P in 8}

is by null stack, the set of fival

e When ac«:e,P’cavxce,
we uauauj

states s yire levant, ond in His cese,
let tHhe set of Binal stotes e Hre e.mp'\'a
56‘:, 1.2, F; +

clay e, 8) P 1, 6 ) F jor every yeZ
(Qv)“‘\‘,. d) ‘.‘!—— (12)3115) |

. convevse 16 not true



E:aawxple-.
The To“ow'ana PDA accep{$ %wwg lw in (U"")*j

M" ( ii" 13}, io"], {R'G’q}v 81 1!: R, 4)

Ry: 51(%.,0, R) : {(‘l,, 6&7}
Rr: & (0,0, R): (4, afE

£o: 5 (%, 0,8): {la., 88), (2,6}
Re: 8 (9,0,6): { & 8¢)3

RBs: & (2,1, 2): {1, 6®)}

Re: 8 (%on 6) = § (2 6,6), (1, ¢)]
R3: 5 (4,,0,0)= § (a2, €}

R 5 (20,0 6) = § (2, 6)

Rq: 5 (4, £ R): $la,,e)

Ro,» 5 (s, 8 R) = § (%, )]

P

e R,- R, alloww 4o store ‘Hhe 'W\Puf on the otacK

\'V\iHa\
$

(q,, 6onoLo, R)

S (C[,z Looneo, £) |alt

- , PR
Lq' buoo'_)N(%,Hob, R)“’(qu’”oo's) halt

J
(2, 1160, BBR)

J
(2, too, GB&BR)
L T (‘12, oo, GGR)—%(C!; > 0, 6R\

(4, 00, ¢ BBR) v

L ' (‘1,,6, R)
(2,,0, 866 BeR) l

4 s (Qz,e,qqean) (2., £,t)

(2,2, B8B64 BBR) hatt Recept




E-O!awp\e:
Construct &« PDA M a“"PH"“ﬂ He set of al) s‘b'%na,s

ovey ja.b} ) H, eﬁrua\ vumber of p's and b's

Sol2:
Let M: [ !13, {a'bi, sz.oab}) 8; 1, 2o ¢)
wheye § s de-]-{v\ecl \on Hhe j—ollowiv\a rules

$ (2,0, %) = {1,020}
5 (2.92.) = § (2, bz}

6 (2,0,0) = §(2,00]
5 (2, vio) = §(2,6b)

new i»comiﬂz*:g:”ﬁ; ’,,dmbo‘

rs (9', t’ b): i (q,g)% b is evased in PDS)
$(a.b,a): § (q, z)} (o is evased in PDS)
5 (2.62): {4, 2

(2,00,20) B— (2, 6,2,) b— (2 6¢)

l"r w had e-lua’ numbe Y of 0's ond 's

Hence w € A(M)
_—



Eaamp'e 1
M: ( iios, zo,b}, %Zo}, 8. Ao, Zo» + )

where 5 (%, a2): {20 5(2.b, 20)- 512, 2020}

(q'b » aab, Z, 7o7-ozo) b (‘l,, ab, 7-.20207
= (%o, l") 7-02’)

+ (ﬂ,o, E, ‘LoZolo)

But
(%6, @b, 2,) +— (26,00, &)

Thus

’

(q'o, aab, 2, z,z.z.) }3—- (Q,, £, z,z,z,)

U (0 ek, 20zez.) |.47*Z. (2o, €, 2o Zs)

— (3., ate, 7°7"’)
-ff-
£
Eaample 2:
M= ( { %o ‘l,,“[’}, {a,b.cﬁ, ta'b.ZQ} s 5, e, 20, iqil)
is a PDA, wheve 5 is dej—{med @5 3

5( ., G.Zo) s ZL%, aZg?}, 5(,l,28) = 1 (%, ‘°z°)g
5(e,a,0): § (20,003 5 (%0, wra)z § (30, ba)]
5 (2, orto) = § (20,2} § (20, bubo) = $8e, LL)]
8 (90, ¢ya): f(‘t,,a)? S (%o, €1 b): i(%.,h)]

5[‘19,&20)'& {(Q,,Zo)i 8 (%.,a,a’): SLQ.:,D"O)
§ (Q,,f, Zo)a {(_‘L”1.)} - i(qvne)}

™ accep‘:ﬁ L= ngwR,wé {G'bj‘j lOJ j‘(na\#}a}e
.. LLM: L



e (<, vocab,ze) (90, acab, b2o)
- (%o, cab, abzo)
+ (4,,ab, ab2s)
+ (2., b, bzo)
(%, €, 2o)
F (9,8 20)
re. (4o, bacab,zo) l”*—‘ (‘f—d, e,Zo)
onceecliv\a ina similey way | we coan show ‘Hhaat
(30, wewR, 2z6) F— | Tys €,20) ¥ we Sabyt
ie. L= chw‘ |we {a.bj'j e LlmMm)
Reverse inclusion is also true.
¢« (90, abebl, 2,) +— (20, bebb,az0)
— (30, clb, Yaz,)
— (‘L.,lob, ba2o)
— (%,, b, a2o)
¢« PDA Malks when it is in ID (2. b,92) as
s§(a,,p,0) = &

« As 5(10, ¢ 20) = & " ‘+he PDA comnot wmake O\Mj

tvon s+ on 1€ 1 Stamts with an IDof +he ]-o‘lm
(q'bf Cw,“Lo)



