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A B S T R A C T

Interaction between meteorological and hydrologic processes is challenging to model owing to their high spatio-
temporal variability. The understanding of their associations can help to ensure future fresh water security with
changing climate. In this study, due to continuously evolving nature of these interactions, the hydrological and
meteorological variables are studied on wavelet component level. Multi-Resolution Stationary Wavelet
Transformation (MRSWT) is used to transform the independent (climatic variable) and dependent (hydrological
variable) time series into their components. The components of the dependent time series are modeled using a
kernel-based auto-regressive (AR) model for separating their memory part. The residuals are hypothesized to be
the effect of interaction of predictor variables and thus, are modeled using the MRSWT components of me-
teorological variables in an auto-regressive model with exogenous inputs (ARX). Finally, the predicted residuals
(effect of climatic variables) are added to the component estimated by kernel-based AR estimator (memory of
dependent series components) to obtain the predicted components of the dependent hydrologic variable, which
are then inverse-transformed to obtain the predicted dependent hydrologic variable. The developed hybrid
Wavelet-ARX is found to capture the information about relationship between synthetically generated data better
than a simple ARX model. The model is then applied to predict total monthly rainfall over Upper Mahanadi Basin
and is found to effectively extract the information from the poorly associated hydro meteorological variables.
While the potential of Wavelet-ARX is found to be impressive for hydro meteorological applications, ad-
ditionally, discarding some climatic inputs on the basis of their relative importance may lead to better prediction
by the developed model. The developed model is suitable for extracting climatic forcings and is desirable in a
changing climate.

1. Introduction

Meteorological and hydrological processes mutually affect each
other at global and local scales. The linkage between meteorological
variables with hydrological variables at a local scale (hereafter hydro-
meteorological association) is expected to vary both with time and
space. Due to its continuously evolving characteristics, such interac-
tions or associations are difficult to model (Khaliq et al., 2006; Maity
and Nagesh Kumar, 2008; Ishak et al., 2012; Shih et al., 2014). In this
study, a generalized hybrid model based on wavelet transformation and
auto-regressive model with exogenous input (ARX) for capturing these
hydro-meteorological associations is developed and its potential is in-
vestigated. The developed model is also used to figure out the climatic
variables that are more important in terms of hydro-meteorological

association as far as rainfall is concerned in the basin.
It is hypothesized that the inter-relationship between meteor-

ological predictor variables and the hydrologic variable (predictand) is
continuously evolving over time. Different predictor variables may
have different extent of influence on the predictand variables that may
not be visible in amplitude-time domain of signal. These inter-re-
lationships between predictor and predictand variables may have more
prominent existence at some (if not all) frequency bands of predictand
as compared to the original time series of the predictand variable.
Hence, the inter-relationships are better captured at its constituent
wave levels. The Wavelet Transformation (WT) is one of the potential
choices to separate or decompose the constituent wavelets from de-
pendent and independent time series. The components of the decom-
posed dependent time series are the manifestation of some innate
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memory (autoregressive or memory part) and the effect of exogenous
factors (forcing). Hence, for better modeling of inter-relation of de-
pendent variable with other affecting climatic variables, the innate
memory of the dependent series component is required to be separated.
To separate the memory from the dependent components, any auto-
regressive model can be used. In this study, kernel estimator is used for
taking out the memory from the dependent series components. The
residuals, after extracting the memory, are hypothesized to be the effect
of other exogenous factors and hence can be modeled using exogenous
input. In this study, ARX model is used for modeling the relationship
between residual and components of affecting climatic inputs.

The WT is a signal analysis tool for transforming signals into scaled
and shifted version of a ‘zero mean, finite duration disturbances’
function. The zero mean, finite duration disturbance functions are re-
ferred as mother wavelet functions. Many popular mother wavelet
functions exist like Daubechies wavelet, orthogonal wavelet, Bi-ortho-
gonal wavelet etc. (Burrus et al., 1998). WT transforms the domain of
signal from the amplitude-time domain to the frequency-time domain.
This transformation sometimes helps in obtaining further information
from the signal that is not readily available in the amplitude-time do-
main. Since its introduction, WT has found wide application in diverse
fields of sciences such as seismic signal detection, image processing,
optics, turbulence, quantum mechanics, medical science etc. (DeVore
et al., 1992; Farge, 1992; Rockinger, 1997; Zhong and Weng, 2005;
Cannata et al., 2013; Martis et al., 2013; Farge and Schneider, 2015;
Rasti et al., 2016). WT is well suited for the study of multi-scale, non-
stationary processes occurring over finite spatial and temporal domains
(Burrus et al., 1998; Daubechies, 1992). Recently, wavelet was used for
analysis of rainfall variability (Westra and Sharma, 2006), improving
rainfall prediction (Quiroz et al., 2011), hydrologic regionalization of
catchments (Agarwal et al., 2016), forecasting drought with long lead
(Özger et al., 2012), predicting the long term groundwater levels
(Maheswaran and Khosa, 2013a), modeling rainfall-runoff/streamflow
relationship (Kamruzzaman et al., 2014; Shoaib et al., 2014), predicting
daily streamflow (Maheswaran and Khosa, 2013b), studying temporal
consequences of drought (Maity et al., 2016) and analysis of pre-
cipitation extremes (Tan et al., 2016). These studies utilize the ability of
wavelet transformation to transform the signal into the frequency-time
domain and extract information like dominant mode of hydrological
variable (e.g. Westra and Sharma, 2006) or use the transformed domain
for working out relation between two hydrological variables (as in case
of rainfall-runoff modeling by Kamruzzaman et al., 2014 and drought
precedence by Maity et al., 2016). Comparative study of different wa-
velet functions along with their suitability on case to case basis in hy-
drologic forecasting is also studied (Maheswaran and Khosa, 2012).

The major advantage of using WT is that it works like a pair of high
pass and low pass filter and hence transforms the time series into two
constituent component time series, one called detailed component and
other called approximate component. The approximate component
usually shows trend of the signal, and the detailed component usually
shows local disturbances in the signal. Moreover, the WT can again be
applied on the approximate component to produce components at even
lower levels or frequency bands (Burrus et al., 1998). The detailed
components usually have higher dynamics compared to approximate
component. Hence, errors in the prediction of detailed components are
expected to be higher than that in the prediction of approximate
components. Effectively, the WT changes the problem of estimation of
parent time series into the estimation of its components. Some of the
components are expected to have comparatively lesser error during
prediction, so the accuracy of overall prediction increases. Any of the
sophisticated estimation techniques like Genetic Programming (Kisi and
Shiri, 2011), Support Vector Machine (Tezel and Buyukyildiz, 2016),
Artificial Neural Network (Soltani, 2002; Ozger et al., 2011; Shoaib
et al., 2014; Sang et al., 2016) etc. can be applied on the wavelet
components for prediction. However, in this study, a kernel-based
model and an ARX model are used in conjunction to predict WT

components, which can be further reconstructed into the amplitude-
time domain.

In brief, the objective of this study is to propose a methodological
approach for capturing information about hydro-meteorological asso-
ciation for hydrologic prediction/simulation using the combined po-
tential of wavelet transformation, kernel-based AR approach for mod-
elling memory and ARX modelling of inter-relation between variables.
This approach first separates memory from dependent time series at the
component level and then model the inter-relation of residual with
affecting climate variable components. The potential of the proposed
model is checked through a set of synthetic data (underlying relation-
ship known) and an observed data set from a river basin. Additionally, a
relative importance analysis of variables is carried out after the devel-
opment of the proposed model for discarding some less important cli-
matic inputs. The model is then run using the new set of variables to
check if there is any deterioration/similar/even improvement in model
performance.

2. Methodology

Overall the methodology is broadly divided into five modules – i)
Multi-Resolution Wavelet Decomposition of both independent (me-
teorological variables) and dependent (hydrological variable) time
series, ii) Application of kernel-based Auto-Regressive model (AR) to
dependent/target time series components, iii) Application of ARX
model for modeling residuals in predicted component values of de-
pendent time series, predicted from the AR model, iv) Wavelet re-
construction of dependent time series using predicted components
(obtained by adding results of last two modules) and assessment of
model performance, and lastly v) Relative importance analysis of the
inputs or independent time series to identify the sub-set of hydro-me-
teorological variables with stronger association than others. If neces-
sary, the model is rerun using this subset of important inputs only to
check if there is an improvement in prediction results. Here, it may be
noted that step ii) takes out the memory component out of dependent
component series and step iii) models the inter-relation between rain-
fall component residual and the components of other affecting time
series. The proposed modeling framework is shown in Fig. 1. Details of
the mathematical steps in each of the modules of the methodology are
discussed in the following subsections.

2.1. Multi-Resolution Wavelet Decomposition of time series

Usually, the time series are represented in the amplitude-time do-
main. This representation or domain of time series can be transformed
into other domains like the frequency-time domain which can help in
extracting the important information about the frequency of which
original signal is composed of. There are many mathematical tools to
transform the domain of the time series, one of them, that is used in this
study is Wavelet Transformation (WT). The WT transforms the signal in
the frequency-time domain and reveals the fast-moving or higher dy-
namic component and slow-moving or lesser dynamic component of
time series separately. When WT is again applied on slow-moving
component of time series then the transformation is called Multi-
Resolution Wavelet Transform (MRWT). MRWT helps in segregating
the components at even lower levels.

2.1.1. Wavelet transformation (WT)
Under wavelet transformation, shifted and scaled version of a finite

domain zero-mean amplitude function is used to transform the signal.
The finite domain zero mean amplitude function is called mother wa-
velet. As stated earlier, many popular mother wavelet functions exist
like Daubechies wavelet, orthogonal wavelet, Bi-orthogonal wavelet
etc. (Burrus et al., 1998). The wavelet function used in this study is
Haar, which is also regarded as daubechies1 or db1 (first member of
Daubechies class of wavelet). This wavelet function has better time
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localization capability so, it is useful for low lead time prediction
(Maheswaran and Khosa, 2012). Haar wavelet is defined as

=
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Due to the finite domain of wavelet functions, it is possible to scale
and shift these functions. These operations further help in catching
intermittent disturbances of different durations in the signal. The scaled
and shifted version of the mother wavelet ψ t( ) is given by
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where a and k are scale and shift parameters respectively. If both of
these parameters are discrete then WT is called Discrete Wavelet
Transform (DWT). If the discrete wavelet were sampled over a dyadic
space–time grid, then they are called dyadic discrete wavelets (Cao
et al., 1995). Computationally, the DWT can be done using a pair of low
pass and high pass filter. Low pass filter is formulated from the mother
wavelet function, and high pass filter is formulated using corresponding
scaling function. Scaling function acts as a threshold to avoid the con-
dition of infinite application of mother wavelet function. For example,
the scaling function for Haar wavelet function is given by

= ⩽ <{ϕ t t
Otherwise

( ) 1 0 1
0 (3a)

= −ϕ t ϕ t k( ) ( )k0, (3b)

where k is the shift parameter, and φ(t) is the scaling function. During
the decomposition of the signal, the pair of filters is convolved with the
signal, followed by subband down sampling to give two components.
The subband coding is done as per the Nyquist–Shannon sampling
theorem (Shannon, 1949) to reduce redundancy in components by re-
moving every second component values. The component from low pass

filter is called the approximation coefficient, and another component is
called the detailed component. The approximated component shows the
trend of signal and has low dynamics. The detailed component shows
the local details of the signal and has higher dynamics. DWT is very
efficient in separating the signal into fast and slow dynamics, however,
due to subband coding, it has inherent disadvantage of transition-in-
variance in components (Bradley, 2003). A little change (even single
addition or elimination of data member in the original signal) can lead
to completely different sets of components. Moreover, due to subband
coding, the components have half the length compared to signal, which
causes difficulty in the signal analysis. To avoid these problems, Sta-
tionary Wavelet Transform (SWT) is used in this study.

The SWT (Nason and Silverman, 1995; Murtagh et al., 2004; Renaud
et al., 2005) is specially designed to avoid the transition-invariance of
DWT. It achieves transition-variance by avoiding down-sampling of
components as per Nyquist–Shannon sampling theorem and up-sam-
pling the filter coefficient by a factor of 2(j−1) in the jth level of the
algorithm. Hence, the SWT unlike DWT does not change the time re-
solution at any stage. However, the lack of subband coding, give rise to
redundancies in components as components now have twice the
number of elements needed as per Nyquist–Shannon sampling theorem
(Shannon, 1949). SWT reduces the complexity of signal analysis as both
the input signal, and its components have equal length. In this study,
the SWT is used as preferred WT for decomposing different meteor-
ological and hydrological time series, but the model developed can be
used with DWT also.

2.1.2. Multi-Resolution Wavelet Transform (MRWT)
As stated earlier, MRWT is a procedure in which WT is applied re-

peatedly over the approximate component which results in more
components at an even lower level. The new components obtained
encompasses half of the bandwidth that the parent component had.
After MRWT, the signal can be expressed as

Fig. 1. Flow chart showing the proposed Wavelet-ARX model.
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where an k, is called the coarse or approximate coefficients, and dj k, is
called the detailed wavelet coefficients (or simply detailed components)
at level j. N is the maximum level of decomposition of MRWT, k denotes
the shift parameter of wavelet functions. MRWT is classified on the
basis of WT involved in the process. Hence, if SWT is used as preferred
WT, then the multi-resolution analysis is called MRSWT. In this study,
Haar MRSWT is applied up to level 2 is used to decompose the de-
pendent and independent time series.

2.2. Application of auto-regressive model to predict dependent time series
components

After MRSWT, the dependent or hydrological variable time series
Y t( ) can be expressed in the form of components as shown in Eq. (4).
So, to estimate the future value of the target (dependent) variables, i.e.,

̂ +Y m w( ), where w is lead time, we need to predict the expected value
of its corresponding components, i.e., ̂ +a m w( )N and ̂ +d m w( )j where,
anand dj are the set of all approximate, and detailed components at
different scales. If the components are having innate memory, then
these components can be mathematically estimated as

̂ ̂+ = + + − −a m w f a m w a m w a m a m r( ) ( ( ), ( 1), ... ( ), .... ( ))N n n n n0 0

(5a)
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where ̂f0 and ̂fj are appropriate auto-regressive estimation functions.
−m r( )0 is the last time step being utilized for the estimation. In this

study, the estimation of components is done by using kernel estimator
functions. The kernel estimator function (if w is taken as 1) can be
written as (Mabrouk et al., 2008).
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where K represents kernel function, and parameter h is the window of
the kernel function. The kernel function used in this study is Naïve
kernel function (Maity and Nagesh Kumar, 2008; Bosq, 2012) and it is
given by

= − ⩽ ⩽K u u( ) 1 0.5 0.5 (8)

The kernel estimator expression in Eqs. (6) and (7) can be proved to
be an AR model (Mabrouk et al., 2008). Moreover, it should be noted
that kernel-based AR can be used with data of any distribution as kernel
estimator function is non-parametric unlike conventional AR with dis-
tributional requirements for the variables. It should also be noted that
different types of kernel function like Naïve, Gaussian etc. exist, which
makes kernel estimator a versatile tool for modeling the memory in the
components of dependent variable series. However, Kernel estimator
cannot model the inter-relation across different (meteorological and
hydrological) time series components. Hence, the residual after pre-
diction from kernel estimator is hypothesized to be partly the con-
tribution of these interactions, and it is modeled using components from
other independent variable using ARX.

2.3. Application of ARX to model the residuals

In general, the ARX models utilize the previous information from

the same time series and the time series of causal independent variable
(s) for future prediction (Karamouz et al., 2012; Jayawardena, 2014;
Maity, 2018). This is to note here that proposed method needs the fu-
ture values of the causal independent variables that may be obtained
from climate model simulation. It is well known that the skill of climate
models in predicting the meteorological variables is much better than
hydrologic variables like rainfall. Two different ARX models were
framed for modeling the residuals. The models follow common meth-
odology but mainly differ in the selection of components of in-
dependent time series (C) as input. In Model 1, all the components of
independent time series are used to predict the residual of each com-
ponent of the dependent time series. On the other hand, in model 2,
only the corresponding components of independent time series are used
to predict a particular component of the dependent time series. In
general, both model structures are given by:

∑ ∑ ∑= − + − +
= = =

A t S A t p T C t j E( ) ( ) ( )c y
k

p

k c y
l

c

j

q

l j x l,
1

,
1 0

, ,
(9)

where the number of auto-regressive terms and exogenous inputs are
represented by p and q respectively. A t( )c y, is tth member of residual in
any one component (out of a2, d2 or d1 for level 2) of dependent vari-
able Y, Cx represent set of selected individual components of the in-
dependent variable set X and c represent the number of element or
cardinal number of Cx. Cx,l represents an individual member of Cx. In
the case of model 1, all components of all independent variables are
selected and in case of model 2 only the corresponding components as
of the dependent time series are selected. For example, in model 2, the
d2 component of the dependent time series is predicted using only the
d2 components of all the independent time series. S and T represent the
regression parameters set estimated during model calibration period. At
first, models are trained with calibration period values of components/
residuals to estimate the model coefficients involved, and then it ap-
plied on the testing period data set.

2.4. Reconstruction of dependent time series

Finally, the component values predicted from kernel estimator and
corresponding residual modeled by the ARX model over testing period
are added to get final predicted values for each of the components of
dependent or hydrological time series. The dependent time series is
reconstructed from these components using inverse wavelet transform.
The reconstructed and observed dependent time series are analyzed to
establish potency of the developed model using performance indices
like coefficient of determination, unbiased root mean square error etc.
for assessing model performance.

2.5. Model performance assessment

For the assessment of model performance, various statistical mea-
sures like coefficient of determination (R2), unbiased root mean square
error (uRMSE), Nash–Sutcliffe model efficiency coefficient (NSE) and
Degree of Agreement (Dr) are used. The expression for R2, NSE and Dr

can be found in other literature (Krause et al., 2005; Willmott et al.,
2012; Maity et al., 2016). The uRMSE is root mean square error (RMSE)
calculated between deviations from the mean of observed and esti-
mated time series.

2.6. Relative importance analysis of inputs

Relative importance analysis of inputs helps in separating variables
having stronger hydro-meteorological associations from others. Some of
the inputs may actually increase the noise/uncertainty as they may
have negligible information for the predictant at the component level.
This aspect is investigated by the relative importance analysis of inputs.
The methodology of dominance analysis and Birnbaum Importance
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Measure are used for studying the relative importance of the inputs
(Birnbaum, 1968; Budescu, 1993; Maity and Kashid, 2011; Tonidandel
and LeBreton, 2011).

In dominance analysis, the average change in the coefficient of
determination (R2) by adding a particular input variable to all possible
subsets or combination of other input variables is considered a measure
of relative importance. Higher the change, more important the input is.
For calculating the importance measure, at first, one input is separated
from all the inputs. R2 is calculated by running models for all possible
combinations of other inputs. Next, the separated input is included in
all other combinations, and R2 is calculated by running models on
them. The change in R2 shows the effect of inclusion of previously se-
parated input in every case. The average of all the change of R2 is
considered relative importance measure for dominance of the input
variable. This procedure is repeated for all input variables one by one to
get relative importance measure (RIM) for dominance of all inputs. The
higher the value of this measure the more important the input variable
is compared to other variables. Hence, by dominance analysis, relative
importance measure for ith input (DARIMi) is given by

=
∑ −

−
=

−

−

−
( )

DARIM
R R

2 1i
j M PO I M PO

N
1

2 1
( ({ , }))
2

( ( ))
2

1

N

j i j

1

(10)

where I is the set of all inputs (individual input is designated by Ii), N is
the total number of inputs, M designates the application of model
function and = − −PO I I φP( { })i or PO is power set of all inputs except
ith input excluding null set. R2, as stated earlier, is the coefficient of
determination. Hence, the cardinality or total number of members of
PO is 2 N−1− 1. POj denotes the jth member of PO. It can be observed
from the equation that the model need to be executed for N(2N-2) times
for calculating DARIM for all the input variables. Hence, the application
of dominance analysis is time taking and computationally intensive
procedure.

For calculating the relative importance of inputs using Birnbaum
Importance Measure (BIM), the model is assumed as a parallel system.
Each of the inputs is assumed to be connected parallel to predictand
through the model. In such a parallel configuration, failure (non-con-
sideration) of a single component or input does not result in failure of
whole system or model (Elsayed, 2012). For a set of parallel compo-
nents or inputs I={I1,I2,I3,… In} and P(Ii) be the contribution of Iith

component, the unreliability of Iith component is given by
= = −P I u P I(¯) 1 ( )i i i . The reliability (R) of the whole system can be

expressed as –

= −R u u u u1 . .. n1 2 3 (11)

The BIM is defined as probability that a particular component is
critical to the proper functioning of the system (Elsayed, 2012). For our
case, the maximum possible reduction in prediction error is considered
as the proper functioning of the system. Additionally, under the as-
sumption that reduction in the prediction error by one variable is in-
dependent of the same by other variable, BIM for ith variable is ex-
pressed as (Maity and Kashid, 2011):

= − +BIM u u u u u u. .. . ..i i i n1 2 3 1 1 (12)

In our case, the model is run for all possible combinations of the
inputs. The best 30% combinations having the least uRMSE are selected.

A particular input is termed in the ‘working’ state when it is a part of
the selected combination. If an input Ii is working in R number of total
selected Q models, then P(Ii) is defined as R/Q. In this way, the un-
reliability of each input or component and their BIM is calculated. The
higher the BIM value, the more important a particular input is.

After relative importance analysis, the model is run with a subset of
inputs with higher importance (significant inputs) to study the change
in performance, if any. The results of the application of the above-stated
methodology are discussed in the subsequent section.

3. Study area and data used

The proposed model is tested with two data sets – (i) synthetic data
set, and (ii) observed climatic data set from a basin. The synthetic data
set is created to test the model performance for known but mathema-
tically complex relationship between predictors and predictant. This
leads to varying and not-so-strong association between predictors and
predictant to mimics the natural hydro-meteorological linkage. Since
the underlying relationships between predictors and predictands are
known in case of synthetic datasets, the application of the proposed
model to the synthetic data is expected to reveal its potential while the
linear association is varying. The synthetic data set is generated using
five independent variables namely x1, x2, x3, x4, and x5 with three
possible dependent variables namely T1, T2, and T3, in such a way that
there mutual linear association (measured in terms of correlation
coefficient) vary from high to low as shown in Table 1. The time series
of the dependent variables are expressed by

= + + + +T t x t x t x t x t x t x t x t( ) ( )( ( ) 1) ( )  log( ( ) ( ) ( )) - 10 ( )1 2 1 1
2

3 4 5 4 (13)
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For the second application of the proposed model, Upper Mahanadi
Basin (UMB) is selected as study basin. UMB is a medium-size wa-
tershed in the Mahanadi river basin located in Chhattisgarh state of
India as shown in Fig. 2. The approximate location of the study area is
20°N to 23°N latitude and 80.5°E to 82.5°E longitude. The selection of
independent variables affecting rainfall is made as per previous studies
(Anandhi et al., 2008; Dhanya and Nagesh Kumar, 2011). According to
these studies, 16 variables are important for predicting rainfall in Ma-
laprabha basin in south India. The details of variables used for rainfall
prediction in UMB are tabulated in table 3. The independent variables
for this study are obtained from NOAA reanalysis project (Kalnay et al.,
1996). The daily rainfall data for the basin is obtained from India
Meteorological Department (IMD) (Rajeevan and Bhate, 2008) at a
spatial resolution of 0.5° latitude× 0.5° longitude.

4. Results and discussions

4.1. Application on synthetic data set

The proposed model is applied three times for three different sets of
predictor-predictand dataset with varying degree of linear relationship
(Eqs. (13–15)). As the first step of analysis, MRSWT decomposition up
to level 2 is done for all of the five independent variables and one of the
dependent variable, resulting in three components for each of the
variables. The components of the dependent variable are found to show
higher autocorrelation at lower lag than parent dependent variable
series. Naïve kernel estimator with a window size of 5 and 20 lagged

Table 1
Linear association (R2) between dependent and independent random variables
for the synthetic data set.

Target Variable (Dependent
Variable)

Input Variables (Independent Variables)

x1 x2 x3 x4 x5

T1 0.032 0.020 0.012 0.940 0.000
T2 0.010 0.041 0.246 0.039 0.360
T3 0.000 0.002 0.033 0.012 0.001
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inputs from the component series is applied for prediction of compo-
nents based on its memory. The residuals in predicted values are then
calculated. Residual time series for different components of dependent
variable T1 is shown in Fig. 3. It should be noted that kernel estimator,
being an autoregressive model, needs lagged values form the series to

model the memory. In this study the 20 lagged inputs are used, so with
respect to original component series length, the first residual is ob-
tained for 21st component value (Fig. 3). The figure shows that com-
ponents having higher dynamics (detailed components) have high dy-
namics in residuals also.

It is further hypothesized that the departure in values predicted
from the auto-regressive model (residual) is partially due to the effect of
other associated independent variables over the dependent time series.
Hence, either of two ARX models is used for modeling the residuals by
taking the first 40 residuals for model calibration. It should be noted
that with respect to original residual series length, ARX is developed
using 21st–60th residuals. The predicted component residuals from
model 2 with p=2 and q=1 along with the original are shown in
Fig. 3 for T1.

The dependent time series is then reconstructed by inverse wavelet
transform of the sum of component predicted from kernel estimator and
residual predicted from one of two models of ARX. The scattergrams for
the predicted value of T1 using Wavelet ARX model 2 as compared to
original T1 data set for different values of p and q are plotted in Fig. 4.
The model performance of different Wavelet-ARX models are tabulated
with different numbers of auto-regressive terms and exogenous inputs
considered (p and q) in Table 2. For comparison purpose, the conven-
tional ARX model performance between independent and dependent
time series (in amplitude-time domain) is also provided in the table.

For a dependent variable having a high correlation with in-
dependent variables (T1), almost all models perform very well. In some
cases for T1, well established simple ARX model outperform the hybrid
Wavelet-ARX model proposed in this study. For a dependent variable
having a moderate correlation with independent variables (T2), hybrid
Wavelet-ARX model 1 and model 2 outperform the ARX models.
Moreover, between models 1 and 2, model 2 performs better with

Fig. 2. Location map of the study basin (Upper Mahanadi Basin).

Fig. 3. Predicted and observed residuals for T1 components. The prediction is done using Wavelet-ARX model 2 (p=2 and q=1) with 21st–60th month residual
values used for calibrating ARX model. Please refer Section 2.3 for the description of model 2.
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exogenous inputs (q > 0). In the case of T3, model 1 and 2 outperform
ARX method, as evident by higher values of R2, NSE and lesser values
for uRMSE. So, the hybrid Wavelet-ARX model proposed in this study
enhances the prediction of dependent variables which are either mod-
erately or poorly correlated with affecting independent variables.

The application of Wavelet-ARX model on the synthetic data set
bolster the fact the model is primarily a mathematical construction, and
its application is not limited to meteorological or hydrological domains
only, but may be extended to other sets of dependent and corresponding
independent variable data set from different fields.

4.2. Prediction of total monthly rainfall over Upper Mahanadi basin (UMB)

The model is then used for predicting monthly rainfall in Upper
Mahanadi Basin (UMB). The rainfall data is spatially averaged and
temporally summed to get the total monthly rainfall series for the study
basin. As stated earlier, the study period is selected to be 1971 to 2005.
The causal meteorological variables obtained from NOAA are spatially
averaged for the grid point encompassing the study area (Fig. 2). The
coefficients of determination of different independent variables with
total monthly rainfall are tabulated in Table 3.

The data set is then transformed into their components by using
MRSWT with a level of 2. The MRSWT components for the dependent
variable, i.e., Monthly Rainfall series in UMB are shown in Fig. 5. The
autocorrelation shown by the components of the dependent time series
(monthly rainfall in UMB) is significant with small lag. Hence, Naïve
kernel prediction function with a window of 5 and lagged inputs of 20
are used to predict the components of monthly rainfall. If the modelled
memory is inverse wavelet transformed, then the correlation coefficient

with the total monthly rainfall series is found to 0.472, which suggests
that just by using the memory of component series some part of
variability of parent time series can be explained. As stated earlier, the
residual in the previous modeling step (remaining part of component
values except memory) is considered to be the effect of meteorological
variables affecting the rainfall. The residuals are modeled using either
of two ARX models with first 200 data points from residual of rainfall
components and components of other meteorological time series, as
model calibration period. The residuals modeled using model 2 for
p=3 and q=2 are shown in Fig. 6. As shown in the figure, ARX is
quite effective in modeling residuals in the components. Additionally, it
is observed that residuals in the approximate component are modeled
better than that of residuals in the detailed components as they have
comparatively lesser dynamics.

At last, the component values predicted by kernel function and re-
siduals modeled by either of two ARX models are added to get final
values of the components of total monthly rainfall time series. These
components are transformed back to the total monthly rainfall time
series using inverse wavelet transform. The performance of different
models in testing period is tabulated in Table 4 and scatter plot for
different prediction cases (pairs of p and q) from model 2 are plotted in
Fig. 7. According to Table 4, with non-zero lag in exogenous time series
input, model 2 outperforms model 1. For example, for model 1 (p=3
and q=1), R2, Dr, NSE and uRMSE are 0.877, 0.848, 0.872, 50.533
respectively and corresponding values for model 2 are 0.905, 0.864,
0.898 and 45.188 respectively. The better performance of model 2
suggests that there is higher association or relation between respective
components or components of the same frequency band. For instance,
residual in d1 component of total monthly rainfall is more closely

Fig. 4. Scatter plot between observed and predicted T1 time series using Wavelet-ARX model 2. Please refer Section 2.3 for the description of model 2.

M. Suman and R. Maity Journal of Hydrology 577 (2019) 123918

7



related to all other d1 components from other independent time series.
Moreover, it may be noted that the proposed model is working better
than conventional ARX model in this case. The observation strengthens
the hypothesis that using prediction function at wavelet component
level (as in the proposed model) results in better prediction perfor-
mance than using the parent series directly (as in conventional ARX
model) for a variable having medium or low linear association with the

predictors owing to various reasons including the presence of noise.
Finally, the model 2 with p=3 and q=2 is found to be the best per-
forming case among all possible combinations. The prediction results
with this best performing model are shown in Fig. 8.

The relative importance analysis for the inputs involved is carried
out using the best performing model, i.e., Wavelet-ARX model 2 with
p=3 and q=2. The results for dominance analysis and Birnbaum

Table 2
Model performance in testing period for prediction of the synthetic dependent time series.

Model Perf.
Measure

Dependent
Variable

No. of Auto-
Regressive inputs (p)

Lag in exogenous time series input (q)

ARX (for Comparison) Model 1 Model 2

0 1 2 3 0 1 2 3 0 1 2 3

R2 T1 1 0.996 0.995 – – 0.841 0.869 – – 0.718 0.900 – –
2 0.996 0.995 0.993 – 0.909 0.972 0.986 – 0.832 0.990 0.988 –
3 0.995 0.993 0.991 0.994 0.935 0.962 0.979 0.943 0.877 0.989 0.984 0.979

T2 1 0.671 0.598 – – 0.500 0.534 – – 0.492 0.517 – –
2 0.664 0.602 0.580 – 0.658 0.662 0.595 – 0.647 0.685 0.632 –
3 0.685 0.636 0.605 0.590 0.674 0.699 0.513 0.497 0.665 0.677 0.618 0.606

T3 1 0.000 0.031 – – 0.019 0.012 – – 0.048 0.010 – –
2 0.000 0.032 0.002 – 0.204 0.055 0.000 – 0.291 0.153 0.065 –
3 0.000 0.024 0.001 0.006 0.274 0.058 0.001 0.002 0.364 0.170 0.063 0.013

Dr T1 1 0.972 0.968 – – 0.765 0.810 – – 0.665 0.826 – –
2 0.972 0.967 0.961 – 0.833 0.917 0.944 – 0.759 0.949 0.947 –
3 0.966 0.960 0.957 0.964 0.856 0.905 0.930 0.889 0.782 0.950 0.939 0.933

T2 1 0.774 0.722 – – 0.645 0.640 – – 0.627 0.657 – –
2 0.771 0.727 0.728 – 0.736 0.709 0.671 – 0.744 0.731 0.690 –
3 0.780 0.745 0.730 0.719 0.742 0.708 0.602 0.520 0.753 0.722 0.674 0.655

T3 1 0.297 0.152 – – −0.097 −0.208 – – 0.154 −0.060 – –
2 0.283 0.144 −0.025 – 0.197 −0.157 −0.411 – 0.374 0.299 0.040 –
3 0.285 0.060 −0.143 −0.159 0.235 −0.154 −0.356 −0.658 0.384 0.283 0.029 −0.502

NSE T1 1 0.996 0.995 – – 0.775 0.854 – – 0.490 0.870 – –
2 0.996 0.995 0.992 – 0.880 0.971 0.986 – 0.743 0.988 0.988 –
3 0.994 0.992 0.991 0.994 0.905 0.961 0.978 0.943 0.781 0.989 0.984 0.979

T2 1 0.646 0.562 – – 0.434 0.471 – – 0.372 0.485 – –
2 0.641 0.570 0.552 – 0.654 0.653 0.568 – 0.630 0.678 0.616 –
3 0.661 0.605 0.580 0.522 0.670 0.684 0.385 0.288 0.652 0.666 0.590 0.539

T3 1 −0.173 −0.433 – – −0.655 −0.971 – – −0.282 −0.647 – –
2 −0.187 −0.445 −0.623 – 0.160 −0.534 −2.130 – 0.289 0.136 −0.209 –
3 −0.185 −0.526 −0.873 −1.144 0.255 −0.465 −1.865 −6.159 0.360 0.144 −0.252 −3.430

uRMSE T1 1 0.178 0.197 – – 1.259 1.045 – – 1.906 0.987 – –
2 0.182 0.203 0.237 – 0.871 0.469 0.325 – 1.312 0.297 0.302 –
3 0.203 0.237 0.260 0.219 0.763 0.541 0.401 0.653 1.196 0.288 0.349 0.395

T2 1 0.339 0.372 – – 0.431 0.417 – – 0.454 0.410 – –
2 0.343 0.370 0.380 – 0.337 0.338 0.376 – 0.348 0.323 0.355 –
3 0.333 0.355 0.369 0.376 0.329 0.322 0.449 0.478 0.337 0.328 0.366 0.387

T3 1 12.347 13.493 – – 16.008 17.395 – – 14.118 15.993 – –
2 12.440 13.541 14.422 – 11.372 15.266 21.932 – 10.507 11.590 13.630 –
3 12.429 13.773 15.450 16.874 10.702 14.817 20.916 33.228 9.962 11.535 13.823 26.043

Table 3
Details of data utilized in the analysis of total monthly rainfall over the study basin.

Independent Time Series Source Temporal Resolution Spatial Resolution R2 with rainfall

Average Surface Air Temp NOAA Monthly 2.5°× 2.5° 0.0015
Precipitable Water Content NOAA Monthly 2.5°× 2.5° 0.7682
Surface Pressure NOAA Monthly 2.5°× 2.5° 0.4576
Average Air Temp (925 mb) NOAA Monthly 2.5°× 2.5° 0.0102
Average Air Temp (700 mb) NOAA Monthly 2.5°× 2.5° 0.2739
Average Air Temp (500 mb) NOAA Monthly 2.5°× 2.5° 0.5996
Average Air Temp (200 mb) NOAA Monthly 2.5°× 2.5° 0.5799
Average Specific Humidity (925 mb) NOAA Monthly 2.5°× 2.5° 0.7265
Average Specific Humidity (850 mb) NOAA Monthly 2.5°× 2.5° 0.7444
Average Geo Potential Height (925 mb) NOAA Monthly 2.5°× 2.5° 0.5039
Average Geo Potential Height (500 mb) NOAA Monthly 2.5°× 2.5° 0.0063
Average Geo Potential Height (200 mb) NOAA Monthly 2.5°× 2.5° 0.5120
Average U Wind (925 mb) NOAA Monthly 2.5°× 2.5° 0.4277
Average U Wind (200 mb) NOAA Monthly 2.5°× 2.5° 0.6403
Average V Wind (925 mb) NOAA Monthly 2.5°× 2.5° 0.0003
Average V Wind (200 mb) NOAA Monthly 2.5°× 2.5° 0.2426
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Importance Measure analysis are tabulated in Table 5. It should be
noted that the independent variable having high coefficient of de-
termination with total rainfall may not have high relative significance
under the context of proposed model. The coefficient of determination
between two variables measures the mutual linear association in the
absence of all other independent variables, but the same degree of as-
sociation may not be expected to be followed in a non-linear model like
the proposed Wavelet-ARX model. Moreover, the information present in
one variable component can be present in other variable components
also, so in a multi-variable prediction scenario using the Wavelet-ARX
model some independent variables may not improve prediction per-
formance. For example, some of the variables like average air tem-
perature at 200mb and 500mb, precipitable water content and specific
humidity at 850 mb have very less relative importance though they
have high values of coefficient of determination (Tables 3 and 5). The
best performing Wavelet-ARX model 2 (p=2, q=3) is run using the
five most significant inputs in each of the relative importance measure
indices, and the performance of the model is tabulated in Table 6. In the
case of dominance analysis, the input variables chosen are surface
pressure, average geo-potential height at 925mb, average air tem-
perature at 925mb, average geo-potential height at 500mb and average
surface air temperature. In the case of BIM, the input variables chosen
are surface pressure, average air temperature at 925mb, average sur-
face air temperature, average geo-potential height at 925mb, and
average U wind at 925mb. It can be concluded by comparing the
performance measures in Table 6 from that of Table 4 that most of the
information required to predict the total monthly rainfall over UMB is
concentrated in the selected five input variables. It should be noted that
for a component residual series, the number of parameters required for
training the best performing model (model 2, p=3 and q=2) with 5
inputs is 18 parameters (for all three residual series 54 parameters are
required) only compared to 51 parameters with 16 inputs (153 para-
meters required for all three residual series). Hence, relative im-
portance analysis, though being itself a computationally intensive

process, helps in discarding less important inputs which reduces input
variable dimensionality and computational requirement of the predic-
tion model.

4.3. Comparison with vector auto-regressive model with exogenous inputs
(VARX)

The VARX approach is applied to stationary wavelet coefficient (or
nondecimated discrete wavelet coefficients) (Bogner and Pappenberger,
2011) of variables to compare the performance with the proposed
model. In VARX, monthly rainfall is considered as the dependent
variable and other significant variables, selected on the basis of either
of DARIM or BIM, are considered exogenous inputs (independent
variables). The VARX model is given by (Bogner and Pappenberger,
2011; Zivot and Wang, 2006):

∑= − +
=

x t φ x t j w( ) ( )
j

q

t
1 (16a)

∑= − + +
=

y t ϕ t i τ x t v( ) y( ) ( )
i

p

t
1 (16b)

where x t( )is a column matrix of all significant independent variables at
time t (n by 1, if the number of independent series is n). Similarly,
y t( )represents is a column matrix of monthly rainfall at time t (m by 1,
if the number of independent series ism). p and q represents the number
of auto-regressive terms and exogenous inputs respectively.τ and φ are
n by n matrix of coefficients. ϕ is m by mmatrix of coefficients. wt and vt
are white noise. All the coefficient matrix (τ , φand ϕ) are estimated
during model calibration.

The performance of the VARX model (average of 10 realizations
consisting of 1000 Monte-Carlo simulations each) is tabulated in
Table 6. The proposed Wavelet-ARX model 2 is found to be performing
better than the VARX model despite having less parameter requirement.
For instance, VARX with p=3 and q=2 need 234 parameters for

Fig. 5. Observed and MRSWT components of monthly rainfall series in the study basin.
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fitting relationship between discrete wavelet components of five in-
dependent and one dependent variable compared to 54 parameters
required by Wavelet-ARX model 2 (p=3 and q=2). The poor per-
formance of VARX model as compared to Wavelet-ARX may result
primarily from two reasons: i) the provision of kernel-based model in
Wavelet-ARX that model a major part of variability as memory, ii) the
VARX model is applied on SWT components not the MRSWT compo-
nent. Applying VARX model to MRSWT component is feasible, but will

increase the number of parameters even further.

5. Summary and conclusions

This study proposes a hybrid Wavelet-ARX based approach to model
the hydro-meteorological associations for hydrologic prediction. The
basic idea is – association if any, present between the variables, should
be more prominently revealed at the constituent wave level as they are

Fig. 6. Predicted components residuals from ARX model 2 (p=3 and q=2) as compared to the originally calculated residuals during a) calibration period and b)
testing period.
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continuously evolving. So, the variables are converted to their wavelet
components and all other analysis, i.e., application of kernel estimator
on the component of dependent time series and ARX model for mod-
eling the residual of the previous step is done at the component level.
The first step, i.e., application of kernel estimator, models memory part
of dependent time series components and later step, i.e., ARX model,
models the inter-relation between the residual of dependent series
component and other exogenous input components. The dependent
variable is regenerated using inverse wavelet transform. Two different
models are formulated based on the different selection criteria for input

variable components being utilized in ARX model prediction. It is found
that model 2, which is formulated on the basis of an assumption that
components in the same frequency range affect each other more
strongly, is working better than other models. It should be noted that
MRSWT at an even higher level can help in revealing component at
smaller frequency bands, so it should enhance the model performance.
However, increasing MRSWT level will increase the number of para-
meters to be estimated in model calibration, so the best MRSWT level
can be worked out by a tradeoff between the performance gain and
increase in model complexity. This aspect of the model is not checked in

Table 4
Statistics showing model performance for prediction of monthly rainfall over the study basin during the testing period.

Model Performance Statistics No. of Auto-Regressive input (p) Lag in exogenous time series input (q)

ARX (for Comparison) Model 1 Model 2

0 1 2 3 0 1 2 3 0 1 2 3

R2 1 0.870 0.861 – – 0.818 0.770 – – 0.752 0.821 – –
2 0.874 0.861 0.857 – 0.901 0.860 0.825 – 0.883 0.897 0.895 –
3 0.871 0.857 0.853 0.849 0.911 0.877 0.865 0.798 0.887 0.905 0.907 0.895

Dr 1 0.860 0.858 – – 0.835 0.801 – – 0.810 0.833 – –
2 0.860 0.855 0.853 – 0.871 0.840 0.817 – 0.857 0.864 0.861 –
3 0.858 0.853 0.851 0.844 0.873 0.848 0.837 0.804 0.855 0.864 0.864 0.855

NSE 1 0.840 0.831 – – 0.818 0.763 – – 0.752 0.816 – –
2 0.846 0.833 0.836 – 0.896 0.855 0.819 – 0.872 0.892 0.889 –
3 0.847 0.832 0.833 0.832 0.904 0.872 0.858 0.791 0.873 0.898 0.900 0.888

uRMSE 1 54.650 55.888 – – 60.947 68.733 – – 71.130 60.628 – –
2 53.660 55.819 55.255 – 46.133 53.702 59.801 – 51.042 46.703 47.195 –
3 53.757 56.060 55.810 56.401 44.354 50.533 52.933 64.306 51.000 45.188 44.827 47.396

Fig. 7. Scatter plot between observed and predicted monthly rainfall over the study basin (in mm/month) for the different combinations of p and q using hybrid
Wavelet-ARX model 2.

M. Suman and R. Maity Journal of Hydrology 577 (2019) 123918

11



the present study. The proposed model is also found to produce a better
result than the already established ARX model when the correlation
between the variable involved is moderate or low. It is also revealed
that proper importance analysis (though a time taking and computa-
tionally intensive procedure) of input variables in a multi-input pre-
diction problem can help in separating insignificant inputs and hence
can enhance the prediction performance. Additionally, the application
of the proposed model on the synthetic data set strengthens the state-
ment that model can be applied to study the relationship of any pair of
predict– and predictors from different fields too. However, whenever
the set of changes the model need to recalibrated to estimate the
parameters involved. The proposed approach is desirable in a changing
climate for extracting the hydro-meteorological forcings to capture the
relationship between other predictor/predictant variables.
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Fig. 8. Observed and Predicted Total Monthly Rainfall over UMB using hybrid Wavelet-ARX model 2 (p=3 and q=2).

Table 5
Relative Importance Measure for independent variables using Wavelet-ARX
model 2 (p=3 and q=2) for monthly rainfall prediction.

Independent Time Series BIM (×10−6) DARIM (×10−3)

Average Surface Air Temp 6.48 4.10
Precipitable Water Content 4.83 3.94
Surface Pressure 8.13 6.39
Average Air Temp (925 mb) 7.14 4.76
Average Air Temp (700 mb) 4.77 2.00
Average Air Temp (500 mb) 4.20 −1.38
Average Air Temp (200 mb) 5.03 1.04
Average Specific Humidity (925 mb) 5.64 3.88
Average Specific Humidity (850 mb) 4.12 1.06
Average Geo Potential Height (925 mb) 6.10 5.47
Average Geo Potential Height (500 mb) 5.64 4.53
Average Geo Potential Height (200 mb) 5.47 1.83
Average U Wind (925 mb) 6.06 3.29
Average U Wind (200 mb) 5.48 2.47
Average V Wind (925 mb) 5.22 8.24
Average V Wind (200 mb) 3.62 −1.83
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