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Chapter 0O

Background: A review of set theory

A set is a collection of well-defined objects. The objects present in the set are called its
members or elements. We will generally represent a set by a capital letter and its members

by small letters.
A={a,e,i,o,u} (1)

Ais the set and a, e, 7, 0, u are its elements. To indicate that a is an element of A, the symbol

€ 1is used.

a€A (2)

The above is read as “a belongs to A” or “a is in A” or “a is an element of A”.

The number of elements present in a set is called its cardinality or cardinal number. A set
is said to be a finite set if its cardinality is finite. Else, the set is said to be an infinite set.
A set is said to be an empty set or a null set or a void set if it does not contain any element.

Such a set is generally denoted by ¢. A few examples of empty sets are given below.

¢={} (3)
p={r:veRA*=—1} (4)

A set containing exactly one element is called a singleton set. Two sets A and B are said to

be equal if they have same elements.

A=Bifre A = re€BANreB = xcA (5)
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Two sets are said to be equivalent if they have the same number of elements in them i.e.
their cardinalities are equal.

A~ Biff |A| = |B| (6)
B is said to be a subset of A if all elements of B are also elements of A.

BCcAiffreB = x€AVreB (7)

A set of cardinality |B| has 2/®l number of subsets. Two sets A and B are said to be
comparable if either A C B or B C A.

Power set of a set A is a set of all possible subsets of A.
PA)={S:SC A} (8)

The union of two sets A and B is a set which has elements which are either in A or in B or
in both.
AUB={z:x€ AVz € BVre ANB} (9)

The intersection of two sets A and B is a set which has elements which are common to both

A and B.

ANB={z:x€ ANz € B} (10)
Laws of sets
Idempotent laws:
AUA=A (11)
ANA=A (12)
Identity laws:
AUgp=A (13)
ANg=¢ (14)
Commutative laws:
AUB=BUA (15)

ANB=BnNA (16)



Associative laws:

AU(BUC)=(AuB)UC (17)
AN(BNnC)=(AnB)nC (18)

Distributive laws:
AUu(BNC)=(AUB)N(AUC) (19)
AN(BUC)=(ANB)U(ANC) (20)

Complement laws:
ANA =¢ (21)
AUA =U (22)
§=U (23)
U =g (24)

where U is the universal set.

Difference of two sets A and B is defined as
A—-B={x:x€ ANz ¢ B} (25)
Symmetric difference of A and B is defined as
AAB=(A-B)U(B—A) (26)
Ordered pair: In any set, the order in which the elements are written is immaterial i.e.
A =A{ay,a9,a3} = {ay,a3,a2} = {as,as,a1} ... (27)
An ordered pair is a collection of two elements described in a particular order i.e.
(a,b) = (b,a)iffa=10 (28)

Two ordered pairs (a,b) and (c,d) are equal iff a = ¢ and b = d. As an extension to an

ordered collection of n-elements, we can define ordered n-tuple.
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Cartesian product of sets: Let A and B be two sets. The set of all ordered pairs (a,b) such
that a € A and b € B is called the cartesian product of the two sets. It is denoted by A x B.

Ax B={(a,b):a€ AND€E B} (29)
A X B+# B x Aunless A= B (30)

As an extension, we can write
A1><A2><"'XAn:{(G,l,CLQ...(In>3ai€AiVi} (31)

Relations:

A relation R from a set A to B is a subset of A x B.
RCAXxB (32)

The domain of a relation R from A to B is the set of all first elements of the ordered pairs
which belong to R.
dom(R) ={a:a € AN (a,b) € R} (33)

The range of a relation R from A to B is the set of all second elements of the ordered pairs
which belong to R.
range(R) ={b:b € B A (a,b) € R} (34)

Consider A = {1,2,3} and B = {1,2,4}.
Ax B=1{(1,1),(1,2),(1,4),(2,1),(2,2),(2,4),(3,1),(3,2),(3,4)} (35)

We choose a subset of A x B such that the sum of the elements of the ordered pairs is greater

than or equal to 4. Then
R={(1,4),(2,2),(2,4),(3,1),(3,2),(3,4)} (36)

It can be seen from Figure 1 that there are more than one arrows emerging from A. Hence,
in relations, it is allowed to have more than one ordered pairs with the same first entry i.e.
more than one elements in A can have a corresponding image in B. Now we define a special

case of relations called a function.



N
Figure 1: Representation of a relation given by Eq. (36)

Functions:

A function f from A to B, denoted as f: A — B, is a subset of A x B such that
(i) every element of A is the first entry of some ordered pair, and

(ii) no two ordered pairs have the same first entry.

The set A is called the domain of f while the set B is called the co-domain of f. Different

cases given in Figure 2 can be used to identify functions.

(i A B (i) A B
f

N
N

Gii) A

L

Figure 2: Different scenarios depicting a relation to be a function. (i) not a function, (ii)

not a function, (iii) function, (iv) function
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Into function: There is atleast one element in B such that there is no pre-image correspond-

ing to it in A. ¢ in Figure 3(i), for example, does not have any pre-image.

Onto or surjective function: Every element in B has a pre-image in A. In this case,

co — domain(f) = range(f) as can be seen from Figure 3(ii).

One-One or injective function: For every image, there is exactly one pre-image. But all

images need not have a pre-image. See Figure 3(iii) for example.

One-one onto or bijective function: This function is both one-one, i.e. all the images have
exactly one corresponding pre-image, and onto, i.e. every image has a pre-image. See Figure

3(iv) for example.

iH A B (i) A B

i
i

Gii) A B iv) A B

ﬂ
i

Figure 3: Different types of functions. (i) into function, (ii) onto or surjective function, (iii)

one-one or injective function, (iv) one-one onto or bijective function



Problems

1. Write the following sets using set builder notation:
) A={3%7 3}
(i) A= {27 §7 1
(iii) A = {0, 0, 7, 26, 63...}
(iv) A={0,2,4,6...}
(v) A = a set of all possible integers whose cube is an odd integer
(

vi) A = a set of all real numbers which cannot be written as quotients of two integers
2. Show that a null set is unique.

3. Prove that
(i) every set is a subset of itself
(ii) ¢ is a subset of all sets
(iii) number of subsets of a given set equals 2V where N is the cardinality of the set
(

iv) number of proper subsets of a given set equals 2V-2

4. If U is the universal set then identify the complement of A if
A={z:2eNAz=3nVneN}

5. Prove that the cardinality of the power set of A, P(A), is 214,

6. fA={z:2=4n+1,ne N, n<5}and
B ={x: 2 =3n,n €N, n <8} then determine AAB.

7. Prove the following set operations:

i) Idempotent laws:

a) AUA=A (b)ANA=A
ii) Identity laws:

a) AUgp=A (b)ANU=A
ili) Commutative laws:

(
(
(
(
(
(a) AUB=BUA (b)) AnNB=BnNA
(

iv) Associative laws:
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(a) AUBUC)=(AUB)UC (b)An(BNC)=(ANB)NC
(v) Distributive laws:

(a) AU(BNC)=(AuB)N(AUC(C)

(b AN(BUC)=(ANB)U(ANC)

(vi) De Morgan’s laws:

(a) (AU B)* = A°N B¢ (b) (AN B)* = A°U B¢
(vii) Complement laws:

(a)AﬂAc—gb (b) AU A =U

(c) ¢ (d) U =9

(viii) Involution law:

(A%)" =

The Cartesian product A x A has 9 elements with two of the elements being (-1,0)
and (0,1). Identify the set A and determine A x A.

Prove that |A x B| = |A| - |B|.
Check whether A x B and B x A form equivalent sets.

For two sets A = {a;},i=1---nand B={b;},i =1---n,n € Z, verify that < A, B >
C PP(AUB).

If a and b are elements of sets A and B, respectively, then verify the followings:

(a) aUb C (UA)U (UB)
(b) <a,b>C PP((UA) U (UB))
(¢) <z,y>ze€Aye BCPPP(UA)U(UB))

Prove the following set operations:

(a) Ax (BUC)=(AxB)U(AxC)
(b) Ax (BNC)=(AxB)N(Ax ()
(c) Ax (B-C)=(AxB)—(Ax(C)

State whether each diagram in the following figures defines a mapping from A = {a, b, ¢}
into B = {x,y, z}.



> > T

(a) (b) ()

/

15. Let the mappings f : A — B, g : B — C, h : C' — D be defined by the following
diagram. Determine whether or not each function is (a) injective, (b) surjective, (c)

bijective, (d) invertible.

16. Let f: A — B and g: B — C be defined by the diagram.

(a) Find the composition mapping (g o f) : A — C.
(b) Find the images of the mappings f, g, g o f.

17. Consider the mapping F : R® — R? defined by F(z,y, 2) = (yz,2?). Find
(a) F(2,3,4); (b) F(5,—2,7); (¢) F~*(0,0) that is, all v € R? such that F'(v) = 0.

18. Consider the mapping F : R* — R? defined by F(z,y) = (3y,2x). Let S be the unit
circle in R?, that is, the solution set of z* + y* = 1. (a) Describe F(S). (b) Find
F7Y9).
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19. Let f: R — R be defined by f(z) = 2x — 3. If f is one-to-one and onto, find a formula
for f=1.

20. Suppose f: A— Bandg: B — C. Hence, go f: A — C exists. Prove that
(a) If f and g are one-to-one, then g o f is one-to-one.
(b) If f and g are onto mappings, then g o f is an onto mapping.
(c) If g o f is one-to-one, then f is one-to-one mapping,.
(

d) If g o f is an onto mapping, then ¢ is an onto mapping,.



Chapter 1

Groups, rings and fields

Binary operation:

Let S be any non-empty set. A function f:S x S — S is called a binary operation on the
set S. The binary operation f on the set S associates every ordered pair (a,b) € S X S to a
unique element f(a,b) € S.

From the above, it can be easily seen that addition is a binary operation on N. Similarly,
multiplication is a binary operation on N. But subtration and division are not binary oper-

ations on N.

Commutative binary operation:

A binary operation ® on a set S is said to be commutative if
a®b=b®aVa,be S (1.1)

Hence, multiplication of numbers is a commutative binary operation while multiplication of

matrices is not.

Associative binary operation:

A binary operation ® is said to be associative if
(a®b)®c=a® (b®c) Va,b,ce S (1.2)

Hence, multiplication and addition of numbers and matrices are associative binary opera-

tions.

11
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Distributivity:
Let two operations ® and ® be defined on S. The binary operation ® is said to be
(a) left distributive over ® if

a®(boc)=(a®b)®(a®c) Va,b,ce S (1.3)
(b) right distributive over ® if

beoc)®a=(b®a)® (c®a)Va,bce S (1.4)
The binary operation ® is said to be distributive over ® if it is both left as well as right

distributive.

Closure property:
Let ® be a binary operation on S. For T" C S, T is said to be closed under ® if a ® b €
TVa,beT.

Identity element:
Let ® be a binary operation on S. An element e; € S is called a left identity if
er®a=aVae€sS (1.5)
An element e; € S is called a right identity if
a®e =aVacS (1.6)
An element e € S is called an identity element if it is both left and right identity i.e.
eRa=a=a®eVa€S (1.7)

Inverse of an element:
Let ® be a binary operation on S. An element b; € S is called the left inverse of an element
acSif

bi@a=ce (1.8)
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where e is the identity element in S. An element by, € S is called the right inverse of an
element a € S if

a®by,=e (1.9)

An element b € S is called an inverse element of a € S if it is both left as well as right inverse
i.e.

bRa=e=a®b (1.10)
Groups:

A group is a non-empty set G equipped with a binary operation ® : G x G — G that

associates an element a ® b € G Va,b € G and having the following properties.

a® (b®c)=(a®b) ®c (1.11)
a@e=e®a=aie JeeG (1.12)
Va€Gla ' €Gsuchthata®a ' =a'®@a=e (1.13)

The group is called abelian if it is commutative i.e.
a®b=>b®aVa,be G (1.14)

A non-empty group M with a binary operation ® : M x M — M is called a monoid if it
satisfies only the first two conditions for a group.
The identity element of a group is unique. To prove this, we assume there be two identity

elements of G.

e!®a=aVaeG (1.15)
a@el=aVae@ (1.16)
el ell € G. Therefore, for a = e/,
el @ell =el! (1.17)
Similarly, for a = ef,
ef@ell =¢f (1.18)

1

Hence, e! = e!!. Therefore, a group has a unique identity element.
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Every element in a group has a unique inverse element. To prove this, we assume two inverse

elements of a € G, a!,a!! € G.

a1®a:e
a®aH:e
(al®a)®anze®anzan

d ®@@a@@d’)=d @e=ad
Since ® is associative,

(al®a>®allzal®<a®a11)

Subgroups:

Given a non-empty set G, a set H C G is called a subgroup of G iff

the identity element of e € GG also belongs to H
h1®h2 GHVhl,hQ € H
h'eHVheH

Rings:

A ring is a non-empty set R equipped with two binary operations

+: R x R — R (addition)

% : R x R — R (multiplication)

having the following properties.
(a) R is an abelian group with respect to +
(b) * is associative and has an identity element 1 € R

(c) * is distributive with respect to +

e N e
—_ =
N N
= O

~—  ~— ~— =

(1.23)

(1.24)

(1.25)
(1.26)

(1.27)

(1.28)

(1.29)

The identity element for addition is denoted by 0 (zero) and the additive inverse of a € R is



denoted by —a. Va,b,c € R, the following properties hold.

Fields:

A set K is a field if it is a ring and the following properties hold.

(a) 0#£1

(b) K* = K — {0} is a group i.e. every a # 0 has an inverse with respect to *

(c) * is commutative

(a+b)+c=a+(b+c)
a+b=b+a
a+0=0+a=a
a+(—a)=(-a)+a=0
ax(bxc)=(axb)xc
axl=1xa=a
(a+b)xc=(a*xc)+ (bxc)

ax(b+c)=(axb)+ (ax*c)

15
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Problems

1. Verify whether the set of integers Z is a group under addition? Identify whether
7* =7 — {0} is a group under multiplication?

2. Verify whether the set Q of rational numbers is a group under addition? Identify
whether Q* = Q — {0} is a group under multiplication?

3. Verify whether a set of n x n invertible matrices is a group under (a) matrix addition
and (b) matrix multiplication?

4. Identify whether the following operations make a binary operation on the given sets.
(a) addition on N, Z,IT I~ Q,R,C
(b) subtration on N, Z, 17, 17, Q,R,C
(¢) multiplication on N, Z,I7. T~ Q, R, C
(d) division on N, Z, 17, T, Q,R,C

5. For each of the above operations or combination of operations, determine whether the
operations are (a) commutative, (b) associative, (c) distributive.

6. For ® : Ax A— A, is A closed under ®?

7. Verify whether a universal set U is closed under every possible binary operation &
defined on U?

8. Verify whether N is a group under (a) addition, (b) multiplication? If yes, then check
if the group is abelian?

9. Verify whether N is a monoid under (a) addition, (b) multiplication?

10. Verify whether a set of non-singular matrices (n x n) forms a group under (a) matrix
addition, (b) matrix multiplication? Are the identity elements for the two operations
the same? Is the group abelian under both the operations?

11. Verify whether the additive groups Z, Q, R and C are commutative rings?
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17
Verify whether the rings Q, R and C are fields?

Verify whether the group R[X] of polynomials in one variable with real coefficients is

a ring under multiplication of polynomials? Check whether it is commutative?

Verify whether a group of n X n matrices is a ring under matrix multiplication? Check

whether it is commutative?

Verify whether a set of fractions of polynomials f(z)/g(z), f(z), g(x) € R(z), g(x) #0
is a field?

a b
Let G be a group with elements of the form such that a,b,¢,d € {0,1} and
c d

ad — be # 0. Prove that G is a group under matrix multiplication with order 6.

If G is a group such that (ab)?* = a®b* Va,b € G then prove that G is abelian.
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Chapter 2

Linear vector spaces

A vector space is an algebraic structure (V, F, ®, ®) consisting of a non-empty set V', a field
F', a binary operation ® : V x V — V and external mapping ® : F' x V — V associating
each a € F,v € V to a unique element a ® v € V' and satisfying the following.

(i) (V,®) is an abelian group

(i) Vu,v € V, and a,b € F

a0 URV)=a@uRadu (2.1)
(a®b)Ov=(a0v)® bou) (2.2)
(@b Ou=a6 (bou) (2.3)

10 u=u (2.4)

The elements of V' are called vectors and they will be denoted as u; from now onwards. The

elements of F' are called scalars.

- The mapping ® can be identified as scalar multiplication and the binary operation ® can
be identified as vector addition.

- The vector space is called a real vector space if FF = R and it is called a complex vector
space if F' = C.

- Strictly speaking, the above properties define a linear vector space. But we will be using

the term vector space to signify the same thing.

19
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Subspaces:

Let V' be a vector space over a field F. A non-empty S C V is said to be a subspace of V if
S itself is a vector space over F' under the operations on V restricted to S.

Restriction:

If S C V and a binary operation ® is defined on S then ® is said to be a restriction of S on
Vita®be SVa,beS.

Criteria for a subset to be a subspace:

Let V be a vector space over F'. A non-empty set S C V is a subspace iff Vu,v € S and
Va e I

ut+ves (2.5)

au €S (2.6)

Hence, S is an additive abelian group under vector addition and S is closed under scalar
multiplication. The above criteria can be alternatively posed as follows.

A non-empty S C V is a subspace of V iff au+ v e S, u,ve s, a,fe€F.
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Problems

1. Show that a set of all ordred n-tuples of elements of any field F' is a vector space over

F.

2. Show that a set of F™*™ matrices over a field F' is a vector space over F' with respect
to the addition of matrices as the vector addition and multiplication of a matrix by a

scalar as the scalar multiplication.
3. Show that the set F'[x] of all polynomials over a field F' is a vector space over F.

4. Let V7 and V5 be two vector spaces over the same field F'. Show that their Cartesian

product Vi x V4 = {(vy,v2) : v1 € Vi, 09 € Vo} is a vector space over F.

5. Let F' be a field and V' be a set of all ordered pairs (ai,asz),a1,as € F. The following
operations have been defined.
(a1, az) + (b1, ba) = (a1 + b1, az + by)
)\(al,aZ) = ()\(ll,ag), A € F

Verify whether the operations given above make V' a vector space over F'.

6. Show that a set V of all real valued continuous functions defined on a closed interval
la,b] is a real vector space with vector addition and scalar multiplication defined as

follows.

(f +9)(x) = f(z) + 9()
(Af)(x) = Af(x)

Vf,ge V,xeR.

7. If X is a non-empty set and V is a vector space over F' then show that
VX = {f: X — V} is a vector space over F under the vector addition and scalar

multiplication defined below.

(f +9)(z) = f(x) +g()
(Af)(x) = Af(z)
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Vf,ge VX NeF.

Let V = {(z,y) : z,y € R}. Show that V is not a vector space under the vector

addition and scalar multiplication defined below.
(ai, b;) + (a;,b;) = (3b; + 3bj, —a; — a;)
]{?(CLZ‘7 bz) == (3k)bz, —k:az)
V(ai, bz), (aj, b]) < ‘/, k < R

Let V ={(z,y) : ,y € R}. For any o = (z;, ), 8 = (xj,y;) € V,c € R, the following

operations are defined.

a®@fB=(xi+z;+1Lyi+y +1)

cO®a = (cx;, cy;)

(i) Prove that (V,®) is an abelian group.

(i) Prove that V is not a vector space over R under the two operations.
For any u = (x;, 2, 2%) and v = (y;, yj, Yx), u,v € R a € R,

u@v=(r;+y+1Lz;+y+ 1, +y+1)

a®@u=(ar;+a—1ar;+a=1ar;+a—1)
Prove that R? is a vector space over R under these two operations.

HV=R"u®v=uv,a®u=uVu,v € V,a € R then prove that V is a vector space

over R under these two operations.

Identify whether R? is a vector space over R under the following two operations.

(i, Zj, Ty) + (ymyja?/k) = (i +yi,xj +y;, v + Yk)

a(z;, zj, ) = (az;, axj, axy)

v(xivxjazk)7 (ywy]ayk‘) € R37a € R.
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13. Let V ={(z,1) : x € R}. For any u = (x,1),v = (y,1) € V,a € R,
u@v=(r+y,1)
a®u=(az,1)
Verify whether V' is a vector space over R under these two operations.

14. Let V be a set of ordered pairs (a,b),a,b € R. The following operations are defined.
(@)@ (c,d) = (a+ ¢, b+d)
k(a,b) = (ka,0)
Show that V' is not a vector space over R under these two operations.

15. Let V' be the set of ordered pairs (a,b),a,b € R and k € R. Show that V' is not a

vector space over R with the vector addition and scalar multiplication defined by:

(i)
(a,b) + (¢,d) = (a+d, b+ c)
k(a,b) =(ka, kb)
(i)
(a,b) + (¢,d) = (a+d,b+ )
k(a,b) =(a,b)
(iii)
(a,b) + (¢, d) = (0,0)
k(a,b) =(ka, kb)
(iv)

(a,b) + (¢, d) = (ac, bd)
k(a,b) =(ka, kb)
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Show that S = {(0,b,c) : b,c € R} is a subspace of R.

ItV ={(z,y,2) : z,y,2 € R} and S = {(x,z,z) : x € R} then show that S is a

subspace of V. What is the geometrical interpretation of this?

Let a;,a;,a, € F. Show that the set S of all triads (z;, z;, z;) of elements of
F :a;x; +a;x; + apw,, = 0 is a subspace of F 3. What is the geometrical interpretation

of this when F' = R.

Show that a set S of all n x n symmetric matrices over a field F' is a subspace of the

vector space F™*™ matrices over F.

Let V' be the vector space of all real valued continuous functions over R. Show that

the set .S of solutions of the differential equation

Py dy
22 9% L9y =0
dx? dx +ey

is a subspace of V.

Let R be a field of real numbers and S be the set of all solutions of the equation

x+ 1y + 2z = 0. Show that S is a subspace of R3.

Let S be the set of all elements of the form (z + 2y, y, —z + 3y) € R? x,y € R. Show
that S is a subspace of R3.

Let V be the vector space of all 2 x 2 matrices over R. Show that
(i) the set of all 2 x 2 singular matrices over R is not a subspace of V.

(ii) the set of all 2 x 2 matrices satisfying A x A = A, A € V is not a subspace of A.

Let V be a vector space over R3. Which of the following subsets of V' are subspaces of
V?

(i) S1 ={(a,b,c) :a+b=0}

(ii) S2 ={(a,b,c) ra=2b+ 1}

(iii) S5 = {(a,b,¢) : a > 0}

(iv) Sy = {(a,b, ) : a* = b*}
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(v) S5 = {(a,2b,3c) : a,b,c € R}
(vi) S = {(a,a,a) : a € R}
(vii) S7 ={(a,b,¢) : a,b,c € Q}

Let V = {ag + a1z + asx? + asz® : a; € R} be the set of all polynomials of degree less
than or equal to 3 over R. V' is a vector space over R. Prove that
(i) Sy = {ag + asx? : ag,ay € R} is a subspace of V.

(i) Sy = {ag + a1z + asx? + azz® : ag = as + az,a; € R} is a subspace of V.

Let V be the set of all 2 x 3 matrices. V' is a vector space over R. Determine which of

the following subsets of V' are subspaces of V7

(i)
a b c
512{ :a,b,c,dER}
d 0 0

a b c
Sy = ca+c=e+ f,a,b,c,d,e, f € R
d e f

(iii)

a b c
Sy = ca>0,b=c,a,bc,de, f €R
d e f
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CHAPTER 2. LINEAR VECTOR SPACES



Chapter 3

Linear independence, basis, dimension

and span

Linear combination:
If V is a vector space over a field F', v,,v,,...,v, are n vectors in V and Ay, Ag, ...\, are

scalars in F' then
VYot1 = Z AiY; (3.1)
i=1

is called a linear combination of v;,v, ., € V.

Linear span:
Let V be a vector space over a field F' and S C V. A set of all possible finite linear

combinations of vectors in S in called the linear span of S.

[S]:{Z)\iyi:/\ieF,neN,yieS} (3.2)
=1

Linear independence:
A set of vectors vy, v,,...,v, in a vector space V over F' are said to be linearly independent
if
n
DAy, =0 = \=0Vi\€eF (3.3)

i=1

27
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Basis and dimension: A non-empty subset B C V is said to be a basis for a vector space V
if
(i) B spans V

(ii) all vectors in B are linearly independent.

A vector space is said to be finite dimensional if there exists a finite subset of V' that
spans it. The followings are noteworthy.
(i) A null vector cannot be in the basis.
(ii) If the number of vectors in the basis is not finite then the vector space is called infinite

dimensional.

If the number of vectors present in the basis are n then the vector space is said to be n-
dimensional. If V(F') is a vector space over F' then for dimension n,
(i) any set of n + 1 or more vectors in V' are linearly dependent.

(i) no set of n — 1 or lesser vectors can span V.
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Problems

1. Express the following vectors in R? as a linear combination of vy, vy, vs.

w, =1 =2 5% (i) wp=[1 1 1J% (i) wy = [0 0 0

2. Express the polynomial f(z) as a linear combination of the polynomial functions

¢1(x)7 (Z)g((ﬂ), ¢3(x)

f(z) =2 +4z -3
¢1(z) =2 =22+ 5
¢2(7) = 20* — 3w
d3(z) =z +3

3. Let V = R?*2 be a vector space of all 2 x 2 matrices over R. Express M as a linear

combination of M M, M,

4. Considerv; =[1 2 3/Tandv,=1[2 3 1]'. Find conditions on a,b and ¢ so that

v=[a b (|7 is alinear combination of v, and v,.

ot

. Let V' = P5(t) be the vector space of all polynomials of degree lesser than or equal to
2. Express the polynomial f(t) = at? 4+ bt + ¢ as a linear combination of the following

polynomials.

Alt) = (t = 1% flt) =t —1; filt) =1

=)

. Express the vector u=1[2 4 5]” in R? as a linear combination of v, =[1 2 3]*

andv, =12 3 1]

7. Show that the vectors v; =[1 1]7 and v, = [1  2]* span R? over R.
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14.

15.

16.

17.
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Show that the polynomials 1, 1 + z and (1 + x)? span the vector space V = Py(z) of

all polynomials of degree at most 2 over R.

Show that v,, v, and v; span R® where v = [1 1 1]7, v, = [1 2 3] and

Determine the condition(s) on a,band csothatv=1[a b ¢|* in R3 over R belongs to

the subspace spanned by v, = [1 2 07, v,=[-1 1 2Tandvys=[3 0 —4]T.

Letv,=[-1 2 07, v,=3 2 —1Tandvy=[1 6 —1]7 be three vectors

in R® over R. Show that [v; vo]=1[v; v, vl

Letv, =1 2 —1T,v,=[2 -3 2", v4=[4 1 3Tandv,=[-3 1 2T

be four vectors in R? over R. Show that [v; v,] # [v5 v,].

Let R?*2 be the vector space of all 2 x 2 matrices. Show that the matrices

span R?*2,

Verify whether the following vectors span R%.
vw=B3 -1 0 —1T; v,=[2 -1 3 2
vo=[-1 1 1 37 wv,=[1 1 9 -5

Find one vector in R? over R that spans the intersection of subspaces of S and 7' where

S={(a,b,0):a,b€ R} and T = [u;,u,],u; =1 1 1T u,=[1 2 3.

Consider the vector space V = P, (t) consiting of all polynomials of degree < n. Show

that the set of polynomials 1,¢,¢2,¢3,...,t" span V.

Show that the following vectors are linearly independent in R* over R.

v,=[2 -1 -5 2
vo,=2 1 1 67 v,=[1 -1 -4 0
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Determine whether the vectors

fxy=223+2+2+1
g(z) =2+ 32> +z — 2

h(z) =2° +22° — v + 3

in the vector space R[z] over R are linearly independent?

Let V' be the vector space of functions from R into R. Show that the functions f(t) =

sin(t), g(t) = €', h(t) = t* are linearly independent in V.

Verify if the following matrices in R?*? over R are linearly independent.

Which of the following subsets S; of R? are linearly independent?
QS ={1 2 y&,[-1 1 o -1 17}

s ={r 1 o0 o 1,1 5 2}

(111) Si={1 3 2", -7 g2 1 1}

(iv) Sy={[1 5 2", 0 0,0 1 0}

Which of the following subsets S; of R[x] are linearly independent?
(i) Sy = {1,z — 2%,z + 2% 3z}

(i) So={a? -1, 2> + 1,2 — 1}

(iii) 83—{x v — 2% 2? + 2t a+ 2+ 2t + 5}

(iv) Sy ={1,1+2z,1+z+2* 2"}

Which of the following subsets of all continuous function space are linearly indepen-
dent?

(i) S1 = {sin(x),cos(x), sin(z + 1)}

(ii) Sy = {we®, 2%, (2? + x — 1)e*}

(111) S3 = {sin*(x), cos(2x), 1}

(iv) Sy = {z, sin(x), cos(x)}
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24. If the set {v,,Vy,v3} is linearly independent in a vector space V(F) then prove that

the set {v; + vy, vy + V3, V3 + v, } is also linearly independent.

25. If {v,,Vy,...,v,} is a linearly independent set of vectors in a vector space V(F) and
{v{,Vs,...,v,,u} is a linearly dependent set then prove that u is a linear combination
of vi,vo,...,v,.

26. Find a maximal linearly independent subsystem of a system having the following vec-
tors.

vi=[2 -2 =47 v,=[1 9 37T

vy=[-2 —4 1 wy=@3 7 17

27. Determine whether or not each of the following sets forms a basis of R3(R).
) B ={1 1 1y, 0 17}
(i) Bp={[1 1 17,1 2 32 -1 1"}
(i) Bs={[1 1 27,1 2 5]",[5 3 4"}
(iv) Bs={[t 2 35,1 3 5% 0o 1)5,2 3 0T}

28. Let v, =[1 i 0T, v,=[20 1 1T andvy;=[0 1+4 1—14]T be three vectors
in C3(C). Show that the set B = {v;,v,,v3} is a basis of C*(C).

29. Determine whether {[1 1 1 1,1 2 3 272 5 6 47,2 6 8 5T}

form a basis of R*(R)? If not then determine the dimension of the subspace they span.
30. Extend theset {[1 1 1 17,2 2 3 4]7} to a basis in R*(R).

31. Let S be the set containing the following vectors in R?(R).
M 2 1 3 2,0 3 3 5 3B 8 7 13 g7,
1 4 6 9 77 13 13 25 197
Find a basis of [S] consisting of the originally given vectors. Also determine the

dimension of [S].

32. Let S be the set consisting of the following vectors in R*.
1 -2 5 37 2 3 1 -4 3 8 -3 -5
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(i) Determine a basis and dimension of the subspace spanned by S.
(ii) Extend the basis of [S] to a basis in R*.

(iii) Find a basis of [S] consisting of the original vectors.

Let S = {u;,uy,u3} and T = {v;,v,, v3} be subsets of R® where
w=[1 1 -1 w=[2 3 —-1% u=[3 1 =57
vi=[1 -1 =37 vw=[3 -2 —g§% wv,=[2 1 =37
Show that [S] = [T]].

Which of the following subsets B; form a basis for the given vector space V.
1) Br={[r 0o, [i 0, [0 17} V=CR]

(i) Bo={[1 ¢ ++1", [1 &« «i—-17 [ —i 1T}, V==CC]
(iii) Bz = {1, sin(x), sin?(z), cos®(x)}; V = C3[—m, 7]

Show that the vectors v, =[1 0 -1, v,=[1 2 17, wvy=[0 -3 2|7
form a basis in R3. Express each of these vectors as a linear combination of the standard

basis in R3.
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Chapter 4

Analysis of systems of simultaneous

linear equations

Consider the following system of simultaneous linear equations.
1121 + 122 + - - + 1Ty, = by

a21T1 + Q922X + *++ + AopTy = b2

Ap1T1 + QX2 + -+ + App Ty = bn

The above set of equations can be cast as a matrix equation given as follows.

a1 ai2 ... QA1n I b1
a21 Q29 ... Aon i) b2

- (4.1)
Anl Ap2 -+ Qpn| |ZTn b,

4.1 can be written as é x = b where é is the coefficient matrix, x is the vector of unknowns

to be solved for, and b is the vector consisting of the entries of the RHS.

One of the methods to solve such a system of equations is the Gauss elimination which

involves converting A into its echelon form followed by back substitution. However, here we

35
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would be interested in the analysis of the nature of the solutions without actually having to
solve the system. We would be interested in answering the following questions.

(i) Does the solution exist?

(ii) If yes, then is the solution unique?

For this, we will make use of the concept of null space and range space. Let us first consider

the homogeneous case.

A x = 0 (zero vector) (4.2)

The first task is to know whether the null space of A is empty or it has elements in it. Null
space is a space which consists of the vectors which satisfy A x = 0 i.e. it is the space of
solutions of the homogeneous case. If the null space is empty then the only solution is a
trivial solution, x=10 0 ... 0]T.

If the null space is non-empty then it is required to determine the dimension and a basis of
the null space. All linear combinations of the basis in the null space satisfy A x = 0.

How to check if the null space is empty? In such a case, the only solution to the homoge-
neous system is a trivial solution. For an n x n system, if det(é)nxn = 0 then the only
solution is the trivial solution. In other words, the homogeneous system will have only a
trivial solution if the rank p(A) = n = number of unknowns. If this is not the case then
we need to determine a basis of the null space of A. This can be determined following the

procedure given below.

Consider a system of three simultaneous equations given below.

$1+ZE2+JI3:O
2$1+3$2+S€3:O

911 + 619 + 423 =0

11 1f |x 0
2 31 To| — 0
5 6 4| |x3 0
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Ry = Ry — 2R,

Rs — R3s — bRy ) L -
11 1 1 0
01 —=1| |zo| = |0
01 —1| |x3 0

Ry~ R~ R L
11 1 1 0
0 1 —=1| |az| =10
0 0 O Z3 0

No further operation will further reduce R to a zero row. Therefore, we stop here and recast

the matrix equation back to a system of simultaneous equations.
1+ To + T3 = 0
Lo — X3 = 0

We have two equations in three unknowns. Hence we have a degree of freedom of one. From
the second equation, we assume x5 = . Hence x5 = 3 = a and x1 = —2a. The solution to

the homogeneous equations can, hence, be written as

T —2
To| = & 1
T3 1

Hence, the dimension of the null space of A is 1 since there is only one vector in its basis
and a possible basis is [-2 1 1]7. Every vector which is obtained by multiplying « to this
vector will be a solution to the homogeneous equation. It can be seen that this vector or any
multiple of it satisfy the original system of homogeneous equations. It can be noted that we
had three unknowns (1, 2, 23) and two equations after row reduction. Hence the degree of
freedom of the system was one. This resulted in the appearance of one parameter a. The
dimension of the null space is also one. Hence, the dimension of the null space will be equal
to the number of parameters or the degree of freedom of the row reduced system.

A system of homogeneous equations always has a solution since a trivial solution always

exists for this case. Hence, for a homogeneous case, we have the following answers.
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(i) Does the solution exist? — Yes, always

(ii) Is the solution unique? — The only possible unique solution in case of a homogeneous
set of equations is a trivial solution. If the solution is not trivial then there are infinitely
many solutions.

Now we focus on the non-homogeneous case.

[
I

b#0

X:

If A x =0 has only a trivial solution then A x = b has a unique solution. To prove this, let

us assume that é x = b has two distinct solutions v; and v,.

= Av,=b

Hence, v; — v, must be the solution to the homogeneous case. But the only solution to the
homogeneous case é x = 0 has been given as the trivial solution. Hence v; — v, = 0 or
v, =V, which means that the solution to é x = b must be unique.
From the foregoing discussion, it can be concluded that to know the nature of solutions of
é x=b, we must first solve for é x=0. If the only solution to é x=0 is a trivial solution then
A x=Db must have a unique solution. If the solution to A x=0 is not unique then A x=b may
or may not be solvable. If it is solvable then it will have infinitely many solutions.

Now we focus on the question of determining whether é x=Db has a solution or not.
A x=b will have a solution if p(A) = p(A[b). We make use of this fact to develop the range

space of A. Range space of A contains all the elements which satisfy A x=Db. Consider the

previous case with b = [1 2 1]7. The corresponding matrix equation is given below.

11 1] | 1
2 3 1| |z = |2
56 4| |3 1

11 1|k

5 6 4|bs
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Ry — Ry — 2R,
Ry — Rs — bR,
11 1 by
Ab= 10 1 —1|by—2b
0 1 —1|bg—5b
Ry — Rs — Ry

11 1 by
Ab=10 1 —1| by —2h

0 1 —1]b3—0by—3b
It can be seen from the above rearrangements that p(A) = 2. The condition of solvability
dictates that b3 — by — 3b; = 0. Note that despite the entries known in b, we continue with
b;’s rather than the actual values given in b. We now do the degree of freedom analysis.
Number of unknowns = 3 (by, bo, b3)
Number of equations = 1 (b3 — by — 3b; = 0)

Hence, we have two arbitarary parameters. Let by = a and by = = b3 = 3a + .

by 1 0
b2 =a (0 + ﬁ 1
b3 3 1

Therefore, the dimension of the range space of A = 2 and a possible basis is v; = [1 0 3T
and v, = [0 1 1]7. All possible linear combinations of v, and v, satisfy A x=b. Any b
proposed must be expressed as a linear combination of v; and v, for the solution to exist.

Therefore, as given originally in the problem,

1 1 0
b= 1|2 =a 0| +5 |1
1 3 1

— a=1

ﬁ:

3a+ =1
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No values of a and [ satisfy the above set of equations. Hence, the solution does not exist

for the system with b=[1 2 1]7.
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Problems

1. Determine whether the following set of simultaneous equations have a solution. If yes,

then comment upon the nature of solutions.
(i)
2u+3v =0
du+d5v+w=0

20 —bv — 3w =0

r+y=0
r+2y+2=0
y+224+t=0

z24+20=5
(iii)
2u—v =0
—u+2v—w=0
—v+2w—2=0

—w+22=25

1’1+I2+$3:6
$1+2$2+2$3:11

201 + 319 —4da3 =3

£IZ’1+£E2+£IZ’3:—2
3£E1+3£E2—ZB3:6

l’l—ZL‘Q—I—JZg:—l
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2. Determine the value of ‘¢’ which makes it possible to solve é x = b for

$1+$2+2SL’3:2
2x1+3$2—l’3:5

3r1+4xy + 23 =C

3. Consider the system of equations given below.

xr1 + 2%2 + 31’3 + 5.%4 = b1
21‘1 + 41‘2 + 81’3 + 121E4 = b2

31‘1 + 61’2 + 75(73 + 131‘4 = bg

(i) Determine the dimension and basis for the null space of the coefficient matrix.
(ii) Determine the dimension and basis for the range space.

(c) Find the conditions on by, by, b3 to have a solution.

4. For each of the following system of equations, find the conditions on b;’s so as to have

a solution for the system.

1 2] b, |
2 4] |z B by
2 5| |z - b

3 9] _b4_

5. Construct matrices subject to the following conditions.
(i) The null space has a basis of [2 2 1 0T and [3 1 0 1]T.
(ii) The column space has a basis of [1 1 1]7 and the null space has a basis of
221 0.
(iii) The null space has a basis of [4 3 2 1]T.
(iv) The column space has a basis of [l 1 0]7 and [0 1 1]7 and the null space has a
basisof [1 0 1 0]" and [0 0 1 1]7.
(v) The column space has a basis of [I 1 5] and [0 3 1]7 and the null space has a
basis of [1 1 2]T.



6. Determine the corresponding ranges space for the following systems of equations.

(1)

1 2 3 by
T
2 4 6 ba
To| —
2 5 7 b3
Zs3
3 9 12 by
(ii) o
xy
1 3 1 2 b
o)
T3
00 2 4 b3
T4
(iii) o
T
1 3 3 2 by
Ty
2 6 9 7 = |by
T3
-1 -3 3 4 bs
Ty
(iv) o
Iy
1 2 0 3 T b1
2 4 07 xI3 b2
Ty

rT+2y—22="5b
2x + by — 4z = by

dr + 9y — 8z = by

1 +2£IZ'2 +2£IZ’3 +4ZL’4+6$5 = bl
1 + 229 + 3x3 + 624 + 925 = by

T3 + 224 + 375 = b3
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7. Examine the solvability of the following system.

1+ 2719 = by
2x1 + 4xy = by
r1 = b3
8. Consider the following matrix.
1 -1 2
A=12 —1 6
1 2 4

(i) Determine the dimension and a basis for the null space of A.
(ii) Determine the dimension and a basis for the range space.

(iii) Which of the following vectors b will yield a solution to A x = b?

3 1 6 1 2
2 9 _]- bl 5 9 O 9 9
—1 2 12 0 13

9. For the following set of equations, determine the dimension and a basis for the null
space and the range space.
T1 4 229 + 13 + 224 — 315 = 2
3x1 + 6xy +4x3 — x4 — 225 = —1
dxy + 89 +dxs + 24 — 25 =1

—21'1 — 45(]2 — 3[)’23 + 4[E4 - 51’5 =3

10. Consider the following matrix.

1 -1 2
2 1 2
A=
B 4 -1 9
2 1 1

Determine the dimension and a basis for the null and range spaces. Determine the

solutions to Ax=b forb=[3 0 0 2J".
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11. For the following systems of equations, determine the dimension and bases for the null

and range spaces. Determine the solutions to the systems on the basis of your analysis.
(1)
T —$2+3$3+2$4:b1
31‘1+.’L’2—x3+$4 :bg

—T1 — 31’2 + 71‘3 + 31‘4 = b3

$1+2$2—$3+$5:b1
3x1 + 2w9 + 14 = by

r1 — 29 + 203 + 14 — 205 = b3
(iii)
T1+ T2 — 23 =10

—2[L’1 — T2+ X3 = bg

T —|—2.1'2 — 23?3 = b3

521 + 1029 + 23 — 224 =6
—T1+ 29— 223 +24=0
21’1+3$2+IL‘3—$4:2

6x1 + 929+ 323 — 314 =6
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Chapter 5

Linear transformations

Till now we considered how to analyze vectors in a given vector space. It is now desired
to study the relationships among different vector spaces over the same field. Let V; and
V5 be two vector spaces over the same field F. A mapping ¢ : Vi — V5 is called a linear
transformation or linear map or homomorphism if

(i) tu+v) = t(w) + t(v)

(if) t(on) = at(u)

Yu,v € Vi, € F. A linear transformation from a vector space to itself is called a linear

operator.

The above two conditions can be merged together to get a single condition as follows.

t: Vi — V4 is called a linear transformation if t(cu + fv) = au+ v Vu,v € Vi, «a, 5 € F.

Some other properties satisfied by linear transformations are given below.

(i) t(0y4) = 0y where 0y, and 0y, are the zero vectors in V; and V5, respectively.
(i) t(—u) = —t(u)

(iii) 2(u — v) = t(u) - t(v)

Vu,v eV

If V; and V5 are two vector spaces over the same field F' and B = {b,b,,...,b,} is a basis
in V; then there exists a unique transformation ¢ : V; — V5 such that ¢(b,) = b} where b} are

the vectors in V5.
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To prove the above, the following steps are adopted. Since B forms the basis in V7,

XIZA@-Q,XG Vi (5.1)

i=1

= Z Aib;
i=1

Since A;’s need to be unique scalars, Y., A\;b; shall also be unique. If u,v € V; and

a757)\i7/1’i € F7
u= zn:)\zhz
=1
v= En:mbi

tlau + Bv) =t (a (Zn: Aibz») + 0 <Zn: uibi) )
=1 ( s (i + 5Mi)bi>

(@i + Bhi)b;

= 3 (A + H0ut)
(f“%ﬁ(zmb’)
(o

8

) +
)+ Bt(v)Vu,v e Vi,a,8 € F

|
Q

ot

= t(lau+ fBv) = at

Hence, t : V7 — V4 is a linear transformation.
Till now we have shown that the transformation ¢ : V; — V4 is linear and the vectors t(v) € V;
are unique linear combinations of the basis in V5. Now we show that the transformation itself

is unique.
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Let t' : Vi — V4 be another linear transformation such that ¢(b,) = b} Vi € N.

v= i )\zl_)l %
=1
t(v)=1t( i Aib;)
=1
= i )\it/<hz’)
=1

S
=1

= t(v)
= t'(v) = t(v)
Hence, t : Vi — V5 is unique.

If A is an m x n matrix and a mapping ¢, is defined such that ¢ : g"“ — gm“

W X)=AXVX =[xy =z ..z, €

then ‘v’é,gegnﬂ and A € F, we have

A X+Y)=AX+Y)
=AX+AY
=ta(X) +ta(Y)

= a(X +Y) =ta(X) +ta(Y)

Similarly, it can be easily shown that

taQAX) = AQNX) = M4 X) = Mi(X)

Thus, t4 : F™' — F™! ig a linear transformation. Hence, every m x n matrix can be

viewed as a linear transformation from F™*! — Fm*!,

Kernel and image of a linear transformation:
If V7 and V5 are the vector spaces over the same field F' and ¢ : V; — V5 then kernel of t,
ker(t), is defined as

ker(t) ={v e Vi :t(v) = 0y,} (5.2)
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It is easy to recognize that ker(t) is nothing but the null space of ¢. Image of ¢, I'm(t), is
defined as
Im(t) ={t(v) :ve Vi} (5.3)

It is easy to prove that
(i) ker(t) is a subspace of V}
(ii) Im(t) is a subspace of V;
The following conclusions follow the previous results.
-If {vy,vy...v,} spans Vi then {t(v,),t(vy)...t(v,)} spans V5.
- If {vy,vy...v,} is a set of linearly independent vectors in V; then {t(v,),t(v,)...t(v,)} is
also linearly independent in V5.
- As seen previously, A(m x n) is a linear transformation ¢4 : F*' — E™*! and the kernel

of t4 consists of all vectors x for which #(x) = 0. Hence, ker(t) is {x: A x = 0}.

Rank and nullity:
If Vi and V5 are the vector spaces over the same field F' and ¢t : V; — V5 is a linear

transformation then

rank(t) = dim(Im(t)) (5.4)
nullity(t) = dim(ker(t)) (5.5)

Sylvester’s law:
dim(Im(t)) + dim(ker(t)) = dim(V) (5.6)

rank(t) + nullity(t) = dim(V) (5.7)
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1. Let F be a field. Show that the mapping ¢ : F? — F® given by
t(a,b) = (a,b,0) Ya,b € F

is a linear transformation.

2. Let t : R®* — R3 be a mapping defined by
t(z,y,z) = (x,y,0) Va,y,z € R
Show that ¢ is a linear transformation.

3. Let V = R]z] be the vector space of all polynomials over field R and let D : V' — V be

the mapping associating each polynomial f(z) to its derivative - (f(z)). Show that D

is a linear transformation.

4. Let V be a real vector space of all continuous functions from R into itself. Show that

the mapping 7" : V' — V given by
T(f(@)] = | f(0de¥i(@) € Vir € R
0
is a linear transformation from V to itself.

5. Let C' be the vector space of all complex numbers over the field of complex numbers

and let t : C'— C be a mapping given by
t(x+iy) =x Ve +iyeC
Show that ¢ is not a linear transformation.
6. Show that the mapping ¢ : R? — R? given by
t(r,y) = (r+y,z) Yo,y € R

is a linear transformation.
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7. Show that each of the following mappings is a linear transformation.

(i) t : R? — R? defined by
t(z,y) = (ax + by, cx + dy) Ya,b,c,d € R
(ii) ¢ : R® — R? defined by
tz,y,2) = (r+y+ 220 — 3y +42)
(iii) ¢ : R® — R? defined by

t(r,y,2) = (x + 2y — 3z,4x — 5y + 62)

8. Show that the following mappings are not linear transformations.
(i) t : R? — R? defined by

t(z,y) = (z+1,y+2)
(i) t : R? — R? defined by
tx,y) = (*,9%)
(iii) ¢ : R® — R? defined by
tr,y,z) =(x+1,y+2)
(iv) t : R? — R? defined by

t(z,y) = (zy,y)

9. Let V = R"™" be a vector space of n X n matrices and let M be a fixed non-null matrix

in V. Which of the followings is a linear transformation?

+
wheret: V — V.
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Verify whether the operator L is linear where

(1)

(i

If L is a linear operator then show that L™, n € It is also a linear operator.

Write the n'* order ordinary differential equation given below in operator form and

identify whether the operator is linear.

C i ta=f(2)

Let ¢t : R? — R? be a linear transformation for which ¢(1,2) = (2, 3) and ¢(0,1) = (1, 4).
Find the formula for ¢ and find ¢(x,y).

Let B = {(—1,0,1),(0,1,—1),(1,—1,1) be a basis for R}(R) and ¢ : R* — R? be a

linear transformation such that

t(—1,0,1) = (1,0,0)
£(0,1,—1) = (0,1,0)

#(1,-1,1) = (0,0,1)
Find the formula to compute (1, —2,3) from t(z,y, 2).

Let ¢ : R® — R3 be such that ¢(1,2,3) = (1,0,0), t(1,2,0) = (0,1,0) and #(1,—1,0) =
(0,0,1). Find t(a,b,c) V(a,b,c) € R3.

Let t : R* — R3 be a linear transformation defined by
t(w1, 02,03, 74) = (¥1 — T2 + T3 + T4, 11 + 273 — Ty, 11 + Ty + 3T3 — 314)

Find a basis and dimension of (i) image of ¢, (ii) kernel of ¢.
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Let t : R? — R3 be a linear transformation defined by
t(r,y,2) =(x+2y —2z,y+ 2,0 +y—22)
Find a basis and dimension of (i) image of ¢, (ii) kernel of ¢.

Repeat the above for the followings.
i)t:R>—R3
tz,y,2) = (x 4+ 2y — 32,20 + 5y — 4z, x + 4y + 2)

(i) ¢ : R* - R3

t(z,y,z,u) = (r+ 2y + 3z + 4u, 2x + 4y + 7z + bu, x + 2y + 62 + du)
(iii) ¢ : R? — R?

tz,y,2) = (x+y+ 2220+ 2y +2z)

Let t4 : R — R**! be a linear transformation given by t4(x) = A x where

1 1 2
A=110 1
213
Determine
(i) basis for range of ¢4
(ii) basis for kernel of t4

(iii) rank and nullity of ¢4

Let t4 : R*™! — R3*! be a linear transformation defined as

w w
21 -1 3
e xr
ta =12 0 -1 5
Yy Yy
3 0 -2 8§
z 4

(i) Find the basis for the range of ¢4.
(ii) Find the basis for the kernel of ¢ 4.



21.

22.

23.

24.

25.

26.

27.

55

(iii) What are nullity(t4) and rank(ta).
(iv) Does [1 0 1 0] € ker(ta).
(v) Does [3 5 8|7 € range(ta).

Show that the mapping ¢ : R* — R? given by t(a,b) = (a +b,a —b,b) ¥(a,b) € R* is a

linear transformation. Find the range, rank, kernel and nullity of ¢.

Let C be the field of complex numbers and let ¢ : C* — C3 be a mapping given by
t(a,b,c) = (a—b+2¢,2a+b—c,—a — 2b)

Show that ¢ is a linear transformation. Find its kernel.

Let t : R? — R? be a linear transformation given by t(a,b) = (2a — 3b,a + b) V(a,b) €
R%  Find the matrix of ¢ relative to the bases B = {b; = (1,0),b, = (0,1)} and
B ={bj = (2,3),b; = (1,2)}.

Find the matrix of the linear transformation t : R3 — R? given by
t(a,b,c) = (2b+ ¢,a — 4b, 3a)

relative to the ordered bases given below.

B ={b, = (1,1,1),by = (1,1,0), by = (1,0,0)}
B given above is an ordered basis for a linear transformation

t(r,y,2) = (3x 4+ 2y — 4z, 2 — 5y + 32)
Find the matrix of ¢ relative to B.

The set B = {e3,te3, t2e3!} is an ordered basis of the vector space V of all functions
f : R = R. Let D be the differential operator defined as d/dt. Find the matrix

representation of D relative to the basis B.

Let ¢ : R*> — R? be a linear transformation given by ¢(1,1) = (3,7) and (1,2) =
(5,—4). Find the matrix of ¢ relative to the standard basis of R?.
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The matrix A on R defines a linear transformation t4 : R® — R® by the rule t4(x) =

A x. Find the matrix representing ¢4 relative to the basis B = {x1, z, 23} where

Repeat question (26) with the following sets.
(i) B = {e!, e, te*'}

(ii) B = {1,t, sin(3t), cos(3t)}

(iii) B = {e*, ate, ft?e’}

Consider the following bases of R2.

B = {bl = (170)7b2 = (07 1)}
C= {Ql = (173)792 = (174)}

(i) Determine the change-of-basis matrix P from B to C.

(ii) Determine the change-of-basis matrix @ from C to B.

Repeat the above problem with

B = {bl - (1’070)7b2 - (Oa 170)7b3 = (0707 1)}
C - {gl - (170’ 1)792 = (27 172>793 - (17272)}

Consider the linear transformation ¢ : R*> — R? defined by t(z,y) = (bz — v, 2% + y)

and the following bases in R2.

B = {bl = (1’0)7b2 = (07 1)}
C= {91 = (174)a92 = (277)}

(i) Find the matrix P representing ¢ relative to the basis B.
(ii) Find the matrix @ representing ¢ relative to the basis C'.
(iii) Find the change:)f—basis matrix R from B to C.
(iv) Find the change-of-basis matrix S from C' to B.



33. Repeat the above problem with the linear transformation ¢ : R3 — R3

tz,y,2) = Br+ 2, —2x+y,—x+ 2y +4z)
B = {bl = (17070)7b2 = (07 1’0)7b3 = (O, 0, 1)}

C = {Ql = (1707 1)792 = (_1727 1)793 = (27 17 1)}

57
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Chapter 6

Inner product spaces

Let V be a real vector space. An inner product on V is a function <, >: V x V' — R which
assigns each ordered pair (u,v) € V x V to a real number < u,v > in such a way that the
following axioms are satisfied.

(i) Linearity:

< au; + buy, v >=a <uy,v > +b < uy, v > (6.1)
Yuy,u,,v € Via,beR (6.2)

(il) Symmetry:
<u,v>=<v,u> (6.3)

(iii) Positive definiteness:

<v,v>>0VvevV (6.4)
<v,v>=0if v=0 (6.5)
A vector space equipped with an inner product is called an inner product space. The above
conditions have been laid down for real vector spaces. As an extension, the most generalized
conditions can be written as given below.
(i) Linearity:
<U; +Up, V> =<U,V>+ <U,V> (6.6)

<ou,v>=a<uyv> (6.7)

59



60 CHAPTER 6. INNER PRODUCT SPACES

(ii) Symmetry:

<yv>=<v,u> (6.8)
(ili) Positive definiteness:

<v,v>>0VveV (6.9)

<v,v>=0iff v=20 (6.10)

where overbar represents the complex conjugate. From linearity and symmetry, the following
property follows.

<u,av>=a<uv> (6.11)

There can be several functions which can satisfy the conditions given above for an inner

product. A standard inner product is defined as follows.

<u,v>= iuﬁi (6.12)
=
<flg>— / F(@)5(2)dx (6.13)

Two vectors u and v are said to be orthogonal if their inner product is zero.
<u,v>=0 (6.14)
A collection of vectors is said to be an orthogonal set if
<v,v;, >=0Vi#] (6.15)
The above set is said to be orthonormal if

0, 1#]
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Problems

1. Consider the vector space R™. Prove that R™ is an inner product space with the inner
product defined by

< U,V >= U1 + UV + -+ - + UpVUp

where u = (uy, ug, ..., u,) and v = (vy,vq,...,0y,).

2. Consider the vector space Cla,b] of all continuous functions defined on the interval

la, b]. Prove that the following operation makes it an inner product space.
b
<fg>= [ g, 1(0).90) € Clay
3. Identify whether R? is an inner product space with an inner product defined by

< W,V >= a1by—agb; — a1by + 2asby

u=(ay,a),v=_(b1,b2) € R?

4. Let V be a real vector space. Show that the sum of two inner products on V is an
inner product on V. Is the same true for the difference of two inner product? What

about positive multiples of an inner product?

5. Find the value of k so that the following is an inner product on R2,

<u,Vv>= a1b;—3a1by — 3asb; + kagbsy

u=(ay,a),v=_(b1,b) € R?

6. Let <,> be the standard inner product on R?. Ifu=1[1 2|7 andv=[-1 1] € R?

then find w € R? satisfying

<v,w>=3and <u,w>=-—1

7. For each of the followings, determine whether the operation <, > makes the space an
inner product space.

(i) < u,v >= ugv; — 2u1v — 2usvy + Susvs
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(i) < u,v >= w101 — U Vs — UV + UV
(i) < u,v >= u? — 2u vy — 2ugvy + V¥
(iv) < u,v >= 2ujv; + Sugvy

V) < U,V >= ujvoU3 + Ul U3

Determine the value of A so that the following is an inner product on R2.

< U,V >= U101 + 2uq1U + 2usv1 + A\ugvs

Let <,> be the standard inner product on R Ifu=[1 3T andv=1[2 1% € R?
such that

then determine w.
For any u = [u; u]” and v = [v; vy]T € R? the following operation is defined.

1 2 (%)

<,V >= [Ul Ul]
3 8 V2

Determine whether R? is an inner product space with the inner product defined by the

above operation.

If f(x) =z and g(x) = ¢ then show that < f(z),g(z) >= < g(z), f(z) >.

Let A = [a;] be a 2 X 2 matrix with real entries. For x,y € R**!, let fa(x,y) =y" A x.
Show that f4 is an inner product space on R?*! iff éT = é, ai; > 0,a9 > 0 and |é >

0.

Let C[—m, 7| be the inner product space of all continuous functions defined on [—, 7]
with the inner product as the standard inner product. Verify whether sin(t) and cos(t)

are orthogonal in such a space.

Determine a non-zero vector in R3 that is orthogonal to the vectors v, = [1 1 2],

vo=[213Tandvy =1 2 3T
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Let S be the set consisting of vectors vi = [1 2 1], v, = [2 1 — 47 and v, =
[3 —2 1]" with standard inner product defined on R?. Verify whether S is orthogonal

and a basis of R3.

Let V be an inner product space and S = {v;,vy...,v,} be an orthogonal set of

vectors in V. Show that {Avy, Av, ..., Av,,} is also an orthogonal set for any scalar \.

Let V' be the vector space of all polynomials over R of degree < 2 with the inner
product defined as < f,g >= fol f(t)g(t)dt. Find a basis of the subspace orthogonal
to the polynomial ¢(t) = 2t + 1.

Consider the inner product space R* with standard inner product defined. Let four

vectors in R* be as given below.

vi=[1 1 0 —-1%v,=01 2 1 37

vo=[1 1 -9 2v,=[16 -13 1 37"

(i) Do the above vectors form a basis in R*?
(ii) Do they form an orthogonal basis?

(iii) Do they form an orthonormal basis?

(

iv) Express an arbitarary vector v=1[a b ¢ d|* in terms of the above vectors.

Let f(x) belong to a space of continuous functions with the standard inner product

defined. If f(z) is expressed as an infinite series as follows.
flx) = f: a,sin(nmx)
n=1
then derive an expression for the coefficients of the expansion.
Determine whether the following functions
oOn(x) = exp(2minz),n € [0 <z <1

form an orthonormal set.
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Consider a piecewise continuous function f(z) defined on the interval [—c,c] with a
period 2¢. The function is to be represented as
T nmwx . nTx
r)=—+ Gy, COS—— + by stn——-
Fo) =G+ Y (s’ )

C
n=1

Determine the expressions for a,, and b,,.

Consider the following function.

> —an?m?t nmx
T(x,t) = Zanea:p<c—27r>sm(%)
n=1

If T(x,0) = f(x), obtain an expression for a,,.

Apply Gram-Schmidt orthogonalization to the basis B = {[1 0 1]7,[1 0 —1]7,[0 3 4]}

of an inner product space R? to obtain an orthogonal and an orthonormal basis.

Let B be a set of vectors in R? with standard inner product defined. For the follow-
ings, identify whether B is a basis. Is the basis orthonormal? If not then obtain an
orthonormal basis.

()B={2 0 1%,[3 -1 57,0 4 2|7}

i) B={1 o0 o1 1 o1 1 17}

A space of polynomial functions of the form z™ Vn € IT U 0 of dimension 3 needs to
be expanded using a suitable orthonormal basis. If the inner product in the space is
defined as < p,q >= f_ll p(z)q(z)dr then determine a suitable orthonormal basis for

the space.



Chapter 7

Norm and metric spaces

Consider a vector v in an inner product space. A scalar d, defined as

gives the norm of the vector v. It is also denoted as ||v]||.
<v,v>=|lv[]?
Using the positive definiteness of inner products, we can write
<u+av><u+av>>0
for every scalar o € R.

— <uu>fa<uv>+al<v,v>>0

(7.1)

(7.4)

The above inequality is quadratic in . We want to know the value of a for which the above

equation attains a minima. From the derivative test,

_<27K>
Oé:
<v,v>
2
< >
— <uyu>-—"-—"—2>0
< >

(7.5)
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The inequality of (7.7) is called Cauchy-Bunyakowski-Schwarz (CBS) inequality. In terms

of norms, the inequality can be written as
uflllv]] > <u,v> (7.8)
Now consider

lu+v|?=<u+v,u+v>
=|[uP+ <u,v>+ <v,u>+||yv|

= [[ul[® + 2Re < u,v > +||v|?
But following the CBS inequality,

Re <u,v ><|[u]]||v]]

= [Ju+v|]* < |Jul® +2[[u]||[v]| + [[v]]? (7.9)
= |u+v|* < (|ful| + [|v]])? (7.10)
= |u+v|| < |[uf] + v/ (7.11)

The inequality given by (7.11) is called the triangle inequality. This inequality can easily be
identified as a case of the definition of “distance” between vectors. Norm of a vector can be
identified as the distance of that vector from the zero vector. We can now define a space,

called the “metric space” if the followings are satisfied.

(i) Positivity

d(u,v) >0 (7.12)
(ii) Symmetry
d(u,v) = d(v,u) (7.13)
(iii) Triangle inequality
d(u,v) < d(u,w) + d(w, v) (7.14)

A more general definition of a metric is the p-metric defined as

=

) =[S —up] 7.15)

=1
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For continuous functions,

; .
0,(f.g) — [ [ @) - gy (7.16)

L? space:

Consider a space X |a, b] of functions defined in the interval [a, b] such that f : [a,b] — C and

/ | f(z)]dz < oo (7.17)

In such a case, the space is called £? space.

Consider two functions f and g € £%(a,b). From triangle inequality,

e + Byl < [laf|] + [|Bgl|
lef + Ball < ||| f]] + [Blllgl]
a,peC

Therefore, if f,g € L£2(a,b) then all linear combinations in the space also belong to the space.
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Problems

1. Prove the following (in)equalities.
(1) flu+v][* = [Ju]|* + [lv]]*
(i) [ [l = (vl | < [Ju—v]|
(iif) [+ v[[* + [fu = v[|* = 2(|[ul]® +[|v][*)
(iv) [[w —ul* +[|w — v|* = 3l|lu — v||* + 2/[w][* = 3/[u+ v
(v) [u= || < flu—w[| + [[w — v
2. For each of the followings, determine whether they belong to £? and calculate the norm

if it is defined.

1
0r@={
(ii) f(a:):\%,()gxgl

3. Show that the infinite set of functions {1, cos(x), cos(2z) ... sin(x), sin(2x) ...} is or-

thogonal in real inner product space L2(—m, ).
4. Show that the infinite set of functions
{e™ :n € 7}
is orthogonal in complex space L£2(—m, 7).

5. Verify the CBS inequality for the following functions on [0, 1].

6. Determine which of the following functions belong to £2(0, 00) and calculate the norm

in cases it is defined.



(i
(11) ( ) = sin(z)
(i
(i

7. Determine the real values of a for which z® lies in (a) £2(0,1) and (b) £2(1,00).

8. Define a function f(z) € £2(—1,1) such that < f(z),z* + 1 >= 0 and ||f(z)|| =

2.
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Chapter 8

Adjoint operators

Consider an operator L defined on an inner product space V' and two vectors u,v. € V

satisfying the following identity.
< Lu,v>=<u,L*v > (8.1)

In such a case, L* is said to be the adjoint of L. If L* = L then the operator is said to be
self-adjoint.

Let us first consider a matrix as an operator.

a11 Qa2
A=
Q21 Q22
Uy
u =
U2
U1
Y g
V2
a1 U1 + a12Us
Au=
Q21U71 + Q22U2

71
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= < Au,v> = (aj1u1 + appuz)vy + (a21ty + agous)vs
= @11U1V1 + A21 ULV + A12U2V1 + A22UV2
= uy(an v + ava) + uz(ajpvr + anvsy)

ail a1
=<y, v>
aiz2 A2

Clearly, from the previous equations,

A* — ai;  a21

aiz A22
It is clear that since in general, A # A", the operator given by matrix A is not self-adjoint.
Now we extend the above discussion to the adjoint of a differential operator. Consider the

following differential equation with the associated boundary conditions.

2 f

d—+()éf—0
df

2 (0)=0
df

(1) =0

Let us denote the differential operator by D.

2

D_ﬁ_’_a/

<Df,g>:/0 (;—f—i-ozf)gdx

:/01 (dQ‘ég)dx—k/lafgdx

d d d?
:g_f g /f gdx—i—/ozfgd:v
dx |,
Lo df " dg
— <D = — d
<Df, g> /Of(dx2+ag) x—i—gdx T

1

From the boundary conditions on f, we have % = 0. Now if we choose the boundary

conditions on g such that
dg
dx
dg
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then
L &g
<Df,g>:/0 f(@+ag)dx (8.2)
<Df,g>=<f,Dg> (8.3)

Hence, in this case, we have the differential operator given by D which is self-adjoint with
the specified boundary conditions.

We showed the above protocol for obtaining the adjoint of an operator when the operator
was a matrix or a differential operator. The adjoint of a matrix operator can be used to
check the existance and uniqueness of solutions of A x = b.
Fredholm’s alternative theorem:

Consider the system of linear equations A x = b. In order to determine the solvability of
this system, we need to examine the homogeneous adjoint problem A y = 0. According to

Fredholm’s alternative theorem, é x = b will have a solution iff

<by>=0Vy:A"y=0 (8.4)
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1. Determine the adjoint of the following matrix operators. Check whether they are self-

adjoint.
7 0
(i) A=
o 7 1
1 —2
(i) A=
o 3 1
3 2447 4
(i)A=|2—7 2 —i
2 ) 1

445 242 1-2i
(V) A= | 242 —1+8 —-2-2
4440 —2-—2 —4+5i

. The momentum operator in Quantum Mechanics is given as p = —i%. Check if this

operator is self-adjoint for a region [a, b].

. The time-independent Schrodinger equation in 1-D is given as follows.

_hQ de R
— 4 VYp=E
8m2m dx? VY 4

As a background study, find out the meaning and significance of all the quantities that
appear in the above equation. Check whether the operator in the above equation is

(a) linear, (b) self-adjoint.

. Consider the following operator with homogeneous boundary conditions as shown be-

low.

2

L:E—l—l,xe[O,w]

Verify whether L is self-adjoint.
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5. Consider the following operator L.

A d?
L=pp g Ly
P2 gz T PGy TR

where p; € R. Determine the adjoint of L and suitable boundary conditions to make

it a self-adjoint operator.

6. Identify the solvability condition and determine the range space using the alternative

theorem for the following set of equations.

[L’1—|—$2+ZL’3:[)1
21’1—1’2+$3:Z)2

T1 — 229 = b3

7. Using the alternative theorem, determine the solvability condition for the following set

of equations.

$1-[E2+2!E3:3
21’1+ZL’2+6$3:2

I —|—2$2—|—4£C3 =-1

8. Repeat the previous exercise with the following set.

T+ 229 + 23 + 224 — 35 = 2
3x1+6x2+4x3—x4+2x5:—1
dx1 +8x9 +dxrg+ 14 — x5 =1

—2[L‘1 — 41‘2 — 3273 + 3I4 — 51‘5 =3

9. Repeat the previous exercise with the following set.

$1—$2+3$3+2$4:2
3$1+332—£E3+334:—3

—x1 — 33X+ T3 +3x4=7
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10

11.

12.

13.

14.

CHAPTER 8. ADJOINT OPERATORS
. Solve all relevant problems of chapter 4 using Fredholm’s alternative theorem.

Determine the adjoint of the linear transformation ¢ : R? — R? given by
t(z,y) = (z + 2y, 2 —y) V(z,y) € R?

Determine the adjoint of the linear transformation ¢ : R® — R? given by
(i) t(z,y, 2) = (x + 2y, 3z — 32,y)
(ii) t(z,y,2) = Bx + 4y — 5z,2x — 6y + Tz, —bx + Ty + 2)

Show that the product of two self-adjoint operators is also a self-adjoint operator iff

the two operators commute.

Show that for self-adjoint operators:
(i) eigenvalues are always real

(ii) eigenfunctions/eigenvectors are orthogonal



Chapter 9

Eigenvalue problems

Consider a family of two first order ordinary differential equations shown below.

fl—? =ax+by (9.1)
% =cxr+dy (9.2)

The family of equations shown above can be written as a single matrix equation as shown

below.

d |z a bl |z
— = (9.3)
dt c d| |y

Y
For the above equation, the zero vector [0 0] is always a solution, which is a trivial
solution. In order to know whether non-trivial solutions exist for this system, one needs to

solve for the homogeneous system.
= (9.4)

If the above equation is represented as a matrix equation as A u = 0, and if det(A4) # 0 then

the trivial solution is the only solution. If det(A) = 0 then we get a number of solutions, all

of which lie on a straight line. These are called straight line solutions.
It is desired to determine the general solution of v’ = é u where u’ shows the derivative

with respect to ¢. If v is an eigenvector of A with the corresponding eigenvalue as A then by

A

definition, A v = Av. We propose that u(t) = e ty is a solution to u’ = A u. To test this,

7
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we compute the derivative of the test solution.

The above analysis shows that e* v is a solution to u’ é u.
We can now generalize the above analysis to an n-dimensional system. If the coefficient
matrix A has n distinct eigenvalues then following the principle of linearity, the general

solution of the system is given as follows.
u(t) = Z cie’\ityi (95)

The system of equations considered previously was a homogeneous system of the form

!/

u = Au. Now we consider the solutions of non-homogeneous initial value problems of

|5S

the form u' = A u + b(¢) with an initial condition u(0) = u,. For solution of such systems,

we make use of stmilarity transformation.

Similar matrices:
If P is any non-singular matrix such that £_1 A P = B then A and B are said to be similar

matrices. For similar matrices A and B consider the following operations.

[lss
line]
Lo
I I
" Iy
[ [
||’:6 !
||“U|

—
—

Ilsv
II“UI
I
II“UI
|5S

I
I
ICH
I
My
e
=
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If u is an eigenvector of A then

where v = P~ u. The above equation means that if A and u are the eigenvalue and eigen-

vector of A, respectively, then A will also be the eigenvalue of the similar matrix B with the

corresponding eigenvector as P! u.

Diagonalization of matrices:

For similarity transformation, B = -1 A P. Consider a matrix P whose columns are made

up of eigenvectors of A.

=PA
where
A 0 0 0
0 X O 0

(=
I
—~
©
D
~—

Hence, an n x n matrix can be diagonalized if it has n linearly independent eigenvectors.

This property is of interest, as is shown below.

Power of matrices: n'" power of a matrix can be easily determined using similarity transfor-
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mation. As seen before, when the matrix P is made of the eigenvectors of A then

Inverse of a matrix:

Following the above method, it is easy to determine the inverse of a matrix as shown below.

If an n x n matrix does not have n linearly independent eigenvectors then there exists a

non-singular matrix P such that

PrAP=J (9.7)
where J is called the Jordan matrix and has the following form.
J, 0 0 ... 0
0 J, 0 ... 0
J = (9.8)
0o 0 0 ... J

where ii’s are called Jordan blocks in which eigenvalues appear on the diagonal, 1’s are on
the first superdiagonal and the rest of the elements are all zero. As an example, a 3 x 3

Jordan block can be written as follows.

A1 0
0 X1
0 0 A

1~
Il
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If an n X n matrix has k linearly independent eigenvectors then P is constructed from k
eigenvectors and n — k generalized eigenvectors. For a 3 x 3 matrix, the following possibilities
exist.

Only one eigenvector = one Jordan block

A 1 0]
J=1o a1
_O 0 )\_
Two eigenvectors = two Jordan blocks
A 1 0]
J=10 X 0
0 0 A
or o
A0 O
J=10 X 1
0 0 A
Three eigenvectors = three Jordan block_s _
A 0 0
J=10 X 0
_O 0 )\_

Hence, the number of Jordan blocks equals the number of linearly independent eigenvectors
of the matrix.

Now we look into the procedure of determining the generalized eigenvectors. We take the
case of a 3 x 3 matrix. Let us first consider the case of a system with only one eigenvector

available. The following holds true.

gz[ﬁ‘gﬂg&]

where v is the eigenvector and g;’s are the generalized eigenvectors.

|5S

EZ[éK’égl ‘é&h]

l
[5S
IITlu

[/\Y|ég1 |égz]
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A1 0
£i2[2|g1|g2] 0 A 1
0 0 A

I
-

=Av|v+Aq |q+ X

AvIiAg A=Ay |v+Aa |+ a)

= Aq;=v+Agq; and A gy, =q; + Agy
—

—~

A—M)q, =vand (A—A)g, =q,

Hence, g, and g, can be obtained as the solutions of the above non-homogeneous problem.

Let us now consider the case where two eigenvectors are available.

[N
I~
Il

[éKl ‘éﬁﬂég]

= AP=[Av; | Av, | Ad]

A0 O
PJ=[v|vy|d |0 X 1
0 0 X

I
<

:[)\Y1|)\Y2 |22+)‘Q]
= [)\Y1|)\X2 |é9]:[>‘K1|)\X2 |X2+)\9]
= (A-A)a=1yv,

The generalized vector can be obtained by solving the above equation. By exchanging v,

and v,, another generalized vector can be obtained by solving the following equation.
(é - )‘Qg =V
and further by linearity, the following can be written.

(é - )‘i)g =av; + /BYQ (99)
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Now we use all the concepts developed till now for solving non-homogeneous initial value

problems. Given

d
Zu(t) = A u(t) + b(t)
%(E_lu) =P "Au+P'Db
d
— (T =@TAR) (LML D

-1

We identify g_l A P = A in the above equation. Denoting P~ u = v and :P_1 b = gin the
above equation, we can write
d
EY(” = A v(t) +g(t) (9.10)
The above equation can be solved using the method of integrating factor.
d
pr (eA ty) =e 2Av(t)+e2igt) (9.11)

The above equation can be solved using usual method except that we do not know the

exponential of a matrix. This can be determined as follows.

(AD)* (A1)

e R =LA+ =+ = (9.12)
[t 0 0 0 |
0 e 0 0
— e 2= (9.13)
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Problems

1. Find the general solutions for each of the following problems.

1 2
() u' = u
O 3
1 2
(i) v’ = u
3 6
1 2
(i) u' = u
10
1 2
(iv) v’ = u
3 =3

where bc > 0

. For a harmonic oscillator governed by the following equation

d2 dx

determine all the values of b and k for which the system has real and distinct eigen-
values. Find the general solution and the solution which satisfies the initial condition

z(0) = 1.

a 1

. Consider A = . Determine the value of the parameter a for which A has

01
repeated real eigenvalues.

. For each of the following systems, determine the general solutions.

0 1 11
(i)' = u (i) v’ = u
10

—_

E
o
I

=

-1 3

|
—_
o
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Determine the general solutions of the following harmonic oscillators.

d*x n dx n 0
—_— _— Tr =
dt?  dt
d*x dx
— +2— =0
" Ca "
a b
Consider v’ = u, where a +d # 0 and ad — bc # 0. Determine the general
c d

solution of the system.

Consider the harmonic oscillator described by the following equation.

I
I
I

-k —b

where b > 0 and k£ > 0. For which values of k£ and b does the system have complex

eigenvalues? real and distinct eigenvalues? repeated eigenvalues?
Solve all the above relevant problems using similarity tranformation.

Consider the following matrices.

7 —16 -8

A=1|-16 7 8
-8 8 -5
ERY

A=1]0 1 0
2 0 —2

(i) Diagonalize the above matrices.
(ii) Determine the square of the above matrice using similarity transformation. Verify

using multiplication.
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11. Solve the following problem using similarity transformation.

du
W_ 4y
=4

5 =3 =2
A=18 -5 4
-4 3 3
12. Consider the following matrix.
-2 1
A=
- -1 =2

Using similarity transformation, obtain the solution of
—u(t) = Au(t) + b(t)
where b=[1 1]7 and u(0) =[0 0]".

13. Using similarity transform, solve

Ca(t) = A u(t) + b1
where
-—z 0
A=14 —i 0
_0 0 —1
—\/it
b= |2t
ot




14.

15.

16.

17.

18.

19.
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Solve the initial value problem

d*u du
U 5 = et
az g T

with

Convert the following initial value problem to a matrix equation and solve using simi-

larity transformation and otherwise.

2
d—u+3d—u+2u:0;u(0):1;%

a2 " oat (0)=3

Verify that {[e* e e¥|T et 0 e |7, [—e™ et 0]7} is a solution set to the

system
011
ax 1 01
- = X
dt
1 10
Find the general solution of the following system.
1 -2 2 2¢!
ax 2 1 2[x+ | 4¢
—_— - X
dt = ¢
2 2 1 —2¢!
Find the general solution of the following system.
dx 11 —t—1
dt 141 —4t —2

Find the general solution of the following system.

dx 2 2 —4cos(t)
dt 2 2 —sin(t)
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Chapter 10

Sturm-Liouville theory

Consider an operator of the form given below.

L= % (p(x)d%> + r(z)

The eigenvalue problem

Lu+ Ap(z)u = 0,z € (a,b)

subject to homogeneous boundary conditions

d

aru(a) + a2£(a) = 0; | + |as| > 0
du

Bru(b) + 52%(5)) = 0;[B1] + [B2] >0

(10.1)

(10.2)

(10.3)

(10.4)

with «; and (; as real coefficients constitute a Sturm-Liouville problem. It can be shown

with the method shown previously that the Sturm-Liouville operator is a self-adjoint oper-

ator. Hence, under the boundary conditions stated above, the eigenvalues are real and the

eigenfunctions are orthogonal. When the interval (a, b) is bounded and p(z) does not vanish

on [a, b] then the problem is called a regular Sturm-Liouville problem. Else, the problem is

called singular Sturm-Liouville problem. The set of eigenvalues of a regular Sturm-Liouville

problem are countably infinite and is a monotonically increasing sequence

A <A< X<... A\ <A1 <...

Numerous classes of Sturm-Liouville problems are identified and solutions derived in the

following sections

89
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Bessel equation

The Bessel equation is given as follows.

d? d
x2d—x‘z + x% + (2 —nPy =0 (10.5)

where n is a non-negative parameter. The solutions to the Bessel equation are called Bessel
functions. It can be seen that the equation is an ordinary differential equation with variable

coefficients. Such equations can be solved using a technique called series solution due to

Frobenius. We first recast the equation to the following form.

d*y 1dy n?
- 1—Vy=0 10.6
dz?  xdx * x2)y ( )

The solution to the equation is of the following form.

y = Z a, kT (10.7)
r=0
E @ — io:(k; -+ r)arl'k—’—r_l (108)
dx —
= @ —i(lﬂ—i-r— )(k + r)a,z* 2 (10.9)
de? — " '

Substitution of the assumed solution and the derivatives gives

Z(k +r —1)(k+7r)aa" 2 + Z(k +r)a,z" T 4 Z a, "t — Z a,n?xF 2 =0
r=0 r=0 r=0 r=0
— Z {(k +r+n)(k+r—n)s*T2 4 xk“} =0 (10.10)
r=0

The above equation is an important result and a major landmark in obtaining solutions of

the type discussed here. We compare the coefficients of the above polynomial equation.
r=0, aglk+n)(k—n)=0 = k=4n

r=1, a[(k+1+n)k+1-n)]=0 = a[(k+1)>—-n* =0 = a; =0

k+r

We compute the coefficient of a random term, x"*", for r = r.

ariol(k+r+2+n)(k+r+2—-n)+a =0
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_ar
(k+r+2+n)k+r+2—n)

The above equation is one of the most important results of this solution procedure and is

— Gy = (10.11)

called the recurrence relation. This relation relates different coefficients appearing in the

solution. From a; = 0 and the above recurrence relation, we can write,

ap=az3=a5=---=20
For k = +n,
J— _ar
2T ot 2)(r+2)
2T @)en+2)
2T )

N —Q2 _ —a2
M T D+ a2 2(n+2)
R TR I [

. —Qy o —ay
% T 62 +6) 3 -2(n+3)
= aqg = —%o

31-26(n+3)(n+2)(n+1)
From the above expressions of the coefficients, we can write the solution to the Bessel equa-

tion as follows.

x? xt 20

y = a1 - Pt 1) 2Dt 3 Bttt

Therefore, for k = +n, the solution to the Bessel equation can be written as follows.

nf: (_1)7"1.21"
= Qg
T e D 2). ()

(10.12)

We have determined the solution of the Bessel equation. The only unknown is ag. For a

specific choice of agy, we get a clean solution of the equation, as given below.

1 1

CT 9T +1) 2l (10.13)

1 > (_1>rx2r
R S 10.14
YT o) Zr!zﬂr(nﬂ)(nm)...(nw) (10.14)

r=0
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— oy = i (=1t (10.15)
Y = 22rtrrl(r + n)! '

This series is called Bessel’s function of the first kind of order n, and is conventionally denoted

s Ju(x). With £ = 4+n and — n, the Bessel’s functions can be written as follows.

To(2) = Z(—W(g) ﬁ (10.16)

Jon(z) = ZHV@) ﬁ (10.17)

r=0 '
The following plots show the first two Bessel functions Jy(z) and J;(z).

1 \ T

; besjo(x) — - -
0.8 - besjl(x) B
0.6 - -
0.4 \ -
0.2 1 | 7y _ |
S R A B N N A N

02 - / .. /

Jn(x)

04+ VN .

-0.6 ! ! ! !

Figure 10.1: Bessel functions of the first kind Jy(x) and J;(z)

In the previous discussion, we used the concept of gamma function. Let us remind ourselves

of the gamma function which is defined as follows.
[(x) = /Oo e dt (10.18)
0
As seen before, gamma function is related to the factorial as follows.
Mz +1) =a! (10.19)

We discussion only about the Bessel functions of the first kind. Bessel functions of the second
kind can be derived from Bessel functions of the first kind. This is left as a background study

and an exercise.
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Legendre equation

The Legendre equation is given as

2

d d
(1—x2)d—;§—2x£+m:0; —l<z<l1 (10.20)

Following the Frobenius method, the series solution to the above equation can be represented

as an infinite series given below.

y=> aa"" (10.21)
r=0

[e.9]

dy k+r—1

— % = TEZO(]{? + T)CLTI (1022)

= _d2y = §° (k47— 1)(k +7r)az™2 (10.23)
22 " '

r=0

Hence, the original differential equation can be cast as follows.

> ap(ktr=1)(k4r)a* 2= " ap (e —1) (k)" =2 " ap (k)TN a2t =0
r=0 r=0 r=0 r=0
= ) q, [(k +r—1(k+r)z" 2+ <)\ —(k+r)(k+r+ 1)):&“] =0 (10.24)

r=0

The above equation puts us in a position to write the recurrence relation as given below.

(k;—i—r)(k:%—r—i—l)—)\]a

(k+r+1)(k+7+2) (10.25)

Aryo = |:

Therefore, a knowledge of ay and a; will yield the complete series through the recurrence

relation. When £k =0 and A = n(n+1),n € It U0, For such a case

Upy2 = Upyq = Gpye =+ =10

Therefore, the infinite series solution reduces to a polynomial for the above choice of param-

eters. In such a case,

o el

(r—m)(r+n+1)
Upig = l CECE) ]ar (10.26)
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With arbitrary ag and a;, we get,

0 — :—n(;l!—i- 1)1(10 0y — [(n — 2)n(n4—!1— 1)(n+3)}a0
" :—(n— ?!("w)}al . [(n— 3)(n — 1;§n+2)(n+4)}a1

Hence, the solution to the Legendre equation takes the following form.

nn+1) 5 (n—2)nn+1)(n+3) ,
Z/:ao[l— 9] xr© + 1 T —i—}
(n—1)(n+2) 3 (=3)n-1)(n+2)(n+4) ;
+a1[x— a3l x” + 5l x —i—}

If ug(z) and u;y(x) are the power series with even only and odd only powers, respectively,

then the above solution can be written as follows.
y = aouo(r) + ayus () (10.27)

It can be seen from the above analysis that the solution depends upon n. For each n, a pair

of linearly independent solutions is obtained.

1
uq () :x+§x3—|—5x5+
1
n=1, uo(x)zl—x2—§x4+

n =2, u(r)=1- 32"

2 1
ul(x):x—§x3—5x5+...
n =3, up(r) =1—62>+3z* + ...
D
u(z) =2 — -2°

3



95

It can be observed that for every n, one of the solutions is a polynomial solution while the
other is an infinite series. One is generally interested in the polynomial solutions. Such

solutions can be written in the following form.
Y= an" + Ap_ox™ 2+ ap_gx™ .. (10.28)

One specific case is when a,, is given as follows.

The resulting polynomial is called Legendre polynomial of degree n, denoted as P, (z). The

general expression for Legendre polynomial of degree n can be written as follows.

[n/2]
1 I (2n—2k) o
S — " 10.
Fale) = 5 ;( Y {k!(n "B —2k) " (10-30)
where
n/2, if n is even
[n/2] =

(n—1)/2, if nis odd

Py(z) =1 Pi(z) ==
Py(x) = %(3m2 —1) Ps(x) = %(5x3 — 3z)
Py(z) = %(35:54 — 3027 + 3) Ps(z) = %(63:55 — 702° + 152)

The following figure shows the first five Legendre polynomials.

Pn(x)
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Laguerre equation
Laguerre equation is given as follows.

r—+(1—2)—+Ay=0 (10.31)

Using the series solution technique, we can write the followings.

y=>_ aa"r (10.32)
r=0

— dy _ i(k; +r)a,z" ! (10.33)
dx —

— Fy _ i(k + 7 —1)(k+r)aa"? (10.34)
dx? pr

Substitution of the above quantities in the original equation gives

xZ(k%—r—l)(k%—r)arxk” 2+ Zk:—l—r a, T 1+)\Zar "=0
r=0 r=0
— Z (k + r)2aatt=1 Z(k +r = Naz"tT =0 (10.35)
r=0 r=0

The recurrence relation can be obtained from the above equation by collecting the terms of

htr=1,

(k+7)a, —[(r—1)+k—MNa,_1 =0

— q, = [%} ar_, (10.36)
Hence, with arbitrary ag # 0, we get the complete series. Further,
(k+7)a,=(k+r—X—1)a,_; =0
with a_; = 0. Therefore, ay = 0 or k = 0. Since ay # 0, k = 0.
— q, = {#} a1 (10.37)
— = — {%} a (10.38)

Hence, the solution of the Laguerre equation is of the following form.

Y= Zaracr (10.39)
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with the coefficients obtained by the recurrence relation obtained above.

Now consider a case when r = A. In such a case, the series terminates to a polynomial
solution. This means that further coefficients all become zero (a,1,a,49 = --- = 0). Hence,
the solution looks like the one given below.

A

Yy = Z a,x" = a,x" + ap 12" - arx + ag (10.40)
r=0

This polynomial solution is called the Laguerre polynomial. From the previous recurrence

2
1= |——|a,
! r—A—1

We can substitute r = A, A\—1,A—2... in the above recurrence relation to obtain the general

relation, we can write

coefficient of the polynomial solution. The expression for ay_, can be written as follows.

B = [(‘”n ® —(2!;!)2(71!)} “ (1041)

Hence, the solution of the equation as the Laguerre polynomial can be written as

A

La(z) =) [(—1)" o _(2!))!)2 (n!)a/\} A" (10.42)

First four Laguerre polynomials are given below.

n=0

Lo(z) =1 Li(z)=1—=z
Ly(z) =2 — 4 — 2? Li(x) = 6 — 182 + 92° — 2*
100 I\ ‘LO —
\ HoT
50 \ 13 —--
b \ -
= 0 —_— = "‘\..— = \_ ——
\I
50 Lo \. i
A
-100 ‘ : : Kl

-10 -3 0 5 10
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Hermite equation

The following differential equation is called the Hermite equation.

d*y dy
— —2r—=+2\y = 10.4
T3 T2 + 2y (10.43)
Using the series solution with k£ = 0, we get the followings.
= Z a,x" (10.44)
r=0
— W irmxrl (10.45)
dx s
d2y - r—2
= 2= ;(r — Dra,x (10.46)
- Z(r — Dra,z" % — 2z Zrarxr_l + 2\ Z a,x" =0 (10.47)
r=0 r=0 r=0

Proceeding like before, we get the recurrence relation as shown below.
2(r—A—2)
y=|——2a,_ 10.48
o= | 049
Hence, in the polynomial solutions, only odd and only even powers are observed. With

r = 2n (even coefficients) and r = 2n + 1 (odd coefficients) we get the followings.
[2(=A+2n-2)
QAon = on(2n — 1) A2n—2
e 2(=A+2n—=2)][ 2(=A+2n —4) "
7 2@2n—1) [|@n-2)2n-23)] "
2(=A+2n—=2)][ 2(=A+2n—4) 2(=A+2-2)

Aoy = e 0

2n(2n — 1) (2n —2)(2n — 3) 22—-1)

I

27’L
= a9, = )l 2n—A—=2)2n—A—4)...(=N)ao
Similarly,
2(=A+2n—-1)
Aop4+1 = 2n—1
" (2n +1)2n "

N a2n:_[2(—A+2n+1)] {_ 2(—A+ 2n + 3)

(2n+1)2n (2n —1)(2n —2)
o [2(—A+2n—1)H2(—A+2n—3)] [2(—A+2—1)]a
2 2n+1)2n ||2n—1)2n—-2)] | (2+1)2 !

Cn—A—=1)2n—-XA—=3)...(1 = Ny

] A2n—3

=

e n— T
“n = on 1)
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Hence, the solution to the Hermite equation can be written as the summation of the even
and odd series.

Y = AoYeven + G1Yodd (1049)

Like before, we can see that the infinite series truncates to polynomials when A is an integer
(say N) in which case, the recurrence relation can be written as follows.
2(r — N —2)
"o { r(r=1) }
It can be seen that the series will terminate when r reaches a values of N + 2. Hence,
we get polynomial solutions. Following the previous analysis, we list out first few Hermite

polynomials below and leave it for you to plot and see their nature.

Ho(z) =1
Hi(z) = 2z
Hy(z) = 42* — 2
Hs(z) = 8% — 12z
(z)
(z)
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Problems

1. Show that the Sturm-Liouville operator is:
(i) a linear operator

(ii) self-adjoint
2. Show that every second order ordinary differential equation

@(.%)7 + al(x);i—i +ao(2)y = f(x)

can be cast as a Sturm-Liouville problem

% (p@);l_i) +1(z)y = F(x)

using the following transformations.

o= [0

(o) =) 2
Fle)=rpl ;f;(é))

3. Verify whether Legendre, Laguerre, Hermite and Bessel equations
(i) can be cast as Sturm-Liouville problems?
(ii) are linear?

(iii) are self-adjoint?

4. Determine the eigenvalues and eigenfunctions of the boundary value problem

d?y
@qL/\y:O; a<x<b

5. Use Gram-Schmidt method to construct an orthogonal set of polynomials out of the
independent set

{1,2,2%, 2%, 2*,2° : —1 <2 <1}

Compare the result with the Legendre polynomials P;(x),i = 1 — 5. Show that there

is a linear relationship between the two set of polynomials.



6.

7.

10.

11.

12.

13.

14.

15.
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Verify that P,(x) satisfies the Legendre’s equation for n = 3 and n = 4.
Show that the substitutions

x = cosl

y(cosh) = u(0)

transform the Legendre equation to

2

U du
: +1)si —=0,0<0<7
sinf = + cosf - + [n(n+ 1)sinflu = 0,0 < 0

. Verify Rodrigues generating function for Legendre polynomial as

1 oan
—onpl dgn

Bu(x) («* —1)"

Show that Legendre polynomials are orthogonal in £3(—1,1).

Verify whether the following is a correct generating function for Hermite polynomials.

22 d" 2

Ha(z) = (—1)"e (™)

Determine whether the set {H,(z) : n € Ny} is orthogonal in £2(R).
Show that ||H,(z)||* = 2"n!\/7.

Verify whether the following is a correct generating function for Laguerre polynomials.

n

Lo(z) = Z(—N% (n)$k

k=0 k

()= o

Verify whether the following is a correct generating function for Laguerre polynomials.

dn
Ln(z) = " —
(@) =e"

where

(")

Show that Bessel functions J,, and J_,, are not linearly independent if n € Ny. Check

the same for the case of n € 1.



