

Random graph theory

1. It has been observed that the average number of first neighbors in a random graphs can be calculated by G0’(1) where G0(x) is the generating function. Similarly average number of second neighbors can be calculated by G0’’(1). Is it true that the average number of mth neighbors can be calculated by G0m(1). Explain with the help of detailed mathematical logic.

2. Find the average component size (non giant) and giant component size of 

a. Erdos Renyi graph (pk = zke-z/k!

b. Power law network (pk=ck-α)

c. Network with exponential degree distribution (pk=ce-k)
Using the derived expressions, show how the appearance of the giant component is dependent upon the parameters like z (ER graph), α (power law network) etc.
3. In E-R graph of N nodes, the nodes are connected with some probability p.  Find the average degree of the network.
4. a. In scale free network, assume the degree distribution is
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      where C is the normalizing constant. Show that 
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where Lin(x) is the nth polylogarithm of x. For those unfamiliar with this function, its salient features for our purposes are that it is zero at x=0 and, real, finite, and monotonically increasing in the range 0(x<1, for all n. It also decreases with increasing n, and has a pole at x=1 for n(1 only, although it has a valid analytic continuation below n=1 which takes the value z (n) at x=1 where z is a Riemann function.
    b. Hence calculate the average number of first and second neighbors in the network.
5. Let pk be the degree distribution of a network. Calculate the probability of finding an edge between two nodes having degree k1 and k2 where k1 and k2 are two arbitrary integers. 

6.  Assume that in a bipartite network, the actors and movies follow Poisson degree distribution with mean degree u and v respectively. 
a. Derive the critical condition for the appearance of the giant component. 
b. Calculate the size of the giant component. 
c. Calculate the average number of first and second neighbors in the network.
7. a. In a directed graph, let the probability that a randomly chosen node has in degree j and out degree k is pjk. If the probability that a randomly chosen node has in degree j is pj and probability that a randomly chosen node has out degree k is pk then prove or disprove pjk = pj ( pk 
b. Using generating function formalism, find the critical condition for the appearance of the giant component in the directed graph
(Hint: Paper : “Random graphs with arbitrary degree distributions and their applications”, M. E. J. Newman, S. H. Strogatz, and D. J. Watts, Phys. Rev. E 64, 026118,  2001 ).
8.  Intuitively show that, the giant component appears in the network with degree distribution pk if ( k(k-2)pk=0. (Do not use the generating function formalism). Similarly intuitively explain the critical condition for the appearance of giant component for bipartite network (question 6) and directed graph (question 7).
