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KLLMNOPQR SM TU VWW XMNWO YZ[QMU [QMQ [\[N]MQ[ U PRZS QMS ^ [ OPN[LSW] LMQQ[LS[O
SM [VLZ MSZ[N _ ^`S LVQ ^[ N[VLZ[O SZNM`RZ V a[X TS[YT Ma TM LPVW VLb`VPQS[QL[T c
dZPT LMQL[YS XVT YMY`WVNPe[O ^] SZ[ aVUM`T fghi TU VWW XMNWO [jY[NPU [QS ^]
TMLPVW YT]LZMWMRPTS kSVQ[W] l PWRNVU _ VLLMNOPQR SM XZPLZ VQ] SXM NVQOMU W] T[m
W[LS[O n ck c LPSPe[QT LVQ ^[ LMQQ[LS[O ^] h VLb`VPQS[QL[T co ZPLZ YMY`WVNPe[O SZ[
aVUM`T YZNVT[ p kPj O[RN[[ Ma T[YVNVSPMQq c dZ[ Q[SXMNrT XZPLZ TZMX SZPT rPQO
Ma ^[ZV\PM`N VN[ rQMXQ VT TU VWW XMNWO Q[SXMNrT c

kPj O[RN[[T Ma T[YVNVSPMQ N[a[NT SM SZ[ PO[V SZVS _ Pa V Y[NTMQ PT MQ[ sTS[Y s
VXV] aNMU [VLZ Y[NTMQ Z[ MN TZ[ rQMX T VQO SXM sTS[YT s VXV] aNMU [VLZ Y[NTMQ
XZM PT rQMXQ ^] MQ[ Ma SZ[ Y[MYW[ Z[ MN TZ[ rQMX T _ SZ[Q [\[N]MQ[ PT QM UMN[
SZVQ TPj sTS[YT s VXV] aNMU [VLZ Y[NTMQ MQ tVNSZ c k[\[NVW TS`OP[T _ T`LZ VT
l PWRNVU uT TU VWW XMNWO [jY[NPU [QS ZV\[ ^[[Q LMQO`LS[O SM [UYPNPLVWW] U[VT`N[
SZ PT LMQQ[LS[OQ[TT c o ZPW[ SZ[ [jVLS Q`U^[N Ma WPQrT ^ [SX[[Q Y[MYW[ OPv[NT
O[Y[QOPQR MQ SZ[ YMY`WVSPMQ U[VT`N[O _ PS PT R[Q[NVWW] aM`QO SM ^[ N[WVSP\[W]
TUVWW c w[QL[ _ TPj O[RN[[T Ma T[YVNVSPMQ PT TMU [XZVS T]QMQ]UM`T X PSZ SZ[ PO[V
Ma SZ[ sTU VWW XMNWO s YZ[QMU[QMQ c

=>x yEDGIEz{I| D} |@ABB CDEBF JIzCDE~
kUVWW XMNWO Q[SXMNrT VN[ LZVNVLS[NPe[O ^] V^`QOVQL[ Ma LWPb`[ MN T`^RNVYZT
XZPLZ VN[ a[X [OR[T TZ] Ma ^[PQR LWPb`[T c o ZPLZ N[b`PN[T ZPRZ LW`TS[N LM[� LP[QS
TM SZVS VQ] SXM QMO[T X PSZPQ V T`^RNVYZ VN[ LMQQ[LS[O PQ UMTS LVT[T c

K WTM VQ] SXM QMO[T PQ SZ[ Q[SXMNr TZM`WO ^ [ LMQQ[LS[O ^] VSW[VTS MQ[ TZMNS
YVSZ _ TM SZ[ U[VQ TZMNS[TS YVSZ OPTSVQL[ TZM`WO ^[ TU VWW c tjVUYW[T PQLW`O[
NMVO U VYT _ aMMO LZVPQ T _ [W[LSNPL YMX[N RNPOT _ U [SV^MWPS[ YNM L[TTPQR Q[SXMNrT _
Q[`NVW Q[SXMNrT _ S[W[YZMQ[ LVWW RNVYZT VQO TM LPVW PQ�`[QL[ Q[SXMNrT c
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�MN VQ `QOPN[LS[O Q[SXMNr Ma Q QMO[T SZ[ U [VQ R[MO[TPL YVSZ ^[SX[[Q \[NSPL[T
LVQ ^[ [jYN[TT[O VT
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PT SZ[ R[MO[TPL OPTSVQL[ aNMU \[NS[j P
SM \[NS[j � c l MTS Ma SZ[ Q[SXMNrT M^T[N\[O PQ N[VW WPa[ �[ cR c � WU VLSMNT _ LMUYVQ]
OPN[LSMNT _ [U VPWT _ PQS[NQ[S _ [W[LSNMQPL LPNL`PST� ZV\[ �

≤
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dZ[ TZMNS[TS OPTSVQL[ ^[SX[[Q \[NSPL[T LVQ ^[ aM`QO `TPQR TSVQOVNO ��k aMN
`QX[PRZS[O RNVYZT c kPQL[ SZ[ SPU [ N[b`PN[O aMN Y[NaMNU PQR ��k aNMU V TPQRW[
QMO[ PT � �U � _ SZ[ SMSVW SPU [ N[b`PN[O SM �QO � XM`WO ^[ � �UQ� c �MN Q[SXMNrT _
X PSZ UMN[ SZVQ MQ[ LMUYMQ[QS _ X[ LVQ �QO � aMN [VLZ LMQQ[LS[O LMUYMQ[QS _
VQO SVr[ SZ[ ZVNUMQPL U [VQ Ma SZ[T[ � uT SM R[S SZ[ M\[NVWW U [VQ R[MO[TPL YVSZ
W[QRSZ c

� �3��:96���
x >= �B�|zIE{J� �DI� �{IJz �G �
dZ[ LW`TS[NPQR LM[� LP[QS Ma V YVNSPL`WVN QMO[ PQ V Q[SXMNr PT O[�Q[O VT SZ[
N[WVSPMQ ^[SX[[Q SZ[ SMSVW Q`U^[N Ma LMQQ[LSPMQT VUMQR PST Q[PRZ^M`NT SM SZ[
SMSVW Q`U^[N Ma LMQQ[LSPMQT YMTTP^W[ ^[SX[[Q PST Q[PRZ^M`NT c �ST SZ[ U [VT`N[ Ma
XZ[SZ[N MN QMS SZ[ QMO[ PT LMQQ[LS[O SM V O[QT[ Q[PRZ^M`NZMMO c w PRZ LW`TS[NPQR
LM[� LP[QS PQOPLVS[ SZVS SZ[ Q[SXMNr aMWWMX T TU VWW XMNWO YZ[QMU [QMQ c
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PT Q`U^[N Ma [OR[T VUMQR SZ[ Q[PRZ^M`NT Ma \[NS[j P c
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�S LVQ VWTM ^[ LVWL`WVS[O VT SZ[ NVSPM Ma QM c Ma SNPVQRW[T PQLW`OPQR \[NS[j P
SM QM c Ma SNPY W[ST PQLW`OPQR \[NS[j P c

�MN Q[XMNr Ma PQ�QPS[ QMO[T VQO LMQTSVQS O[RN[[ LW`TS[NPQR LM[� LP[QS S[QOT SM
e[NM
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¢£¤¥¦£ §£¨©ª«¬®¯ §¤«° ±«®ª ²§(2)³ �W`TS[NPQR LM[� LP[QS Ma V RNVYZ PT
SVr[Q VT SZ[ V\[NVR[ Ma VWW SZ[ LW`TS[NPQR LM[� LP[QS Ma VWW PST QMO[T c
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�`S Ma T[\[NVW OPv[N[QS YMTTP^ W[ [jYWVQVSPMQ Ma SZ[ aMNU VSPMQ Ma LMUU`QPSP[T
PQ SZ[ TM LPVW Q[SXMNr _ VTTMNSVSP\ PS] PT U MTS YNMU PQ[QS c �S TSVS[T p WPr[ RM[T X PSZ
WPr[q c
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�MQTPO[N SZ[ aM WWMX PQR U [QmXMU[Q U VNNPVR[ N[WVSPMQ O[Y[QOPQR MQ SZ[PN NVL[ c
w[N[ �P _� � [W[U [QS Ma SZ[ UVSNPj RP\[T SZ[ aNVLSPMQ Ma U [Q Ma P
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¾PVRMQVW [W[U[QST N[YN[T[QS SZ[ aNVLSPMQ Ma LM`YW[T PQ YVNSQ[NTZPY X PSZ U [U m
^[NT Ma SZ[PN MXQ RNM`Y VQO MvmOPVRMQVW SZMT[ PQ YVNSQ[NTZPY X PSZ U [U^[NT Ma
MSZ[N RNM`Y c �Q TY [LSPMQ Ma SZ[ UVSNPj TZMX T SZVS UVSNPj ZVT LMQTPO[V^W] UMN[
X[PRZS VWMQR SZ[ PST OPVRMQVW SZVQ Mv PS PQOPLVSPQR SZVS VTTMNSVSP\[ U Pj PQR OM[T
SVr[ YWVL[ c dZ[ VUM`QS Ma VTTMNSVSP\[ U Pj PQR PQ V Q[SXMNr LVQ ^[ b`VQSP�[O
^] U[VT`NPQR ZMX U`LZ Ma SZ[ X[PRZS PQ SZ[ U PjPQR U VSNPj aVWWT MQ SZ[ OPVRm
MQVW VQO ZMX U`LZ Mv PS c �[S `T O[�Q[ [
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SM ^ [ SZ[ aNVLSPMQ Ma VWW [OR[T PQ V
Q[SXMNr SZVS � M PQT SZ[ \[NS[j Ma S]Y [ P X PSZ S]Y[ � c KLLMNOPQR SM SZ[ U VSNPj _
X[ LVQ TV] SZVS PQO[j P N[YN[T[QST U VQ VQO � N[YN[T[QST a[U VW[ c o ZPLZ U Vr[T
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VN[ SZ[ aNVLSPMQ Ma [VLZ S]Y[ Ma [QO SZVS PT VSSVLZ[O
SM \[NSPL[T Ma S]Y[ P c ¿MX X[ O[�Q[ V b`VQSPSVSP\[ U [VT`N[ N Ma SZ[ W[\[W Ma
VTTMNSVSP\[ U PjPQR PQ SZ[ Q[SXMNr _

N � ∑
i
eii−

∑
i
aibi

1−
∑

i
aibi�S SVr[T SZ[ \VW`[ f aMN SZ[ Y[Na[LSW] VTTMNSVSP\[ Q[SXMNr _ TPQL[ PQ SZVS LVT[ _

SZ[ [QSPN[ X[PRZS MQ SZ[ U VSNPj WP[T VWMQR PST OPVRMQVW c �MQ\[NT[W]_ Pa SZ[N[PT QM VTTMNSVSP\[ U PjPQR VS VWW _ SZ[Q N ^ [LMU [T b`PS[ WMX c ¿[SXMNrT LVQ VWTM
^ [ OPTVTTPU PWVSP\[ À \[NSPL[T U V] VTTM LPVS[ YN[a[N[QSPVWW] X PSZ MSZ[NT Ma OPv[N[QS
S]Y[T m SZ[ MYYMTPS[ VSSNVLST YZ[QMU [QMQ c �Q SZVS LVT[ _ N ^ [LMU [T Q[RVSP\[ c
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ÄfÅ qK TTMNSVSP\[ U Pj PQR PQ Q[SXMNrTq _ l c t c Æ ¿[XUVQQ _ ÇZ]T c È[\ c �[SS c ¡g _
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Ä�Å l PWRNVU _ k c �fghi� c dZ[ TUVWWmXMNWO YNM^ W[U c Ç T]LZMWMR] dMOV] f_ h fmhi c
Ä�Å dNV\[NT _ Æ c_ É l PWRNVU _ k c �fghg� c KQ [jY[NPU [QSVW TS`O] Ma SZ[ TU VWW XMNWO

YNM^W[U c kM LPMU [SN] �� _ ½�¼m½½� c
Ä½Å oVSST _ ¾ cÆ c VQO kSNMRVSe _ k cw c p�MWW[LSP\[ O]QVU PLT Ma p TU VWW XMNWOT Q[Sm

XMNrTq c
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