DISCRETE STRUCTURES

ASSIGNMENT – 6

Question 1

Let f : A → B be a function and  
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 be an equivalence relation on B. Define a relation 
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 on  A as: 
a 
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a’ if and only if f(a) 
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 f(a′).

 (a) Prove that 
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 is an equivalence relation on A.

Solution Let a, a’, a’’ ∈ A.

[
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 is reflexive] Clearly, f(a) 
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f(a) (since 
[image: image8.wmf]s

 is reflexive), i.e., a 
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 a.

[
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is symmetric] Also a 
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 a’ implies f(a) 
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 f(a’), i.e., f(a’) 
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 f(a) (since 
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 is symmetric), i.e., a’
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 a.

[
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 is transitive] Finally, a 
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 a’ and a’ 
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 a’’ imply f(a) 
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 f(a’) and f(a’) 
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 f(a’’), i.e., 
f(a) 
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 f(a’’) (since 
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 is transitive), i.e., a 
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 a’’.
(b) Define a map f’ : A/
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→ B/
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 as [a]
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   |→ [f(a)] 
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   . Prove that f is well-defined.

Solution Suppose [a] 
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 = [a’] 
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, i.e., a 
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 a′, i.e., f(a) 
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 f(a′), i.e., [f(a)] 
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 = [f(a′)]
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.

[The question of well-defined-ness arises here, because the value of the function is defined in terms of a representative of a class. Thus, we needed to show that irrespective of the choice of the representative, we get the same value for the function. The assignment g : Z5 → Z6 taking [a]5 7→ [a]6 is not well-defined. For example, [0]5 = [5]5, but [0]6 6= [5]6, i.e., we get different values when we use different representatives of the same class in the argument.]

(c) Prove that f’ is injective.

Solution Suppose f’([a] 
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) = f’([a’] 
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), i.e., [f(a)] 
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 = [f(a′)]
[image: image37.wmf]s

, i.e., f(a) 
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 f(a’), i.e., a 
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 a′, i.e., [a] 
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= [a’] 
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. So f’ is injective.

(d) Prove or disprove: If f is a bijection, then so also is f’.

Solution This is true. By Part (c),  f’ is injective. On the other hand, take any [b]_ ∈ B/_. Since f is

surjective, we have b = f(a) for some a ∈ A. But then  f’([a] 
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) = [f(a)] 
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= [b] 
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, i.e.,  f’ is surjective too. [Note that we never used the fact that f is injective. Indeed,  f’ is bijective, whenever f is surjective.]

(e) Prove or disprove: If f’ is a bijection, then so also is f.

Solution This is false. Take A = {a, b, c}, B = {1, 2} and 
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 = {(1, 1), (2, 2)}. Also define f as

f(a) = f(b) = 1 and f(c) = 2. Then 
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 = {(a, a), (b, b), (a, b), (b, a), (c, c)}, i.e., A/
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 = {{a, b}, {c}}, B/
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 = {{1}, {2}}, and f’({a, b}) = {1} and f’({c}) = {2}. Therefore, f’ is a bijection, whereas f is not.
Question 2

In this part, we show that N×N is equinumerous with N. Define the map f : N → N×N

as follows. Any n  N can be written uniquely as n = 2st, where s is a non-negative integer and t is a

positive odd integer. For this n, define f(n) = (s + 1, (t + 1)/2). Prove that f is a bijection.
Solution Suppose that f(n) = (s+1, (t+1)/2) and f(n′) = (s′+1, (t′+1)/2) are equal, i.e., s+1 = s′+1 and (t + 1)/2 = (t′ + 1)/2, i.e., s = s′ and t = t′. But then n = 2st = 2s’t′ = n′. Thus f is injective. Now take any (a, b) ∈ N×N. Let s = a−1, t = 2b−1, and n = 2st. Then s is a non- negative integer and t a positive odd integer, and so n ∈ N. But then f(n) = (s + 1, (t + 1)/2) = (a, b). That is, f is surjective.

Question 3
Let A be the set of all functions N -> N. Assume that A is countable and let 
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 : N -> A be a bijection.

Denote the function 
[image: image50.wmf]j

 (n) : N -> N by 
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n. Define a function g : N -> N as

g(n) = 
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n(n) + 1 for all n 
[image: image53.wmf]Î

 N. Then g differs from each 
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n, since by construction 

g(n) 
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n(n). This implies that 
[image: image57.wmf]j

 is not surjective, a contradiction.

Question 4
Let f : A → B be a function. Prove that f is a bijection if and only if there exists a function g : B → A

with the properties that g ◦ f = idA and f ◦ g = idB.
Solution: [if] We first claim that f is injective. For the proof, take a1, a2 ∈ A with f(a1) = f(a2).

Application of g yields a1 = g(f(a1)) = g(f(a2)) = a2. We then show that f is surjective. Take any

b ∈ B. Call a = g(b). But then b = f(g(b)) = f(a), i.e., b ∈ Im f.

[only if] If f is a bijection, f−1 : B → A is a total function which satisfies f−1◦f = idA and f ◦f−1 = idB.
Question 5
Let f : A → B be a function, S, S′ ⊆ A and T, T′ ⊆ B. Define f(S) = {f(a) | a ∈ S} ⊆ B,

f−1(T) = {a ∈ A | f(a) ∈ T} ⊆ A. Notice that f−1 is not necessarily a function from B to A. It maps subsets of B to subsets of A (and so can be treated as a function P(B) → P(A)). However, if f is a bijection, then f−1 is naturally a function from B to A. If f is injective, then f−1 is a partial function not defined for the elements in B \ f(A).

(a) If S ⊆ S′, then prove that f(S) ⊆ f(S′).

Solution Let b ∈ f(S), i.e., b = f(a) for some a ∈ S. Since S ⊆ S′, we have a ∈ S′ too and so

b = f(a) ∈ f(S′).

(b) If T ⊆ T′, then prove that f−1(T) ⊆ f−1(T′).

Solution Let a ∈ f−1(T), i.e., f(a) ∈ T. Since T ⊆ T′, we have f(a) ∈ T′ too and so a ∈ f−1(T′).

(c) Prove that S ⊆ f−1(f(S)).

Solution Let a ∈ S. Then f(a) ∈ f(S), i.e., a ∈ f−1(f(S)).

(d) Give an example in which S 
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¹

 f−1(f(S)).

Solution Take A = B = Z, f(n) = n2 and S = {1, 2, 3}. Then f(S) = {1, 4, 9} and f−1(f(S)) =

{1,−1, 2,−2, 3,−3} is a proper superset of S.

(e) Prove that f(f−1(T)) ⊆ T.

Solution Let b ∈ f(f−1(T)), i.e., b = f(a) for some a ∈ f−1(T). But then f(a) = b ∈ T.

(f) Give an example in which f(f−1(T)) 
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 T.

Solution Take A = B = N, f(n) = n2 and T = {1, 2, 4}. We have f−1(T) = {1, 2} and so

f(f−1(T)) = {1, 4} is a proper subset of T.

(g) Prove that f(f−1(f(S))) = f(S).

Solution By Parts (a) and (c), f(S) ⊆ f(f−1(f(S))). On the other hand, putting T = f(S) in Part (e)

yields f(f−1(f(S))) ⊆ f(S).

(h) Prove that f−1(f(f−1(T))) = f−1(T).

Solution By Parts (b) and (e), f−1(f(f−1(T))) ⊆ f−1(T). On the other hand, putting S = f−1(T) in

Part (c) yields f−1(T) ⊆ f−1(f(f−1(T))).

A general comment: In order to prove that two sets X and Y are equal, it suffices to show X ⊆ Y and Y ⊆ X. That is, choose an arbitrary element x ∈ X and show that x ∈ Y too. Moreover, take an arbitrary element y ∈ Y and show that y ∈ X too.
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