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[Write your answers in the question paper itself. Be brief and precise]
Question 1









      (5 Marks)
Find the flaw in the following proof:
Theorem: All horses are of the same color.

Proof:  Let there be n horses. We proceed by induction on n. If n = 1, there is nothing to prove. So assume that n > 1 and that the theorem holds for any group of (n – 1) horses. From the given n horses discard one, say the first one. Then all the remaining (n – 1) horses are of the same color by the induction hypothesis. Now put the first horse back and discard another, say the last one. Then the first (n – 1) horses have the same color again by the induction hypothesis. So all the n horses must have the same color as the ones that were not discarded either time.
Solution 1

The argument above makes the implicit assumption that the two subsets of horses to which the induction assumption is applied have a common element. This is not true when n = 1, that is, when the original set only contains 2 horses.

Indeed, let the two horses be horse A and horse B. When horse A is removed, it is true that the remaining horses in the set are the same colour (only horse B remains). If horse B is removed instead, this leaves a different set containing only horse A, which may or may not be the same colour as horse B.

Question 2








                (5 +5 Marks)
There are 8 red balls, 12 blue balls, 16 green balls and 20 yellow balls in a bag. 
(a) What is the minimum number of balls you must take out from the bag, so that you are guaranteed to get 6 balls of the same color?
The color can be any one of red, blue, green and yellow. By the pigeon-hole principle, choosing k balls from the bag ensures one color to be repeated at least [image: image1.emf]4
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 times. The smallest k for which k/4 ≥ 6 is 21. On the other hand, drawing 20 balls does not provide the desired guarantee, since we may have 5 balls of each color.
(b) What is the minimum number of balls you must take out from the bag, so that you are guaranteed to get 10 balls of the same color?

We cannot draw 10 red balls, since there are only 8 of them. Since 28 the smallest value of k

for which [image: image2.emf]3
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 ≥10, we must draw 28 balls of colors blue, green and yellow in order to have a color repeated at least 10 times. But the drawing may give a number between 0 to 8 of the red balls. These are useless for our goal, but we must remain prepared for drawing them. Thus the required minimum number of balls in this case is 28 + 8 = 36.
Question 3








                      (5 Marks)
Let Fn, n ∈ N, denote the sequence of Fibonacci numbers. Prove by induction on n that 
F2n = Fn(Fn+1 + Fn−1) and F2n+1 = F2n+1 + F2n       for all n > 1.
Solution 3

[Basis] 

Take n = 1. In this case, F2n = F2 = 1, whereas Fn(Fn+1 + Fn−1) =F1(F2 + F0) = 1 × (1 + 0) = 1. Moreover, F2n+1 = F3 = 2 = 12 + 12 = F2n+1 + F2n.

[Induction] Suppose that F2n = Fn(Fn+1 + Fn−1) and F2n+1 = F2n+1 + F2n for some n > 1. 

We have F2(n+1) = F2n+2 = F2n+1 + F2n = (F2n+1 + F2n) + Fn(Fn+1 + Fn−1) 

=Fn+1(Fn+1+Fn)+Fn(Fn+Fn−1) = Fn+1Fn+2+FnFn+1 = Fn+1(Fn+2+Fn). 

Moreover, F2(n+1)+1 = F2n+3 = F2n+2 + F2n+1 = Fn+1(Fn+2 + Fn) + (F2n+1 + F2n) 

= Fn+1(Fn+1 + 2Fn)+(F2n+1+F2n) = (F2n+1+2Fn+1Fn+F2n)+F2n+1 = (Fn+1+Fn)2+F2n+1 = F2n+2+F2n+1.

Question 4








   
         (5 Marks)

There are 33 students in the class and sum of their ages 430 years. Is it true that one can find 20 students in the class such that sum of their ages greater 260?
Solution 4
Give a name to the ages. Call them a1, a2, a3, . . . , a33 and assume a1 ≥ a2 ≥ a3  …. a33. 
Now suppose for the moment that the 20 largest of these, a14, a15, … , a33 have a sum that is at most 260. Since the average age of these 20 students is 13, it follows that a14 ≥13. This means each of the numbers a1, a2, . . . , a13 is at most 13. Adding all these numbers together, we get a1 +a2 +a3 +· · ·+a33 _ a1 +a2 +a3 +· · ·+a13 +260 _ 169+260 = 429,

a contradiction.
