MECHANICS OF SOLIDS MECHANICAL ENGINEERING
PROBLEM SHEET 1: KINEMATICS II'T KHARAGPUR

PROBLEM SHEET 1: KINEMATICS

1. The components of a displacement field are
u, = (x* +20) x 1074,
Uy = 2Yyz X 1073,
u, = (2> — xy) x 1073,

(a) Consider two points in the undeformed system (2,5,7) and (3,8,9). Find the
change in distance between these points.

(b) What are the components of the strain tensor?

8ui _ an
0X;  0X,

. . 1
(c) The rotation tensor is given by @ = Vu — € or ;; = 5 ( ) What
are the components of the rotation tensor?
(d) Compute the strain at (2, —1, 3).

[(a) 007, (d) 11 = 4 x 10_4, €99 = 0006, €33 — 0006, E12 = O, €31 — 5 X 10_4,
E93 — —0002]

2. Consider a cubical volume element with three of its edges at any one chosen vertex
oriented along the principal directions. The original length of each side is dX*) and
the final length is dz®), such that

dz® = dX®(14+e®), k=1,2,3 (no summation implied)
where ) is the principal strain in the k-direction.
(a) Dilatation is defined as the relative change in volume:

(final vol.) — (initial vol.)
(initial vol.)

Dilatation =

Find an expression for dilatation assuming that [¢*)| < 1. Rewrite this expression
in terms of the components of displacement gradient u; ;.

(b) If the initial and final volumes are Vj and V; respectively with corresponding
densities py and p¢ (assumed uniform throughout the volumes), then mass con-
servation gives the relation p¢Vy = poVp. Using this relation and the result of part
(a), relate po, pr, and the divergence of the displacement, u;;. What happens
when py = pf, i.e. when the density is constant?
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3. Since dilatation can be expressed solely in terms of the normal strain components
(refer previous problem), these normal strain components are said to be responsible
for changes in volume while the shearing strains are responsible for changes in shape.
Often, the (infinitesimal) strain tensor is decomposed into two parts: the mean normal
strain &)1, which accounts for volumetric change, and the deviatoric strain ep, which
accounts for shape change.

(a) Define ey = 3 (V- u) I, where I is the identity tensor; or, equivalently, (), =
%uiﬂ-éij. Find the matrix representation of ep.

(b) The definition of ey ensures that the mean normal strain represents a state of
equal elongation in all directions. Under this state of strain the elemental volume
deforms in such a way that the shape remains similar to the original shape. Since
enm accounts for the volumetric strain, the volumetric change associated with ep
should be zero. Check if this is so by finding the dilatation of ep.

4. The problem of finding the principal strains at a point reduces to the eigenvalue prob-
lem:

(€ij — Aij)mj; =0, or, equivalently, in matrix form  ([¢] — A[I]) [a] = 0.
Non-trivial solutions of this problem may be found by using the condition that
det ([e] = A[l]) =0

where det([A]) means determinant of [A]. The above gives us:

€11 — A €12 €13
€21 €22 — A €23 =0,
€31 €32 €33 — A

that reduces to
N — IIN2 4+ I\ — J3 = 0.

(a) Find expressions for Ji, Jo, and J3 in terms of the components of ¢;;.

(b) Ji, Ja, and J3 are referred to as the strain invariants. What do you think is the
motivation behind calling them invariants? Hint: Principal strains pertain to
the actual physical situation while the components of ¢;; are a consequence of the
choice of our coordinate axes.

(c) The principal strain tensor is such that in its matrix representation the diagonal
elements are the \’s while the off-diagonal elements are zero. Find expressions
for Ji, Jo, and J3 in terms of the principal strains \;, Ao, and As.
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5. The strain field at a point P(z,y, z) in an elastic body is given by

Determine the following values:

(a) The strain invariants

(b) The principal strains

(¢) The mean normal strain and the deviatoric strain

20 3 2
3 =10 5
2 5 =8

x 1076,

[(a) Jy =2 % 1076, Jy = —318 x 10712, J5 = 1272 x 10728 ; (b) \; = 20.5 x 1079,
Ay = —14.1 x 1076, A3 = —4.39 x 1079

6. Consider a strain field such that

2
11 = AxQ,

2
E99 = AII,

€12 = Bryxo,

€33 = €39 = €31 = 0.

Find the relationship between A and B such that it is possible to obtain a single-valued

continuous displacement field which corresponds to the given strain field.

(B = 24]

7. Consider the strain-displacement relations in a rectangular Cartesian coordinate system

and verify that

Extend the ideas of these two

These six equations are referred to as the compatibility equations.

Oery | ey 28263%,
oy? oy?2 T oxdy
Pepn 0 ([ Osy N Oc,p  Oeyy
oydz  Ox Ox dy 0z
equations to obtain
ey, N .. 0%y
0722 oy T Oyoz
0%c., N Ore 282em
Ox? 022 " 0z20x
D?eyy _ 0 ([ Oey N D24y N D2y
0z0xr Oy Jy 0z ox
O%e.. 0 [ Oeyy  Ogy | D2y
oxdy 0z 0z ox y

)

)
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8.

10.

11.

The six compatibility equations in the previous question are not actually independent.
To see this, first obtain from Egs. (2), (5), and (6) the following:

845:01, B o3 _&’—:yz 0€ 0 n 88;@ (7)
0y2022  Qxdydz ox dy 0z
ey, _ 03 Oes N D2y N D2y ®)
022022  0x0y0z dy 0z ox
8452Z _ o3 _&Sxy n 85yz n 0¢ .z . (9)
0x20y?  0x0yoz 0z ox dy

Next, add Egs. (7) and (8) and compare with what you obtain after differentiating
Eq. (1) w.r.t z twice. This comparison shows that Eqs. (7), (8), and (9) are really the
three independent equations.

. A two-dimensional problem of a rectangular bar stretched by uniform end loadings

results in the following strain field:

i 0 0
e= 1|0 —CQ 0 ,
0 0 0

where C and Cy are constants. Assuming the field depends only on z and y, inte-
grate the strain-displacement relations to determine the displacement components and
identify any rigid-body motion terms.

[uy = Chx+ Ky + D, u, = —Cyy — Kz + E; rigid body rotation about z-axis:
w, = —K; translation along z: D; translation along y: F]

Consider the simple tension of a prismatic bar fixed at one end. Let £ be the unit
elongation of the bar in the longitudinal direction and ve the unit lateral contraction.
The components of displacement of a point with coordinates z, y, z are

u = ex, v = —vey, w= —vez.
Verify that a plane in the bar given, before deformation, by the equation
ar+by+cz+d=0

will remain a plane after deformation.

A state of strain is given by

Az 0 0
e=|0 Az 0
0 0 Bz
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12.

From the strain-displacement relations for normal strains show that the three com-
ponents of the displacement vector are u = Azz + f(y,z2), v = Ayz + g(x,2), w =

1

§B22 + h(z,y), where f(y,z2), g(x, z), and h(x,y) are arbitrary functions. Now, use

the strain displacement relations for shear strains to obtain f(y, z) and g(z, z) in terms
1

of some arbitrary constants if it is given that h(x,y) = —éAxQ— §Ay2 —Cix+Cy+Csy,

where (', (5, and C3 are also arbitrary constants.

f(y,2) = Ky+ Ciz + Cs, g(x,2) = —Ka — Cyz + Cs]

Show that if the rotation is zero throughout a body (irrotational deformation), the
displacement vector is the gradient of a scalar potential function. Hint: Use the idea
from irrotational fluid flow.



