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Stereo Set-up
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Camera centers

Epipolar plane

e, e’: epipoles
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l’

l,l’: Epipolar 
lines



Epipolar geometry
Corresponding point 
of x in the right 
image lies on l’. 

From Hartley and Zisserman, “Multiple view geometry in 
computer vision”, Cambridge Univ. Press (2000)



Epipolar geometry

All points on p project on l and l’
From Hartley and Zisserman, “Multiple view geometry in computer 
vision”, Cambridge Univ. Press (2000)



Epipolar geometry

Epipoles e,e’
= intersection of baseline with image plane 
= projection of projection center in other image
= vanishing point of camera motion direction

An epipolar plane: plane containing baseline (1-D 
family)

An epipolar line: intersection of epipolar plane with 
image (always come in corresponding pairs)



Epipolar geometry

Family of planes p and lines l and l’ 
Intersection in e and e’

From Hartley and Zisserman, “Multiple view geometry in computer 
vision”, Cambridge Univ. Press (2000)



Example: converging 
cameras

From Hartley and Zisserman, “Multiple view geometry in computer 
vision”, Cambridge Univ. Press (2000)



Example: motion parallel with 
image plane

From Hartley and Zisserman, “Multiple view geometry in computer 
vision”, Cambridge Univ. Press (2000)



Epipolar 
Geometry

C C’

X

x x’
e e’

Epipolar plane

l l’

P=K[I | 0] P’=K’[R | t]

Coplanar: X, x, x’, C, C’, e, e’, l, l’F=[e’]xK’RK-1

For scene 
points lying on 
plane at infinity.



Epipolar Geometry

C C’

X

x x’

e e’

l l’

P=K[ I | 0] P’=K’[ R | t]



Fundamental and 
Essential  Matrices

P= K[I | 0]
P’= K’ [R | t]

Say, P=[I | 0], i.e. K=I

P’=K’ [R | t]=[K’ R | K’ t]=[M | m]

Essential Matrix (E)



Ex. 1
n Consider the following stereo imaging 

matrices given by P =[I|0] (ref. camera) 
and P’ as follows.

Compute the fundamental matrix of the system.



Ans. 1



Ex. 2 
n Consider the following stereo imaging 

matrices given by P (ref. camera) and P’.

(a) Compute the fundamental matrix of the system.
(b) Given an image point (15,20) of the reference 
camera (P), compute the epipolar line and its two 
end image points of P’.



Ans. 2 (a) M p4 M’



Ans. 2(b)

(b) Given an image point (15,20) of the reference camera (P), 
compute the epipolar line and its two end image points of P’.

C’

x

C

X

e’

Y

y l



Fundamental Matrix: 
Properties

C C’

X

x x’

e e’

l l’

Transpose:
If F is fundamental matrix of (P,P’), FT for (P’,P).

P P’

Epipolar lines: For x, epipolar line l’=Fx.
For x’, epipolar line l=FTx’.

Rank deficient:
det(F)=0    and F is a projective element à 7 d.o.f.

F is a 
correlation.
à Rank 

deficient.
à Inverse 

does not 
exit.



Ex. 3
n Consider the following fundamental matrix.

a) Given two  points (5,8) and (7,-5) in the left 
image compute the corresponding epipolar lines 
in the right image.

b) Compute the right epipole. 
c) Compute the left epipole.



Ans.3 
n l1=F.[ 5 6 1]T= [172    57     1]T

n l2=F.[ 7 -5 1]T=[80   150  -370]T

n eR=l1 x l2 =[-21240  63720 21240]T

=[-1  3 1]T

q eL= Right zero of F



Ans.3 (contd.)
q eL= Right zero of F



Ans.3 (contd.)
q eR= Right zero of FT



Essential Matrix 
Stereo geometry for calibrated cameras.

E=[t]xR

C C’

X

x x’

e e’

l l’

P=K[I | 0] P’=K’ [R | t]

xc= K-1x x ’c=K’-1x’

Coordinates in calibrated 
image planes. x’TFx=0

à(K’xc’)TF(Kxc)=0
àx’cTK’TFKxc=0
àx’cT(K’TFK)xc=0

x’cTExc=0

E

E=K’TFK
F=K’-TEK-1

=K’-T [t]xR K-1
Eec=e’cE=0
Rank: 2
det(E)=0

6 parameters

d.o.f.=5



Pure translation
C C’

X

x x’

e e’

l l’

P=K[I | 0] P’=K’ [I | t]

For K=K’,  F=[e’ ]x

F=[e’]xK’IK-1

=[e’]xK’K-1

camera translation ||l

to x-axis, e’=[1 0 0]T

è x’TFx=0
è y’=y 



Pure Translation: 
Computing Depth

C C’

X

x x’

e e’

l l’

P=K[I | 0] P’=K’ [I | t]
(0,0,0) (-tx,0,0)

(X,Y,Z)

For K=K’



Pure Translation: 
Computing Depth

C C’

X

x x’

e e’

l l’

P=K[I | 0] P’=K’ [I | t]
(0,0,0) (-tx,0,0)

(X,Y,Z)



General Motion 
of Camera

From Hartley and Zisserman, “Multiple view geometry in computer 
vision”, Cambridge Univ. Press (2000)

e(2)

Rotational 
Homography

H=K’RK-1

P=K[I | 0] P’=K’ [R | t]

x(2) =K’[R|0]X
=K’R[I|0]X
=K’RK-1K[I|0]X
=K’RK-1x 

||l stereo

P(2)=K’[R|0]



General Motion 
of Camera

From Hartley and Zisserman, “Multiple view geometry in computer 
vision”, Cambridge Univ. Press (2000)

e(2)

Rotational 
Homography

H=KRK-1

P=K[I | 0] P’=K’ [R | t]

x(2) =K[R|0]X
=KR[I|0]X
=KRK-1K[I|0]X
=KRK-1x 

||l stereo



Ex. 4 
n Consider a stereo set-up with P and P’ 

(camera matrices for left and right camera) 
as given below.

If the image coordinates of a 3-D point are 
(6,8) and (9.33,8) in left and right cameras, 
compute its depth (z-coordinate) in the 3D.



Ans. 4
n P=K[I|0] and P’=K[I|t]

n x’=x+(Kt)/Z
n Z=(6x10/6)/(x’-x)

=10/(9.33-6)=3



Estimation of 
Fundamental Matrix

0Fxx'T =
0'''''' 333231232221131211 =++++++++ fyfxffyyfyxfyfxyfxxfx
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o Solution up to scale.
o Minimum 8 point correspondences.
o Use of DLT (for 7 point correspondences from  linear 

combination of smallest and second smallest eigen vectors.
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Orders of magnitude difference
Between column of data matrix
® least-squares yield poor results

Estimation of 
Fundamental Matrix



Transform image to 
~[-1,1] x [-1,1]

(0,0)

(700,500)

(700,0)

(0,500)

(1,-1)

(0,0)
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Least squares yields good results
(Hartley, PAMI´97)

The normalized 8-
point algorithm



The singularity 
constraint

0detF = 2Frank =
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From Hartley and Zisserman, “Multiple view geometry in computer 
vision”, Cambridge Univ. Press (2000)

The singularity 
constraint

Non-singular F causes epipolar lines not converging.

Nonsingular 
F

Singular 
F



The singularity constraint 
for Essential Matrix

det(E)=0

For essential matrix, two singular values are the same.



The minimum case – 7 
point correspondences

0f
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( ) T
9x9717x7 V0,0,σ,...,σdiagUA =

But F1+lF2 not automatically rank 2.

F1,F2à Eigen vectors corresponding 
to two zero’s. The solution is F1+lF2.

Solve for l from det( F1+lF2) =0.
As it is a cubic polynomial, there are 1 or 3 solutions.

Last two 
column 
vectors of V  
also provide 
F1 and F2.



Parametric 
representation of F

C C’

X

x x’

e e’

l l’

P P’
Over parameterization:
Epipolar parameterization:

Both epipoles as parameters

F=[t]xM è {t,M} à 12 params.

Left epipole

Epipoles



Retrieving the camera 
matrices from F

C C’

X

x x’

e e’

l l’

P P’

o F only depends on projective properties of P and 
P’. 

o Independent of choice of world frame.
o (P,P’) à F (unique)
o Fà (P,P’) (?)
o Given a homography H (4x4 non-singular matrix) 

in P3, if (P,P’) à F, then (PH,P’H)à F.
Proof: PX  ßà P’X

è (PH)(H-1X)  ßà (P’H) (H-1X)
o F does not uniquely map to (P,P’).



Retrieving the camera 
matrices from F

C C’

X

x x’

e e’

l l’

P =[I | 0] P’=[M | m]

o P=[I | 0] & P’=[M | m] à F=[m]xM.

o If F derived from both (P1,P1’ ) and (P2,P2’ ), 
there exists 4x4 H s.t. P2=P1H & P2’=P1’H.

o d.o.f. of P + d.o.f. of P’=22

o d.o.f. of H = 15

o d.o.f. of F=22-15=7

F=?



Retrieving the camera 
matrices from F

C C’

X

x x’

e e’

l l’

P P’
o F corresponds to (P,P’), iff P’TFP  is skew 

symmetric.
Proof: For a skew symmetric matrix S, XTSX=0, for all X.

Now, XTP’ TFPX=(P’X)TF(PX)=x’TFx=0 (for any X in
P3, as F is the fundamental matrix). …

o F corresponds to P=[I | 0] & P’=[SF | e’ ], where e’
is the right epipole of F s.t. e’TF=0.

o A good choice of S =[e’]x.
o F à ([I | 0], [[e’]x F | e’ ])

ßà ([I | 0], [[e’]x F + e’ vT| ke’ ])



The camera matrices 
from E (Essential matrix)

C C’

X

x x’

e e’

l l’

P=[I | 0] P’=[R | t ]

o E is an essential matrix iff two of its singular 
values are equal and the third one is zero.

o E=[t]xR
o [t]x and R can be computed through 

decomposition of E s.t. E=SR, where S is a 
skew symmetric matrix and R is orthogonal.



Decomposition of E 
(Essential matrix)

C C’

X

x x’

e e’

l l’

P=[I | 0] P’=[R | t ]

o SVD of E=U diag(1,1,0) VT

o Two possible decomposition of E=SR
o S=UZUT and R=UWVT or UWTVT

o Any skew symmetric matrix S can be decomposed as
S=kUZUT

o W is orthogonal and Z=diag(1,1,0)W.



Camera matrices from E
C C’

X

x x’

e e’

l l’

P=[I | 0] P’=[R | t ]
o SVD of E=U diag(1,1,0) VT

o Two possible decomposition of E=SR
o S=UZUT and R=UWVT or UWTVT

P’=[UWVT | +u3] or [UWVT | -u3] 
[UWTVT |+u3] or [UWT VT | -u3]

Out of the four only one is valid for viewing a point 
from both the cameras. It is sufficient to test a single 
point for the above.

Last column of U.



Ex. 5
n Check whether the following fundamental 

matrix and the camera matrices P and P’ (for 
left and right cameras) are compatible.



Ans. 5
n P’TFP=

n Not a skew symmetric matrix.
n Not compatible.



Computing scene 
points (structure) 

C C’

X

x x’

e e’

l l’

P P’
Given xi ßàxi’, compute X.

1. Compute F.
2. Compute P and P’.
3. For each (xi,xi’) compute X by triangulation.

i. Compute intersection of  Cxi and C’xi’.
ii. Compute segment perpendicular to both.
iii. Get the mid-point.

C
xi

C’
xi’

Perp. segm.

Not projective invariant, i.e. (PH,P’H) does not give H-1X.



Minimizing 
Reprojection Error 

C C’

X

x x’

e e’

l l’

P P’
Given xi ßàxi’, compute X.

Projective invariant.



Linear triangulation 
methods

C C’

X

x x’

e e’

l l’

P P’
Given xi ßàxi’, compute X.

Not projective invariant.

4 equations,
3 unknowns.

Minimize ||AX||
subject to ||X||=1.

Generalize to multiview correspondences.

x1 ßàx2 ßàx3
P1 P2 P3

6 equations
3 unknowns.

Use DLT.[A]4x4X=0



Ex. 4
n Suppose P and P’ (for left and right cameras). 

Images of a scene point are formed at 
(0,3.5), and (2/3, -1/3), respectively. Find the 
3D coordinate of the scene point.



Computation of structure

C’

x x’

X

C dx

dx’

P=[M|m] P’=[M’|m’]

-M-1m
-M’-1m’

-M-1x

-M’-1x’

n=dx X dx’
C+s dx

C’+t dx’(C+s dx)- (C’+t dx’)

Perpendicular 
to dx and dx’

Solve for s and t.



4 Ans.

n P=[M|m] P’=[M’|m’]
n C=-M-1m= [0.35 1 1.62]T

n C’=-M’-1m’=[13 35  38]T

n x=[0 3.5 1]T     x’=[2/3 -1/3 1]T

n dx= M-1 x=[0.32    0.47    0.69]
n dx’= M’-1 x’=[1.36   3.67   3.91]
n dx X dx’= [0.7    0.33   -0.55]



n (C+s dx)- (C’+t dx’)=[-12.85  -33.93  -36.58]+s[0.32    
0.47    0.69]-t[1.36   3.67   3.91]

n 0.32(-12.85+0.3s-1.36t)+0.47(-33.93+0.47s-
3.67t)+0.69(-36.58+0.69s-3.91t)=0 –(1)

n 1.36(-12.85+0.3s-1.36t)+3.67(-33.93+0.47s-
3.67t)+3.91(-36.58+0.69s-3.91t)=0 – (2)

n Solve (1) and (2) to get s and t, and the point.



Line reconstruction

P=[I | 0] P’=[R | t ]C C’

L

e e’

l l’

A convenient way of 
representing 3D line.



Plane Induced Homography

C’

x x’

C P=[I | 0] P’=[A | a]H



Plane induced  
homography

C’

x x’

C P=[I | 0] P’=[A | a]
A transformation H between 
two stereo images is plane 
induced homography if F is 
decomposed into [e’]xH. 

Given P=[I|0], P’=[A|a], & a plane induced 
homography H, the plane can be recovered by solving 
kH=A-avT, (linear equations for unknowns k and v). 

Hence, P=[I|0] & P’=[H|e’]. 



Plane induced  
homography

C’

x x’

C P=[I | 0] P’=[A | a]
A transformation H between 
two stereo images is plane 
induced homography if F is 
decomposed into [e’]xH. 
Hence, P=[I|0] & P’=[H|e’]. 

H is the transformation w.r.t. plane [0 0 0 1]T

in the camera coordinate. 

Plane at infinity

Given P=[I|0], P’=[A|a], & a plane induced 
homography H, the plane can be recovered by solving 
kH=A-avT, (linear equations for unknowns k and v). 



Homography compatible 
stereo geometry

C’

x x’

C P=[I | 0] P’=[A | a]

H is compatible iff HTF is 
skew symmetric, i.e.

HTF+FTH=0



Plane induced H and epipolar  
constraints

Epipoles mapped by
H, as e'=He, since
they are images of
the point on the plane
where the baseline
intersects it.

Epipolar lines are mapped by 
the homography as H-Tl’e = le.

Hx lies on epipolar line le' 
so l'e = Fx = x' x (Hx).From Hartley and Zisserman, “Multiple view geometry 

in computer vision”, Cambridge Univ. Press (2000)



Computing F from 6 points out 
of which 4 are coplanar

C’

x5

x5’

C

X5

e’
l1



Given F and 3 point 
correspondences, compute H.

1. Obtain (P=[I|0],P’=[A|a]) from F and 
construct 3 scene points, X1, X2, & X3.

2. Obtain plane (vT,1)T.
3. Compute H=A-avT

1.Obtain (e,e’) from F.
2.Use 3 correspondences + (e,e’), to obtain H. 

First Method

Second Method

Any 3 points can bipartition the image 
space, w.r.t. the plane formed by them. 



Infinite 
Homography

Homography induced by the plane at ⍺.

C’

x x’

C P=K[I | 0] P’=K’[R | t]

Vanishing 
point



H⍺ and Vanishing points

o H⍺ maps vanishing points between two images.
o H⍺ can be computed by identifying three non-

collinear vanishing points given F  or from 4 
vanishing points.

o Let P=[M |m], P’=[M’ | m’], X=[x⍺T 0]T (a point at 
infinity). 

x=PX=M x⍺
x’=P’X=M’ x⍺
x’=M’M-1x è H⍺=M’M-1



Affine epipolar geometry

x’

||l projection 
rays

x

Epipolar line

Epipolar 
planeo Projection rays are 

parallel.
o Epipolar lines and planes 

are parallel.

Form of F:

a,b,c,d,e all 
non-zero. As epipolar lines are parallel, epipoles are in 

the form [e1 e2 0]T



Affine 
stereo

x’xy
y’HA l’

Epipole:
Point of 
intersection

FA: d.o.f.: 4
Left epipole:[-d e 0]T

right epipole:[-b a 0]T



Estimating FA

Epipolar lines:

Point correspondence: Reduced to a single linear equation.

Minimum 4 point correspondences required to get FA. 
Solve using DLT.

Singularity constraint is satisfied by the structure of FA.



Estimating FA 
(another approach)

1. Compute HA using 3 point-correspondences.
2. l’= HAx4’ x x4’  (say, [l1 l2 l3]T)
3. Get e’ from l’ as [l2 –l1 0]
4. FA= [e’]xHA



Summary
o Epipolar geometry in a stereo imaging system.

o epipoles, scene point, corresponding image points, and 
camera centers lie on the same plane.

o Fundamental matrix (F) characteristics and unique 
to the stereo set-up.
o Transformation invariant.
o 3x3 singular matrix with d.o.f. 7 and rank 2.
o Given an image point x, its epipolar line l=Fx.
o For any pair of correspondence point (x,x’), x’TFx=0.
o Given epipoles (e,e’), Fe=e’TF=0
o Given camera matrices (P,P’), F is unique.

o P=[I|0], P’=[M|m] è F=[m]xM.
o P=[M|m], P’=[M’|m’] è F=[m’-M’M-1m]xM’M-1



Summary
o Given a homography H (4x4 non-singular matrix) in

P3, if (P,P’) à F, then (PH,P’H)à F.
o Given a fundamental matrix F, there exist a family 

of stereo setups (pairs of camera matrices).
o ([I | 0], [[e’]x F + e’ vT| ke’ ]), v: any arbitrary 3 vector, k : a 

scalar constant.
o Given camera matrices (P,P’) and a corresponding 

pair of image points (x,x’), it is possible to 
reconstruct the respective 3-D scene point X.



Summary
o Fundamental matrix of calibrated cameras is 
called Essential Matrix E.
o E=[t]xR, given ([I|0], [R|t]).
oE is an essential matrix iff two of its singular 
values are equal and the third one is zero.
o[t]x and R can be computed through 
decomposition of E s.t. E=SR, where S is a skew 
symmetric matrix and R is orthogonal.



Summary

P’=[UWVT | +u3] or [UWVT | -u3] 
[UWTVT |+u3] or [UWT VT | -u3]

o SVD of E=U diag(1,1,0) VT

o Two possible decomposition of E=SR
o S=UZUT and R=UWVT or UWTVT

One of the above is valid in viewing a point from both 
the cameras. 



Summary
o Given a set of pairs of corresponding points, it is 

possible to estimate F.
o Minimum 7 pairs required.

o Parametric representation of F.



Summary
o Given a set of pairs of corresponding points, it is 

possible to estimate camera matrices and scene 
points up to projective (4x4 homography matrix) 
ambiguity.
o (PH)(H-1X)  ßà (P’H) (H-1X)

o Given a pair of corresponding lines l and l’, and 
camera matrices (P,P’) possible to reconstruct 
respective 3D line L.
o Intersection of planes PTl and P’Tl’



Summary
o A plane induces homography between 

corresponding image points in a stereo set-up.
o Given a plane (vT,1), and camera matrices ([I|0],[A|a]), 

H=(A-avT)
o Homography at infinity: Plane at infinity (0T,1)  induces 

H=A.
o Affine epipolar geometry simplifies the structure of 

fundamental matrix.

FA=o Right epipole: [-d e 0]T

o Left epipole: [-b a 0]T


