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iImage Transform

o Image in continuous form: f(x,y): A 2-D
function, where (x,») in R2. Properties of

basis functions

o Let B be a set of basis functions: ¢ be extended

in the analysis.

B={bx,y) | i=..,-1,0,1,2,3,....}, b,(x,y) in R or C.
o Let Ax,») be expanded using B as follows:

flx,y) = z b (x,y) _ Coefficients of
: transform

The transform of fw.r.t. B is given by {4;|i =---.—-1,0,1,2,3, ... }.
Indexing may be multidimensional say, 4;;.



Orthogonal Expansion  f(x) = 2/1 b; (x)
i and 1-D Transforms

« Inner product: < £, g >= f F(x)g" (x)dx

= Orthogonal expansion: If B satisfies :
(bi,b;) =0, fori#+j
= c; Otherwise (for i = j),where cl > ()
= Transform coefficients in O.E.: A; = —(f b;)
s If ¢,=1, it becomes orthonoﬁwxpansmn
Forward transform (f, b;)

» Inverse transform: f(x) = J Aib;(x)di

[=—X



_ Complete base
Fourier S
B={e /% —-0w<w< o}
i tra nSform nit impulse function
znd) forw =20

0, otherwise.

Orthogonality: ] e]wxdx_{

Fourier Transform: #(f(x)) = f(jw) = j f(x)e T@9%dx

Inverse Transform: /' Fx) = — f £(x)e/ 9% dx
Full reconstruction —jox — Cos(wx) — j sin(wx)

fw) = f f(x)(cos(wx) — j sin(wx)) dx

C = {cos(wx)| — 0 < w < ©} S = {sin(wx)| — 0 < w < o}

\ Orthogonal /" But not complete!



Even and odd cos(8) = 2
i functions sin(0) = —.

= Even: f(-x)=f(x) for all x.
= Odd: f(-x)=-f(x) for all x. =2 f{0)=0.
= For even f(x) : j £() (sin(wx)) dx = 0

= For odd £(x) : f f (x)(cos(wx)) dx = 0

= Full reconstruction possible with cosines
(sines) only if it is even (odd).



i Discrete representation

= Discrete representation of a function:

f ( n) _ { f (n XO W Set of integers

Sampling interval
= Can be considered as a vector in an infinite
dimensional vector space.

= In our context, it is of a finite dimensional
space, e.g. {f(n), n=0,1,..N-1}, or

s =[A0) A1) ... AN-DT".



Discrete Linear Transform: A
i general form

= For n-dimensional vector X any linear transform,

" e'g' me]:BmannX]

s X ;- A column vector of dimension n.

s ¥V .- A column vector of dimension m.

mxl1-:

= B, .. A matrix of dimension mxn.

= Has inverse transform if B is a square matrix and
invertible.



Basis vectors

» B is the transformation matrix.
= Rows of B are called basis vectors.
—bBT_

g =|bi'

s Y(i)=<b,T. X> -
b7

\ dot product or inner product.
= Orthogonality condition:

<b/".b;>=0if i+
= ¢, otherwise



Discrete Fourier Transform

i (DFT)

bk(n)z\/—ﬁej%?’%’", for0<n<N-1, and0<k <N — 1.

—1
fk) =" f(n)e " F" for 0 <k < N — 1.
n=>0

F(N + k) = f(k)

, N- P k/N: Normalized frequency
_WZ f(K)&*™ T for0<n < N — 1,

Fundamental
A single period | ‘ | ‘ ‘ | frequency: 1/(NX,)
It II‘ I|‘I|‘I|| ||‘||| | fin+N)=An)

DFT: Fourier series of a periodic function



DFT: A linear

i transform rw = Z()f(n)a‘fz”%
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Hermitian transpose

Fy' =

'
Fi




Generalized Fo = [ 25 049)]
Discrete Fourier

0<(k,n)<N—1

and

Foi = =K. — +F
Fg,? _ LNF%O _ 1 F:? 0
Transform (GDFT) ¢ — 7o — o
05 ~ NTo03 108
Fi, = §FI, = 1F’: 1
]_ : k4o
b (n) = ——e/?" 7 (") for0<n<N-1, and0< k< N—1
VN
N-1 .
fa,p(k) = Z fn)e 7278 for0< k< N -1
n=>0
1 N —
f(n) = N o 5(k)eI2T R HB) for 0 <n < N —1
a [ Transform name Notation
0 0 Discrete Fourier Transform (DFT) F(k)
0 % Odd Time Discrete Fourier Transform (OTDFT) fA'O, 1 (k)
7 0 Odd Frequency Discrete Fourier Transform (OFDFT) f 1 o(k)
3 3 0dd Frequency Odd Time Discrete Fourier Transform (O2DFT) f 1,1(k)



Symmetric / Antisymmetric
i extension of a finite sequence

o DCTs and DSTs exist for
Original sequence II“ / any finite sequence.

| | |

‘ — Even function*>|| ||
||| ‘ll | |

Whole symmetry (WS) Half symmetry (HS)

|I|‘i — Odd function — |l|ll

T i

Whole antisymmetry (WA) Half antisymmetry (HA)




Discrete Cosine / (5 sep=oun
i Sine Transforms oo

= Types of symmetric / antisymmetric
extensions at the two ends of a sequence
and a type of GDFT-> DCTs / DSTs

WSWS

I‘ II > Type-I Even DCT
|

-« >

Cie(z(n)) = Xie(k) = Eaz(k) Z z(n) cos (27mk) , 0< k<N,




Discrete Cosine /
Sine Transforms

HSHS

1l

Cae(z(n)) = Xi1e(k) =

WAWA

1 forp=0or N,

a(p 27
)= { otherwise.

Fo 1
> Type-2 Even DCT
s ork(n + 1)
a(k) J:(n)cos( 2 ),nggN—l
2 N
JF o0

N-1
Sle(I(n)) — XsIe(k) — \/% Z -E(n) sin (

n=1

> Type-1 Even DST



Discrete Cosine /
i Sine Transforms ™~

{ \/g forp=0or N,
1,

otherwise.

HAHA jFO,]/Z
||| Type-2 Even DST
| ‘ I|< >
| 2 pl | - (27k(n+ 1) '
Sae(x(n)) = Xerre(k) = || Tra(k) 7;) z(n) sin ( N 2 > L, 1<k<N-1

There exist 16 different types of DCTs and DSTs.

Type-II Even DCT is used in signal, image, and
video compression.



Matrix form of a(p):{ \ 3, forp=0orN,

otherwise.
Type-II DCT
= Matrix form , _ \/% .a(k)cos(ﬂk(?;v-i_ 1),
N-point DCT e
= Each row is either symmetric (even

row) or antisymmetric (odd row).

Cy(k,n) fork even
—Cn(k,n) for k odd

0<(k,n)<N—1

CN(k,N—l—n):{

X =Cy.x Cy' =Cx



Convolution Multiplication
i Property (CMP)

0 o j FO(t — )dt

Fw) — H(jw) [— H(jw)F(jw)

CMP for Fourier Transform



f®h(k) = f(k)h(k)
CMP for DFT

Linear convolution

CMP for DFT holds for
C|rcular convolution.

fn) . h(n) N Z fm (n —m)

o Periodic convolution: Convolution between two finite

sequences with periodic extension.
o It is defined if both have the same period, providing a periodic

sequence with the same period.

Circular Convolution

f®h(n) = Zg;é f(m)h(n —m), .
= S0 fm)h(n—m) + TNCh ) f(m)h(n —m + N)




Antiperiodic extension and
i skew-circular convolution

= Antiperiodic function with an antiperiod N,
if fx+N)=-f(x).

= An antiperiodic function of antiperiod N =
a periodic function of period 2N.

= Skew-circular convolution: convolution
between two antiperiodic extended
seguences of the same antiperiod.

f®h(n) = YnuZof(m)h(n—m),
Ym0 f(m)h(n —m) =337 ., f(m)h(n —m + N)

4



u(n) = z(n) ® y(n)

‘L CMPs for DCTs () =y

Cre(u(n)) = V2NCie(2(1)) Cie (y(m))
C2e (u(n)) = V2N (2(1) Cie (y(m))

C3e (w(n)) = V2NCse (2(1)) Cse (y(m))



£x,y) =Z Zai,-bi,-(x,w
i 2-D Transforms b

= Easily extendable if basis functions are
separable, i.e. B={ b,(x,y)=g,(x).g/()}-

They could be from two difM \
sets, say b(x,y)=g(x).h(y). _ 1-D basis function
s B: Orthogonal if G={g(x), i=1,2,..} IS
orthogonal.
= B: Orthogonal and complete if G is so.

= Reuse of 1-D transform computation.

dj= ) gi) (Z Feeg; (x))
Ji i




2D Discrete Y B X B
i Transform

= Use of separability:
= Transform columns.
= Transform rows.
s Input: X 1-D Transform Matrix: B
= Transform columns: [Y,], ..=B,..X, .,
= Transformrows: Y _=[B, YT

mxn [ nxn ]

_Y B nxn
— T
B mmemxn nxn




i Image Transform: DFT

Image: f(m,n), of size M X N

.. _km . In
F(k1) = Z f(m,n)e /"M e /°"N

In

N-—1

.. km .
2 F(k, e /2™ /2N
[=0

Property of separability



‘_L DFT Examples:

BRiEA W, o Magnitudes

IR e and phases
Magnitude:. | | are shown
e by bringing
them into
displayable
range, and
shifting the
origin at the
center of
image.




i 2 D DCT 1, otherwise.

= [ype-I:

Xi(k,l) = Z.02(k).a2(1). S m_o Xnol(z(m,n) cos(ZIk ) cos( L)),
0<k<MO0<I<N.

m Type-II

Xi(k1l) = Zalk)al).Xm s SN (@(m,n) cos(ZBEDTE) cog(22EDT))

_ O<k<M—10<l<N—1.
= Matrix Representation:

X = DCT(z) = Cpy x.Cx




i An example:

Input image

Discrete Cosine Transform e

There are 16 different types of DCTs and DSTs. i

[
Sl -
-




Why image transforms?

= Alternative representation provides other insights of
structure of images.

= low frequency and high frequency components.

= May become useful for providing more compact
representation.
= A few transform coefficients.

= Selective quantization of components, considering their
effect on our perception.
= Image compression.
= Sometimes convenient for processing.

= Filtering, enhancement, ....







