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Pinhole Camera: 
Mapping from P3àP2

Projection Matrix (P)



Offset of principal point
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Projection Matrix under the 
offset

K (Camera Calibration Matrix)



Shifting of world coordinate
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CCD Camera model

No. of pixels 
per unit length



General Projective Camera

11 d.o.f
3

3

5
Extrinsic parameters: R, t
Intrinsic parameters: K



K-1

Upper triangular matrix.

K-1x provides you the image coordinate in canonical 
form for the above.



Rank of P: 3; 
Size: 3x4;  
d.o.f.=11; 

Two independent equations

Minimum # of point correspondences between world 
and image coordinates required to estimate P: 6

Properties of projective 
camera matrix P=[M | p4]

# of extrinsic params: 6 
# of intrinsic params: 5



Estimation of the camera 
matrix (P)

Redundant, as xi x (1) + yi x (2)= wi x (3)



Estimation of the camera 
matrix (P)

For n correspondences

Minimize ||Ap|| subject to ||p||=1
Use similar techniques, such as DLT.



Properties of projective 
camera matrix P=[M | p4]



Principal plane, axis, and point
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Properties of projective 
camera matrix P=[M | p4]



Properties of projective 
camera matrix P=[M | p4]



Projective camera on points

Only affected by M.Back Projection:



Depth of points

Principal Axis

Unit vector



Computing camera center for 
P=[M | p4]



Camera parameters from P



Exercise -1
Consider the following projection matrix.

Compute the following:
(i) Camera center
(ii) Vanishing point of X-axis.
(iii) Image point of origin.
(iv)Vanishing point of the line with the 

direction cosines 2:3:4.



Solution 
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Solution 
(Contd.)

p4

p1     

Vanishing point of X-axis:

Image point of origin:

P [ 1 0 0 0]T=p1

P [ 0 0 0 1]T=p4

Vanishing point of the line with 
the direction cosines 2:3:4 P [ 2 3 4 0]T   

= [ 0 3 -18]T



Exercise-2
n Consider the following projection matrix of 

an optical camera based imaging system.

Answer the following with respect to P.
(a) Given an image point (2,7) in R2, compute its 
corresponding scene point if it is known that the point 
is at a distance of 40 units from the center of camera.



Ans. 2(a) M p4
Camera center:

Direction ratio (l,m,n):

(l,m,n) =40



Q. 2(b)
n Compute the principal plane of the imaging 

system.

r3
TX=0 The last row of P. 

Image point of a point in a principal plane: (x,y,0)

(1,-5, 8, 1)



Exercise-3

n Consider the following camera matrix.

Consider four image points x1=(2,5), x2=(7,9), x3=(-1,3)
and x4=(4,-1). Let the camera center be denoted as O. 
Compute the dihedral angle between planes of Ox1x2
and Ox3x4. A dihedral angle of two planes is the angle 
between their normals.



Ans.

x1=(2,5), 
x2=(7,9), 
x3=(-1,3)
and 
x4=(4,-1)



Non-affine: Otherwise



Affine projection

o Affine projection matrix: 8 d.o.f.
o For estimating the matrix, it requires four point 

correspondences.



Affine Camera

Camera Centerè Direction of parallel rays (d)



Estimation of an affine camera

For n points



Projective Camera on plane

q

C Z=0

Z

X

YQ

Perspective projection of 
scene plane is a 
projective 
transformation.



Projective camera on a line
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Fixed camera center and 
moving image plane
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Simple zooming (k=f2/f1, R=I)
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Simple Zooming

The effect of 
zooming by a 
factor k is to 
multiply the 
calibration 
matrix K on 
the right by 
diag(k,k,1).



Rotation about an axis passing 
through the camera center 
(assuming at origin)

From Hartley and Zisserman, “Multiple view geometry in computer vision”, Cambridge Univ. Press (2000)



Application-I: Generation of 
synthetic view

Fronto-parallel view

Keep the same 
aspect ratio.

1. Compute H.
2. Warp the source image with H.

H



Planar panoramic mosaicing

H2H1

Ref. plane

Axis of rotation for imaging



Vanishing points
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Vanishing point

Vanishing point of a line L is the intersecting point in 
the image plane parallel to L and passing through the 
camera center C.

L



Vanishing points
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Vanishing points are independent of camera position, if 
it is not rotated. 



Vanishing points
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Exercise

Given a line l in the image coordinate space by the 
following equation:

3x+4y=5
Compute the normal of the plane for which the line 
appears as a horizon (vanishing line).

Suppose a camera has the following projection 
matrix P. 



Ans.
l= [ 3 4 -5]T

Plane formed by the camera center and the line l: PTl

All planes parallel to this plane have the vanishing line l.



Computing vanishing line

o Identify groups of sets of parallel 
lines in a plane at different directions.

o Obtain their vanishing points.
o Get the line among them.



Summary
o Pinhole camera model provides the projection 

matrix which maps a 3D point to an image point.
o Projection matrix:

o 3x4
o Dof: 11
o 5 intrinsic parameters and 6 extrinsic parameters.
o Minimum 6 point correspondences required for 

estimation
o Affine projection matrix

o Last row [0 0 0 1]T

o Dof:8
o Minimum 4 point correspondences required to estimate.



Summary (contd.)
o Geometry encoded in a projection matrix

o P=[ M | p4] or P=[p1 p2 p3 p4] or P=[r1
T ; r2

T ; r3
T]

o Camera Center: -M-1p4
o For affine projection matrix: Right zero of M (A direction).

o Vanishing points
o X-axis: p1
o Y-axis: p2
o Z-axis: p3

o Image of world origin: p4
o Special planes passing through the camera center

o Principal plane: r3
TX=0

o Direction of optical axis: <r31, r32, r33>
o Principal point: M [r31 r32 r33]T

o Plane formed with x-axis of image coordinate system: r1
TX=0

o Plane formed with y-axis of image coordinate system: r2
TX=0



Summary (contd.)
o Geometric derivatives from Projection Matrix: 

P= [M|p4]
o Projection ray formed at image point x.

o Direction ratio: M-1x
o A point on the ray:

o Camera center (-M-1p4)
o Plane formed with a line l in the image plane 

with the camera center: PTl
o Vanishing point of a line with direction d

o Md


