
MA 20205 Probability and Statistics 
Hints/Solutions to Assignment No. 6 

 
1. 𝑃ሺ1 ൏ 𝑋  𝑌 ൏ 2ሻ 

ൌ න න 𝑒ିሺ௫ା௬ሻ𝑑𝑥𝑑𝑦  න න 𝑒ିሺ௫ା௬ሻ𝑑𝑥𝑑𝑦ሻ
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ଵ
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ൌ ሺ𝑒ିଵ െ 𝑒ିଶሻ  ሺ𝑒ିଵ െ 2𝑒ିଶሻ ൌ ሺ2𝑒ିଵ െ 3𝑒ିଶሻ. 

𝑃ሺ𝑋 ൏ 𝑌|𝑋 ൏ 2𝑌ሻ ൌ ሺழሻ

ሺழଶሻ
. Now 

𝑃ሺ𝑋 ൏ 𝑌ሻ ൌ න න 𝑒ିሺ௫ା௬ሻ𝑑𝑦𝑑𝑥
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ൌ

1
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𝑃ሺ𝑋 ൏ 2𝑌ሻ ൌ න න 𝑒ିሺ௫ା௬ሻ𝑑𝑦𝑑𝑥
ஶ

௫
ଶ

ஶ


ൌ

2
3

 

So the required probability is 0.75. 
Clearly 𝑋 and 𝑌 are independent. So 
 𝑃ሺ0 ൏ 𝑋 ൏ 1|𝑌 ൌ 2ሻ ൌ 𝑃ሺ0 ൏ 𝑋 ൏ 1ሻ ൌ 1 െ 𝑒ିଵ. 

𝑃ሺ𝑋  𝑌 ൏ 𝑚ሻ ൌ ଵ

ଶ
 is equivalent to 2ሺ𝑚  1ሻ𝑒ି െ 1 ൌ 0. This is a 

nonlinear equation and can be solved numerically. Elementary 
numerical methods such as bisection gives 𝑚 ൎ 1.68. 
 

2. The marginal densities of 𝑋 and 𝑌 are 

   𝑓ሺ𝑥ሻ ൌ 𝑥  ଵ

ଶ
  , 0 ൏ 𝑥 ൏ 1 and 𝑓ሺ𝑦ሻ ൌ 𝑦  ଵ

ଶ
  , 0 ൏ 𝑦 ൏ 1. 

Clearly 𝑋 and 𝑌 are not independent.  

𝐸ሺ𝑋ሻ ൌ
7
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 , 𝐸ሺ𝑋ଶሻ ൌ

5
12

, 𝑉ሺ𝑋ሻ ൌ
11

144
 

𝐸ሺ𝑌ሻ ൌ
7

12
 , 𝐸ሺ𝑌ଶሻ ൌ

5
12

, 𝑉ሺ𝑌ሻ ൌ
11

144
 

𝐸ሺ𝑋𝑌ሻ ൌ
1
3

, 𝐶𝑜𝑣ሺ𝑋, 𝑌ሻ ൌ െ
1

144
 



𝑉𝑎𝑟ሺ𝑋  𝑌ሻ ൌ 𝑉ሺ𝑋ሻ  𝑉ሺ𝑌ሻ  2𝐶𝑜𝑣ሺ𝑋, 𝑌ሻ ൌ
5
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𝐶𝑜𝑟𝑟ሺ𝑋, 𝑌ሻ ൌ
𝐶𝑜𝑣ሺ𝑋, 𝑌ሻ

ඥ𝑉𝑎𝑟ሺ𝑋ሻ𝑉𝑎𝑟ሺ𝑌ሻ
ൌ െ

1
11

 

The conditional pdf of 𝑋|𝑌 ൌ 𝑦 is given by 

𝑓|ୀ௬ሺ𝑥|𝑦ሻ ൌ
2ሺ𝑥  𝑦ሻ
2𝑦  1

  , 0 ൏ 𝑥 ൏ 1, 0 ൏ 𝑦 ൏ 1 . 

𝐸ሺ𝑋|𝑌 ൌ 𝑦ሻ ൌ
2  3𝑦

3ሺ2𝑦  1ሻ
, 𝐸ሺ𝑋ଶ|𝑌 ൌ 𝑦ሻ ൌ  

3  4𝑦
6ሺ2𝑦  1ሻ

, 

𝑉ሺ𝑋|𝑌 ൌ 𝑦ሻ ൌ
6𝑦ଶ  6𝑦  1
18ሺ2𝑦  1ሻଶ  

3. The marginal densities of 𝑋 and 𝑌 are respectively 

   𝑓ሺ𝑥ሻ ൌ ଵ

ସ
ሺ3 െ 𝑥ሻ  , 0 ൏ 𝑥 ൏ 2 and 𝑓ሺ𝑦ሻ ൌ ଵ

ସ
ሺ5 െ 𝑦ሻ  , 2 ൏ 𝑦 ൏ 4. 

The conditional densities of 𝑌|𝑋 ൌ 𝑥 and 𝑋|𝑌 ൌ 𝑦 are respectively 

𝑓|ୀ௫ሺ𝑦|𝑥ሻ ൌ
ሺ6 െ 𝑥 െ 𝑦ሻ

2ሺ3 െ 𝑥ሻ
  , 2 ൏ 𝑦 ൏ 4, 0 ൏ 𝑥 ൏ 2 

𝑓|ୀ௬ሺ𝑥|𝑦ሻ ൌ
ሺ6 െ 𝑥 െ 𝑦ሻ

2ሺ5 െ 𝑦ሻ
  , 0 ൏ 𝑥 ൏ 2, 2 ൏ 𝑦 ൏ 4 

We get 𝐸ሺ𝑌|𝑋 ൌ 𝑥ሻ ൌ ଶିଽ௫

ଷሺଷି௫ሻ
 , 𝐸ሺ𝑌ଶ|𝑋 ൌ 𝑥ሻ ൌ ଼ିଶ଼௫

ଷሺଷି௫ሻ
.  

𝐸ሺ𝑋|𝑌 ൌ 𝑦ሻ ൌ
14 െ 3𝑦
3ሺ5 െ 𝑦ሻ

 , 𝐸ሺ𝑋ଶ|𝑌 ൌ 𝑦ሻ ൌ
18 െ 4𝑦
3ሺ5 െ 𝑦ሻ

 . 

Rest of the calculations can be done as before. 
4. ሺ𝑋, 𝑌ሻ~𝐵𝑉𝑁ሺ24, 28, 36, 49, 0.8ሻ. Then 𝑋~𝑁ሺ24, 36ሻ. So 

𝑃ሺ𝑋  30ሻ ൌ Φሺെ1ሻ ൌ 0.1587. 
The conditional distribution of 𝑋 given 𝑌 ൌ 35 is 𝑁ሺ28.8, 12.96ሻ. 
So 𝑉𝑎𝑟ሺ𝑋|𝑌 ൌ 35ሻ ൌ 12.96. 

𝑃ሺ𝑋  30|𝑌 ൌ 35ሻ ൌ 𝑃 ൬𝑍 
30 െ 28.8

√12.96
൰ ൌ Φሺെ0.33ሻ ൌ 0.3707. 

The conditional distribution of 𝑌 given 𝑋 ൌ 22 is 𝑁ሺ26.13, 17.64ሻ. 



𝐸ሺ𝑌|𝑋 ൌ 22ሻ ൌ 26.13. 
5. Similar to Q. 4. 
6. The marginal density of 𝑌 is 𝑓ሺ𝑦ሻ ൌ 𝑒ି௬, 𝑦  0.  

The conditional density of X given 𝑌 ൌ 𝑦 is 

𝑓|௬ୀ௬ሺ𝑥|𝑦ሻ ൌ ଵ

௬
 𝑒

ି
ೣ
  , 𝑥  0. 

𝐸ሺ𝑌ሻ ൌ 1, 𝐸ሺ𝑋ሻ ൌ 𝐸𝐸ሺ𝑋|𝑌ሻ ൌ 𝐸ሺ𝑌ሻ ൌ 1. 𝑉ሺ𝑌ሻ ൌ 1. 
𝑉ሺ𝑋ሻ ൌ 𝑉𝐸ሺ𝑋|𝑌ሻ  𝐸𝑉ሺ𝑋|𝑌ሻ ൌ 𝑉ሺ𝑌ሻ  𝐸ሺ𝑌ଶሻ ൌ 1  2 ൌ 3. 

𝐸ሺ𝑋𝑌ሻ ൌ 𝐸൫𝑌 𝐸ሺ𝑋|𝑌ሻ൯ ൌ 𝐸ሺ𝑌ଶሻ ൌ 2. 𝐶𝑜𝑣ሺ𝑋, 𝑌ሻ ൌ 1. 

𝐶𝑜𝑟𝑟ሺ𝑋, 𝑌ሻ ൌ ଵ

√ଷ
. 

 
7. Similar to Q. 4. 
8. Similar to Q. 4. 
9. In order that 𝑓ሺ𝑥, 𝑦ሻ is a valid density,  െ1 ൏ 𝛼 ൏ 1. 

The marginal densities of 𝑋 and 𝑌 are  
𝑓ሺ𝑥ሻ ൌ 1, 0 ൏ 𝑥 ൏ 1 and 𝑓ሺ𝑦ሻ ൌ 1, 0 ൏ 𝑦 ൏ 1. 

𝐸ሺ𝑋ሻ ൌ
1
2

  ,   𝐸ሺ𝑌ሻ ൌ
1
2

  , 𝑉ሺ𝑋ሻ ൌ
1

12
  , 𝑉ሺ𝑌ሻ ൌ

1
12

   

𝐶𝑜𝑣ሺ𝑋, 𝑌ሻ ൌ 𝐸 ൬𝑋 െ
1
2

൰ ൬𝑌 െ
1
2

൰ ൌ െ
𝛼

36
  , 𝐶𝑜𝑟𝑟ሺ𝑋, 𝑌ሻ ൌ െ

𝛼
3

 

Clearly 𝑋 and 𝑌 are independent if and only if 𝛼 ൌ 0. 
 

10. a. 𝑃ሺ𝑋  1, 𝑌  2ሻ ൌ 𝑝,ሺ0,2ሻ  𝑝,ሺ0,3ሻ  𝑝,ሺ0,4ሻ 

               𝑝,ሺ1,2ሻ  𝑝,ሺ1,3ሻ  𝑝,ሺ1,4ሻ ൌ 0.356. 
 
     b. The conditional p.m.f.’s of  𝑋 and 𝑌 are respectively 
      𝑝ሺ0ሻ ൌ 0.210, 𝑝ሺ1ሻ ൌ 0.298, 𝑝ሺ2ሻ ൌ 0.277, 𝑝ሺ3ሻ ൌ 0.215 . 
      𝑝ሺ1ሻ ൌ 0.267, 𝑝ሺ2ሻ ൌ 0.397, 𝑝ሺ3ሻ ൌ 0.302, 𝑝ሺ4ሻ ൌ 0.034 . 

  𝐸ሺ𝑋ሻ ൌ 1.497, 𝐸ሺ𝑌ሻ ൌ 2.103, 𝐸ሺ𝑋ଶሻ ൌ 3.341, 𝐸ሺ𝑌ଶሻ ൌ 5.117 
       𝑉𝑎𝑟ሺ𝑋ሻ ൌ 1.099991, 𝑉𝑎𝑟ሺ𝑌ሻ ൌ 0.694391, 



  𝐸ሺ𝑋𝑌ሻ ൌ 3.279, 𝐶𝑜𝑣ሺ𝑋, 𝑌ሻ ൌ 0.130809, 𝐶𝑜𝑟𝑟ሺ𝑋, 𝑌ሻ ൎ 0.1498. 
 

     c. 𝑃ሺ𝑌  2|𝑋 ൌ 1ሻ ൌ
,ೊሺଵ,ଶሻା,ೊሺଵ,ଷሻା,ೊሺଵ,ସሻ

ሺଵሻ
ൎ 0.6897. 

11. 𝑋 →time to switch off the lights 
      𝑌 → time to switch on the lights 
(a)  The desired region is the area between the lines 𝑦 ൌ 𝑥 and 𝑥 ൌ

𝑦  0.75 inside the unite square as shown in the figure below: 
 

 
The required probability ൌ 𝑃ሺ𝑌 ൏ 0.5, 𝑋 ൏ 𝑌  0.25ሻ  

     ൌ   8𝑥𝑦 𝑑𝑥 𝑑𝑦
௬ା.ଶହ

௬
.ହ

    8𝑥𝑦 𝑑𝑥 𝑑𝑦
ଵ

௬
ଵ

.ହ ൌ ଵଷଽ

ଶହ
ൎ 0.543. 

 
(b) The marginal density of 𝑌 is 

         𝑓௬ሺ𝑦ሻ ൌ 4𝑦ሺ1 െ 𝑦ଶሻ, 0 ൏ 𝑦 ൏ 1. 

The conditional density of 𝑋 given 𝑌 ൌ 𝑦 is  

     𝑓|ୀ௬ሺ𝑥|𝑦ሻ ൌ ଶ௫

ଵି௬మ ,    𝑦 ൏ 𝑥 ൏ 1 for 0 ൏ 𝑦 ൏ 1. 

So the conditional density of 𝑋 given 𝑌 ൌ ଵ


  is  

 𝑔ሺ𝑥ሻ ൌ ଶ ௫

ଷହ
 , ଵ


൏ 𝑥 ൏ 1. 

The required probability 

y=x

x=y+0.75 

1

1 

x
O 

y 



 ൌ 𝑃 ቀ𝑋 ൏ ଷ

ସ
|𝑌 ൌ ଵ


ቁ ൌ  𝑔ሺ𝑥ሻ𝑑𝑥 ൌ ଵ

ଷହ
  .

య
ర

భ
ల

 

(c)    𝐸 ቀ𝑋|𝑌 ൌ ଵ


ቁ ൌ ସଷ

ଷ
 

(d) The marginal density of 𝑋 is  
 𝑓ሺ𝑥ሻ ൌ 4𝑥ଷ,     0 ൏ 𝑥 ൏ 1 . 

𝐸ሺ𝑋ሻ ൌ
4
5

, 𝐸ሺ𝑌ሻ ൌ
8

15
 , 𝐸ሺ𝑋ଶሻ ൌ

2
3

, 𝐸ሺ𝑌ଶሻ ൌ
1
3

 , 𝐸ሺ𝑋𝑌ሻ ൌ
4
9

 . 

 

𝑉𝑎𝑟ሺ𝑋ሻ ൌ
6

25
 , 𝑉𝑎𝑟ሺ𝑌ሻ ൌ

11
225

 , 𝐶𝑜𝑣ሺ𝑋, 𝑌ሻ ൌ
4

225
  

 

𝐶𝑜𝑟𝑟ሺ𝑋, 𝑌ሻ ൌ
4

3√66
ൌ 0.1641 . 

 
12. The desired area is the region to the left of the line 𝑦 ൌ 2𝑥 in the 

      square below. 
 
 

 
 

𝑃ሺ2𝑋 ൏ 𝑌ሻ ൌ
1
4

න න ሺ1  𝑥𝑦ሻ 𝑑𝑥 𝑑𝑦

௬
ଶ

ିଵ

ଵ

ିଵ
ൌ

1
2

 

x

y1

-1

1-1 

O

y = 2x 



 
The desired area is the region between lines 𝑥  𝑦 ൌ െ1  and    
𝑥  𝑦 ൌ 1 in the same square. 
 
As the density is symmetric in 𝑋 and 𝑌 

𝑃ሺ|𝑋  𝑌| ൏ 1ሻ ൌ 2 .
1
4

න න ሺ1  𝑥𝑦ሻ 𝑑𝑥 𝑑𝑦
ଵି௬

ିଵ

ଵ


ൌ

31
48

. 

 
The marginal distributions of 𝑋 and 𝑌 are 𝑈ሺെ1,1ሻ. 
 

𝐸ሺ𝑋ሻ ൌ 𝐸ሺ𝑌ሻ ൌ 0, 𝑉𝑎𝑟ሺ𝑋ሻ ൌ 𝑉𝑎𝑟ሺ𝑌ሻ ൌ
1
3

, 𝐸ሺ𝑋𝑌ሻ ൌ
1
9

 

   𝐶𝑜𝑣ሺ𝑋, 𝑌ሻ ൌ ଵ

ଽ
, 𝐶𝑜𝑟𝑟ሺ𝑋, 𝑌ሻ ൌ ଵ

ଷ
 

 

13. 𝑐 ൌ ଵ


 . The marginal densities of 𝑋 and 𝑌 are 

𝑓ሺ𝑥ሻ ൌ 6𝑥ሺ1 െ 𝑥ሻ, 0 ൏ 𝑥 ൏ 1 and 

 𝑓ሺ𝑦ሻ ൌ 6൫ඥ𝑦 െ 𝑦൯, 0 ൏ 𝑦 ൏ 1. 

𝑃 ൬
1
3

൏ 𝑋 ൏
2
3

൰ ൌ
13
27

 , 𝑃 ൬
1
4

൏ 𝑌 ൏
3
4

൰ ൌ
3√3 െ 4

2
ൎ 0.598 

  The conditional densities of 𝑋|𝑌 ൌ 𝑦 and 𝑌|𝑋 ൌ 𝑥 are respectively 

    𝑓|ୀ௬ሺ𝑥|𝑦ሻ ൌ ଵ

√௬ି௬
  , 𝑦 ൏ 𝑥 ൏ ඥ𝑦   , 0 ൏ 𝑦 ൏ 1    

 

𝑓|ୀ௫ሺ𝑦|𝑥ሻ ൌ
1

𝑥 െ 𝑥ଶ   , 𝑥ଶ ൏ 𝑦 ൏ 𝑥, 0 ൏ 𝑥 ൏ 1 

   The conditional density of 𝑋|𝑌 ൌ ଵ

ସ
 is 

 𝑔ሺ𝑥ሻ ൌ 4  , ଵ

ସ
൏ 𝑥 ൏ ଵ

ଶ
 . So  𝑃 ቀ

ହ

ଵ
൏ 𝑋 ൏ 

ଵ
|𝑌 ൌ ଵ

ସ
ቁ ൌ ଵ

ଶ
 

    The conditional density of 𝑌|𝑋 ൌ ଵ

ଶ
 is  



 ℎሺ𝑦ሻ ൌ 4 , ଵ

ସ
൏ 𝑦 ൏ ଵ

ଶ
 . So 𝑃 ቀ

ଷ

଼
൏ 𝑌 ൏ ହ

଼
 |𝑋 ൌ ଵ

ଶ
ቁ ൌ ଵ

ଶ
 . 

 The region |𝑋 െ 𝑌| ൏ 0.5 contains the region of the density  
𝑥ଶ ൏ 𝑦 ൏ 𝑥, 0 ൏ 𝑥 ൏ 1. So 𝑃ሺ|𝑋 െ 𝑌| ൏ 0.5ሻ ൌ 1. 

  
14. The marginal densities of 𝑋ଵ and 𝑋ଶ are given by 

 

𝑓భ
ሺ𝑥ଵሻ ൌ ଵ

ଶ
ሺ1  𝑥ଵሻ𝑒ି௫భ  , 𝑥ଵ  0  and  

 

 𝑓మ
ሺ𝑥ଶሻ ൌ ଵ

ଶ
ሺ1  𝑥ଶሻ𝑒ି௫మ  , 𝑥ଶ  0 

 
 The conditional densities of 𝑋ଵ|𝑋ଶ ൌ 2 and 𝑋ଶ |𝑋ଵ ൌ 4 are 

  𝑔ሺ𝑥ଵሻ ൌ ଵ

ଷ
ሺ𝑥ଵ  2ሻ𝑒ି௫భ  , 𝑥ଵ  0 and 

  ℎሺ𝑥ଶሻ ൌ ଵ

ହ
ሺ𝑥ଶ  4ሻ 𝑒ି௫మ

  , 𝑥ଶ  0. 

 𝐸ሺ𝑋ଶ|𝑋ଵ ൌ 4ሻ ൌ 

ହ
 , 𝑉𝑎𝑟ሺ𝑋ଵ|𝑋ଶ ൌ 2ሻ ൌ ଵସ

ଽ
 

 𝐸ሺ𝑋ଵሻ ൌ 𝐸ሺ𝑋ଶሻ ൌ ଷ

ଶ
, 𝑉ሺ𝑋ଵሻ ൌ 𝑉ሺ𝑋ଶሻ ൌ 

ସ
 , 𝐸ሺ𝑋ଵ𝑋ଶሻ ൌ 2 

 𝐶𝑜𝑣ሺ𝑋ଵ, 𝑋ଶሻ ൌ െ ଵ

ସ
 , 𝐶𝑜𝑟𝑟ሺ𝑋ଵ, 𝑋ଶሻ ൌ െ ଵ


 . 

 
15. Here 𝜇ଵ ൌ െ1, 𝜇ଶ ൌ 1, 𝜎ଵ

ଶ ൌ 4, 𝜎ଶ
ଶ ൌ 9, 𝜌 ൌ െ0.5. Then  

𝑋~𝑁ሺെ1, 4ሻ, 𝑌~𝑁ሺ1, 9ሻ, 𝑋|𝑌 ൌ 𝑦 has 𝑁 ቀ
ିଶି௬

ଷ
 , 3ቁ and 𝑌|𝑋 ൌ 𝑥 

has 𝑁 ቀ
ଵିଷ௫

ସ
 , ଶ

ସ
ቁ. 

𝐸ሼሺ𝑋  1ሻଶሺ𝑌 െ 1ሻଶሽ ൌ 𝐸ሾሺ𝑌 െ 1ሻଶ𝐸ሼሺ𝑋  1ሻଶ|𝑌ሽሿ 

 ൌ 𝐸 ቂሺ𝑌 െ 1ሻଶ ቄ
ሺଵିሻమ

ଽ
 9ቅቃ ൌ ଵ

ଽ
 𝐸ሺ𝑌 െ 1ሻସ  9𝐸ሺ𝑌 െ 1ሻଶ 

ൌ ଵ

ଽ
 . 3.9ଶ  9.9 ൌ 108. 

 𝑃ሺ𝑋 ൏ 1ሻ ൌ Φሺ1ሻ ൌ 0.8413, 𝑃ሺ𝑌  4ሻ ൌ Φሺെ1ሻ ൌ 0.1587. 



 Now 𝑋|𝑌 ൌ ଷ

ଶ
 follows 𝑁 ቀെ 


, 3ቁ.  

So 𝑃 ቀെ ଷ

ଶ
൏ 𝑋 ൏ െ ଵ

ଶ
|𝑌 ൌ ଷ

ଶ
ቁ ൌ Φ ቀ

ଶ

ଷ√ଷ
ቁ െ Φ ቀെ ଵ

ଷ√ଷ
ቁ 

ൌ Φሺ0.39ሻ െ Φሺെ0.19ሻ ൌ 0.6517 െ 0.4247 ൌ 0.227. 

Also 𝑌|𝑋 ൌ െ ଵ

ଶ
 follows 𝑁 ቀ

ହ

଼
, ଶ

ସ
ቁ. 

So 𝑃 ቀ
ଵ

ଶ
൏ 𝑌 ൏ ଷ

ଶ
ቚ𝑋 ൌ െ ଵ

ଶ
ቁ ൌ Φ ቀ



ଵଶ√ଷ
ቁ െ Φ ቀെ ଵ

ଵଶ√ଷ
ቁ 

 ൌ Φሺ0.34ሻ െ Φሺ0.05ሻ ൌ 0.6331 െ 0.5199 ൌ 0.1132. 
 

16. Here ሺ𝑋, 𝑌ሻ~𝐵𝑉𝑁 ቀ1, 1, 1, 1, ଵ

ଷ
ቁ. So 2𝑋  3𝑌~𝑁ሺ5, 17ሻ. 

Remaining parts can be answered as before. 
 

17. Q. 17 can be solved as earlier questions 12, 13 etc.. 
 
 


