
MA 20205 Probability and Statistics 
Assignment No. 6 

 

1. Let ሺ𝑋, 𝑌ሻ have the joint pdf 𝑓௑,௒ሺ𝑥, 𝑦ሻ ൌ 𝑒ିሺ௫ା௬ሻ , 𝑥 ൐ 0, 𝑦 ൐ 0. Find          

𝑃ሺ1 ൏ 𝑋 ൅ 𝑌 ൏ 2ሻ, 𝑃ሺ𝑋 ൏ 𝑌|𝑋 ൏ 2𝑌ሻ, 𝑃ሺ0 ൏ 𝑋 ൏ 1|𝑌 ൌ 2ሻ. Determine 𝑚 such 

that ሺ𝑋 ൅ 𝑌 ൏ 𝑚ሻ ൌ ଵ

ଶ
 . 

2. Let ሺ𝑋, 𝑌ሻ have the joint pdf   𝑓௑,௒ሺ𝑥, 𝑦ሻ ൌ 𝑥 ൅ 𝑦,   0 ൏ 𝑥 ൏ 1, 0 ൏ 𝑦 ൏ 1. Are 𝑋 

and  𝑌 independent? Find 𝑉ሺ𝑋 ൅ 𝑌ሻ, 𝐶𝑜𝑟𝑟ሺ𝑋, 𝑌ሻ and 𝑉𝑎𝑟ሺ𝑋|𝑌 ൌ 𝑦ሻ. 

3. Let  ሺ𝑋, 𝑌ሻ have the joint pdf 

  𝑓௑,௒ሺ𝑥, 𝑦ሻ ൌ
ଵ

଼
ሺ6 െ 𝑥 െ 𝑦ሻ, 0 ൏ 𝑥 ൏ 2 , 2 ൏ 𝑦 ൏ 4.  

Find 𝐸ሺ𝑌|𝑋 ൌ 𝑥ሻ, 𝑉𝑎𝑟ሺ𝑌|𝑋 ൌ 𝑥ሻ, 𝐶𝑜𝑣ሺ𝑋, 𝑌ሻ, 𝑉𝑎𝑟ሺ𝑋|𝑌 ൌ 𝑦ሻ.   

4. The ages (in years) at marriage of women and men in a country can be modelled 
by a BVN (24, 28, 36, 49, 0.8) distribution (the first variable corresponds to age of 
wife and the second to the age of her husband). Find the proportion of women 
over 30. What is variance of age of wives whose husbands are of age 35? Also 
find the proportion of women over 30 having husbands of age 35. What is the 
expected age of men with wives of age 22.  
 

5. The life of a tube 𝑋ଵ and the filament diameter 𝑋ଶ are distributed as a             
bivariate normal with 𝜇ଵ ൌ 1000 hrs, 𝜇ଶ ൌ 0.1 cm, 𝜎ଵ ൌ 20, 𝜎ଶ ൌ 0.1, 𝜌 ൌ 0.75.  
A quality control manager wishes to determine the life of each tube by measuring 
the filament diameter. If a filament diameter is 0.09 cm, what is the probability 
that the tube will last 980 hrs?   

 
6. Let ሺ𝑋, 𝑌ሻ be continuous with the joint pdf given by 

     𝑓௑,௒ሺ𝑥, 𝑦ሻ ൌ ଵ

௬
 𝐸𝑥𝑝 ቄെ ቀ𝑦 ൅ ௫

௬
ቁቅ , 𝑥 ൐ 0, 𝑦 ൐ 0. 

  Find the marginal density of 𝑌 and the conditional density of 𝑋|𝑌 ൌ 𝑦. Hence, 

  or otherwise, evaluate 𝐸ሺ𝑌ሻ, 𝐸ሺ𝑋ሻ, 𝑉𝑎𝑟ሺ𝑌ሻ, 𝑉𝑎𝑟ሺ𝑋ሻ, 𝐶𝑜𝑣ሺ𝑋, 𝑌ሻ and 𝐶𝑜𝑟𝑟ሺ𝑋, 𝑌ሻ.   

7. A professor has noticed that marks on two successive tests have a bivariate normal 
distribution with 𝜇ଵ ൌ 75, 𝜇ଶ ൌ 83, 𝜎ଵ ൌ 5, 𝜎ଶ ൌ 4 and  𝜌 ൌ 0.8. If a student 
received a grade of 80 on the first test, what is the probability that he/she will do 
better on the second one? How is the answer affected by taking 𝜌 ൌ െ0.8?     

 
8. The amount of rainfall recorded (in inches) at a weather station in April is a 

random variable 𝑋ଵ and the amount of rainfall recorded at the same station in 
May is  a random variable 𝑋ଶ . Let ሺ𝑋ଵ, 𝑋ଶሻ have a bivariate normal distribution 
with parameters 𝜇ଵ ൌ 6, 𝜇ଶ ൌ 4, 𝜎ଵ ൌ 1, 𝜎ଶ ൌ 0.5, 𝜌 ൌ 0.1. Find 𝑃ሺ𝑋ଵ ൑ 5ሻ, 
𝑃ሺ𝑋ଶ ൑ 5|𝑋ଵ ൌ 5ሻ and 𝐸ሺ𝑋ଵ|𝑋ଶ ൌ 6ሻ.  



9. Let 𝑋 and 𝑌 have joint density function 

𝑓௑,௒ሺ𝑥, 𝑦ሻ ൌ 1 െ 𝛼ሺ1 െ 2𝑥ሻሺ1 െ 2𝑦ሻ,   0 ൏ 𝑥 ൏ 1, 0 ൏ 𝑦 ൏ 1 

Determine the valid range of  𝛼. Find correlation between 𝑋 and 𝑌. Show that  𝑋 

and 𝑌 are independent if and only if they are uncorrelated. 

10. Let 𝑋 denote the number of ‘do loops’ in a FORTRAN programme and 𝑌 denote 
the number of runs needed for a novice to debug the programme. Assume that the 
joint pdf of ሺ𝑋, 𝑌ሻ  is given by 

 

𝑋 \ 𝑌 1 2 3 4 

0 .059 .100 .050 .001 
1 .093 .120 .082  .003 
2 .065 .102 .100  .010 
3 .050 .075 .070  .020 

 
a. Find the probability that a randomly selected programme contains at most one    

‘do loop’ and requires at least two runs to debug the programme. 
b. Find marginal pmf’s of 𝑋 and 𝑌  Calculate 𝜌௑,௒. 
c. Find the probability that a randomly selected programme requires at least two 

runs to debug given that it contains exactly one ’do loop’. 
 

11. An electronics device is designed to switch house lights on and off at random 
times after it has been activated and assume that it is designed in such a way that 
it will be switched on and off exactly once in a one-hour period. Let 𝑌 denote the 
time at which lights are turned on and 𝑋 the time at which they are turned off. 
Assume that the joint density of  𝑋 and 𝑌  is given by 
  

𝑓௑,௒ሺ𝑥, 𝑦ሻ ൌ 8𝑥𝑦, 0 ൏ 𝑦 ൏ 𝑥 ൏ 1. 
   
(a) Find the probability that the lights will be switched on within 1/2 hour after being 

activated and then switched off again within 15 minutes. 
(b) Find the probability that the lights will be switched off within 45 minutes of the 

system being activated given that they were switched on 10 minutes after the 
system was activated. 

(c) Find the expected time that the lights will be turned off given they were turned on 
10 minutes after activation.  

(d)  Find coefficient of correlation between 𝑋 and 𝑌.  
 
12. Let ሺ𝑋, 𝑌ሻ be continuous with the joint probability density function 

 

 𝑓௑,௒ሺ𝑥, 𝑦ሻ ൌ
ଵ

ସ
ሺ1 ൅ 𝑥𝑦ሻ, |𝑥| ൏ 1, |𝑦| ൏ 1 . 

 
   Find 𝑃ሺ2𝑋 ൏ 𝑌ሻ, 𝑃ሺ|𝑋 ൅ 𝑌| ൏ 1ሻ and  𝜌௑,௒. 



 
13. Let ሺ𝑋, 𝑌ሻ have joint pdf  
 

𝑓௑,௒ሺ𝑥, 𝑦ሻ ൌ 𝑐,   𝑥ଶ ൑ 𝑦 ൏ 𝑥, 0 ൏ 𝑥 ൏ 1. 
 

       Find the value of 𝑐.  Also determine 𝜌௑,௒ and 𝑃 ቀ
ଵ

ଷ
൏ 𝑋 ൏

ଶ

ଷ
ቁ , 𝑃 ቀ

ଵ

ସ
൏ 𝑌 ൏

ଷ

ସ
ቁ, 

 𝑃 ቀ
ହ

ଵ଺
൏ 𝑋 ൏ ଻

ଵ଺
|𝑌 ൌ ଵ

ସ
ቁ, 𝑃 ቀ

ଷ

଼
൏ 𝑌 ൏ ହ

଼
|𝑋 ൌ ଵ

ଶ
ቁ and 𝑃ሺ|𝑋 െ 𝑌| ൏ 0.5ሻ. 

 
 
 

14. Let ሺ𝑋ଵ, 𝑋ଶሻ have joint pdf  
 

 𝑓௑భ,௑మ
ሺ𝑥ଵ, 𝑥ଶሻ ൌ ଵ

ଶ
ሺ𝑥ଵ ൅ 𝑥ଶሻ 𝑒ିሺ௫భା௫మሻ , 𝑥ଵ ൐ 0, 𝑥ଶ ൐ 0. 

  

  Find 𝐸ሺ𝑋ଶ|𝑋ଵ ൌ 4ሻ , 𝑉𝑎𝑟ሺ𝑋ଵ|𝑋ଶ ൌ 2ሻ and 𝜌௑భ,௑మ
. 

15. Let ሺ𝑋, 𝑌ሻ have bivariate normal distribution with parameters ( 1,1, 4, 9, 0.5)  .  

Find 𝐸ሼሺ𝑋 ൅ 1ሻଶሺ𝑌 െ 1ሻଶሽ, 𝑃ሺ𝑋 ൏ 1ሻ, 𝑃ሺ𝑌 ൐ 4ሻ, 𝑃 ቀെ ଷ

ଶ
൏ 𝑋 ൏ െ ଵ

ଶ
|𝑌 ൌ ଷ

ଶ
ቁ and                           

𝑃 ቀ
ଵ

ଶ
൏ 𝑌 ൏ ଷ

ଶ
|𝑋 ൌ െ ଵ

ଶ
ቁ . 

 
16. Let ሺ𝑋, 𝑌ሻ  have bivariate normal distribution with density function 

 

 𝑓௑,௒ሺ𝑥, 𝑦ሻ ൌ ଷ

ସగ√ଶ
 𝐸𝑥𝑝 ቄെ ଽ

ଵ଺
ቂሺ𝑥 െ 1ሻଶ െ ଶ

ଷ
ሺ𝑥 െ 1ሻሺ𝑦 െ 1ሻ ൅ ሺ𝑦 െ 1ሻଶቃቅ , 

 
       െ∞ ൏ 𝑥 ൏ ∞, െ∞ ൏ 𝑦 ൏ ∞. 
 

Find 𝑃ሺ4 ൏ 2𝑋 ൅ 3𝑌 ൏ 6ሻ, 𝐸ሺ𝑋|𝑌 ൌ 2ሻ and 𝑉𝑎𝑟ሺ𝑌|𝑋 ൌ 0ሻ.
 

17. Let ሺ𝑋, 𝑌ሻ be jointly distributed continuous random variables with pdf 
 

 𝑓௑,௒ሺ𝑥, 𝑦ሻ ൌ
ଶ௫ା௬

ସ
,   0 ൏ 𝑥 ൏ 1, 0 ൏ 𝑦 ൏ 2. 

    
Find marginal and conditional distributions of 𝑋 and 𝑌. Also determine      
𝑃ሺ|𝑌 െ 𝑋| ൐ 1ሻ and 𝜌௑,௒.  

 


