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KL divergence
Convexity property of KL divergence
Log-sum inequality Let a1, ap, by, bo > 0. Then

(a1 + a2) log (m) < a log
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KL divergence
Convexity property of KL divergence
Log-sum inequality Let a1, ap, by, bo > 0. Then
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KL divergence
Convexity property of KL divergence
Log-sum inequality Let a1, ap, by, bo > 0. Then

(al+ag)|og(21izz> allogb -I-azlog

(Za,> |og< ) Sars

Proof Recall that f(x) = xlog x is a strictly convex function for all x > 0.
By Jensen's inequality

b

In general,

f (ZOZ,'X,) S ZO&,’f(X,‘)

n
where Y7 Jaj =1, o; > 0.
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Kl divergence

Then the proof follows by setting x; = 7 and «a; = %.
i i—1 Di
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Kl divergence

Then the proof follows by setting x; = 7 and «a; = ﬁ.
i i—1 Di

Question When does the equality hold?
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Kl divergence

Then the proof follows by setting x; = Z—‘I: and a; = %.
Question When does the equality hold?

Lemma Let Py, P>, Q1, @ be distributions on a finite set X, and
a € [0, 1]. Then

D(aP;+ (1 — )P ||a@r + (1 — a)@2)
< aD(Pi]|@1) + (1 — a)D(P2|| @)
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Kl divergence

Then the proof follows by setting x; = 7 and «a; = an" 5
i =1 Di

Question When does the equality hold?

Lemma Let Py, P>, Q1, @ be distributions on a finite set X, and
a € [0, 1]. Then

D(aP; + (1 —a)P2 || aQ1 + (1 — a) @)
< aD(P1[|@1) + (1 — a)D(P2[| Q)

Meaning When D(P||Q) is viewed as a function of the inputs P and Q, is
jointly convex in both of it's inputs i.e. it is convex in the input (P, Q)
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KL divergence

Proof

D(aP; + (1 —a)Py||aQ + (1 —a)Qy)
= ) (ap1(x) + (1 — a)pa(x)) log

XEX

(Oépl(x) +(1- Oé)Pz(X)>
aqi(x) + (1 — a)gz(x)
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KL divergence

Proof
D(aPy + (1 - a)P2 | a@ + (1 — a)Q»)
_ b (x e o api(x) + (1 — a)pa(x)
— XGZX( pi(x)+ (1 )p2(x)) 1 g(OéCh(X)—l-(l—a)qg(x))
ap(x) ool log [ (L @)P2(x)
< Z api(x) log (aql(x)) + (1 — @) pa(x) log ((1 — a)qg(x))

xXeX
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KL divergence

Proof
D(aPy+ (1 —a)P2 [ a@ + (1 - a)QZ)
- Z(Oépl(x) + (1 — a)p2(x)) log ( apy(x) P2§X >

xeX ql( q2 X
Ao p1(x) N o (1 — a)pa(x
< ;apl ) g( (X)> + (1 — a)p2(x) log ((1_a)q2(x))
= aD(P1]|@1) + (1 — a)D(P>||Q2)
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KL divergence

hi-distance Let P and @ be two distributions on a finite set X'. Then the
total-variation distance or statistical distance between P and @ is defined

as

STu(P.Q) = 51— @l = £ 3 [p(x) — ()
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KL divergence

hi-distance Let P and @ be two distributions on a finite set X'. Then the
total-variation distance or statistical distance between P and @ is defined
as

STu(P.Q) = 51— @l = £ 3 [p(x) — ()

Question Is it a standard notion of distance?
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KL divergence

hi-distance Let P and @ be two distributions on a finite set X'. Then the

total-variation distance or statistical distance between P and @ is defined
as

STu(P.Q) = 51— @l = £ 3 [p(x) — ()

Question Is it a standard notion of distance?

The quantity ||P — Q||1 is referred to as the /;-distance between P and @
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KL divergence
Lemma Let P, Q be any distributions on X'. Let f : X — [0, B]. Then

[Ep[f(x)] = Eolf(x)]| < gIIP —Qlli=B-o1y(P. Q)
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KL divergence
Lemma Let P, Q be any distributions on X'. Let f : X — [0, B]. Then

[Ep[f(x)] = Eolf(x)]| < gIIP —Qlli=B-o1y(P. Q)

Proof

[Ep[f(x)] — EQ[f(x)]

= 2P0 () =Y alx) - f(x)
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KL divergence
Lemma Let P, Q be any distributions on X'. Let f : X — [0, B]. Then

[Ep[f(x)] = Eolf(x)]| < gIIP —Qlli=B-o1y(P. Q)

Proof
[Ep[f(x)] — Eqlf (x)]|

> p0x)-fx) = alx)- f(x)

> (p(x) = q(x)) - f(x)
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KL divergence
Lemma Let P, Q be any distributions on X'. Let f : X — [0, B]. Then

[Ep[f(x)] = Eolf(x)]| < gIIP —Qlli=B-o1y(P. Q)

Proof
[Ep[f(x)] — Eqlf (x)]|

= 2P0 () =Y alx) - f(x)

= [2_(p(x) = q(x)) - f(x)

= Z(pX)—q (( ) (Z(p(x—q )‘
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KL divergence
Lemma Let P, Q be any distributions on X. Let f : X — [0, B]. Then

[Ep[f(x)] — EQlf (x)]| < gIIP = Q= B-oTy(P, Q)

Proof
[Ep[f(x)] = Eqlf(x)]

= 2P0 () =Y alx) - f(x)

= [2_(p(x) = q(x)) - f(x)

IN

Z!p ) —a(x)]-

Bibhas Adhikari (Spring 2022-23, IIT Kharag| Information and Coding Theory Lecture 7 January 24, 2023 6/16



KL divergence

Question What is the interpretation of the above lemma?
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KL divergence
Question What is the interpretation of the above lemma?

Let f: X — {0,1} be any classifier. For instance, f outputs 1 if the guess

is that the sample point came from P and 0 if the guess is that it came
from Q.
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KL divergence
Question What is the interpretation of the above lemma?

Let f: X — {0,1} be any classifier. For instance, f outputs 1 if the guess
is that the sample point came from P and 0 if the guess is that it came

from Q. Then the rate of true positive minus the rate of false positive can
be measured as the difference

[Ep[f(x)] = Eq[f (x)]
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KL divergence
Question What is the interpretation of the above lemma?

Let f : X — {0,1} be any classifier. For instance, f outputs 1 if the guess
is that the sample point came from P and 0 if the guess is that it came

from Q. Then the rate of true positive minus the rate of false positive can
be measured as the difference

[Ep[f(x)] = Eq[f (x)]

Pinsker's inequality Let P and @ be two distributions defined on X'. Then

1 2
D(PIQ) = 5 5IIP - QI
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KL divergence
Question What is the interpretation of the above lemma?

Let f : X — {0,1} be any classifier. For instance, f outputs 1 if the guess
is that the sample point came from P and 0 if the guess is that it came
from Q. Then the rate of true positive minus the rate of false positive can
be measured as the difference

[Ep[f(x)] = Eq[f (x)]

Pinsker's inequality Let P and @ be two distributions defined on X'. Then
1
D(PIQ) = 5, 1P - QliF
Special case Let X = {0,1} and
g PSS F
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KL divergence
Then

p 1-p
D(P||@) = plog= + (1 — q)log
(PIQ) = plog® +(1 ~ q)tog ; —*

and [P — Q[l1 = 2[p —q|
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KL divergence
Then

1-p
1-gq

D(P||Q) = plogg +(1—q)log and [P — Q| = 2|p — 4

Lemma(Pinsker's inequality for X = {0,1}) Let P and Q be distributions
as above. Then

P 1-p 2 2
log Z +(1—q)] > < (p—
pogq+( q)ogl_q_lnz(p q)
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KL divergence
Then

1—
D(PIIQ) = plog _ + (1~ q)log ;— and [IP Q1 =2[p g

Lemma(Pinsker's inequality for X = {0,1}) Let P and Q be distributions
as above. Then

1-— P 2
plog 2 +(1—q)|0g1 z 5P q)°

Proof Let f(p,q) = plog 2 + (1 — q) log 1=2 — % (p — q)?
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KL divergence
Then

1—
D(PIIQ) = plog _ + (1~ q)log ;— and [IP Q1 =2[p g

Lemma(Pinsker's inequality for X = {0,1}) Let P and Q be distributions
as above. Then

P 1-p 2 2
log Z +(1—q)] > < (p—
pogq+( q)ogl_q_lnz(p q)

g_cfr N _(p|n_2q) (q(ll— q) _4)
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KL divergence
Then

1—
D(P|IQ) = plog  + (1~ q)log ;— and [|P — Qi =2p— q]

Lemma(Pinsker's inequality for X = {0,1}) Let P and Q be distributions
as above. Then

P 1—p 2
log Z +(1—q)]
pogq+( q)ogl_ 2 5P —a)

Proof Let f(p, q) = plog 2 + (1 — q) log =2 — %(p — q)?

gcfi N _(p|n_2q) <q(11— q) _4)

Smcem 4 >0 for all g, 8’r<0whenq<pand af>0when
q=>p.
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KL divergence

Moreover, f(p, q) = oo when ¢ =0 and f(p,q) =0 when g = p.
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KL divergence

Moreover, f(p, q) = oo when ¢ =0 and f(p,q) =0 when g = p. Thus,
the function achieves its minimum value at ¢ = p and is always
non-negative.
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KL divergence

Moreover, f(p, q) = oo when ¢ =0 and f(p,q) =0 when g = p. Thus,
the function achieves its minimum value at ¢ = p and is always
non-negative.

Lemma Let P and Q be distributions on a finite set X'. Then there exist
distributions P, Q" on {0, 1} such that

|P" = @Il =P Qllz, and D(P|Q) = D(P'||Q")
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KL divergence

Moreover, f(p, q) = oo when g =0 and f(p,q) = 0 when g = p. Thus,
the function achieves its minimum value at ¢ = p and is always
non-negative.

Lemma Let P and Q be distributions on a finite set X'. Then there exist
distributions P, Q" on {0, 1} such that

IP" = Qll. = |P = Qll1, and D(P||Q) = D(P'| Q)

Proof Let AC X be A= {x:p(x) > q(x)} and P, Q' be

P {1, WP 2eaPX) o {1, wp 3, caq(x)
0, wp 3 gap(x)

0, wp Y0 q().
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KL divergence

Then
IP=Ql = Y Ip(x) - q(x)]
xeX
= D (p() — q(x)) + ) _(a(x) — p(x))
XEA x¢A
= 1Y p0 - e[+ (1 - Zp(x)) - (1 - Zq(x)>
xEA XEA X€EA xX€EA
= HPI - Q/”l
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KL divergence

To calculate the KL-divergence, define a random variable Z as

lifxeA
Oifx¢ A

Bibhas Adhikari (Spring 2022-23, IIT Kharag| Information and Coding Theory Lecture 7 January 24, 2023 11/16



KL divergence

To calculate the KL-divergence, define a random variable Z as

7 _ 1 if xeA
Oifx¢ A
Since Z is a function of X, the distributions P and @ can be thought of as
joint distributions for the random variables (X, Z).
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KL divergence

To calculate the KL-divergence, define a random variable Z as

7 _ 1 if xeA
Oifx¢ A
Since Z is a function of X, the distributions P and @ can be thought of as

joint distributions for the random variables (X, Z). Besides, the marginal
distributions of Z are P’ and Q’.
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KL divergence

To calculate the KL-divergence, define a random variable Z as

7 _ lifxeA
Oifx¢ A
Since Z is a function of X, the distributions P and @ can be thought of as

joint distributions for the random variables (X, Z). Besides, the marginal
distributions of Z are P’ and @’. Then

D(PIQ) = D(P(X,2)[Q(X,Z2))
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KL divergence

To calculate the KL-divergence, define a random variable Z as

7 _ lifxeA
Oifx¢ A
Since Z is a function of X, the distributions P and @ can be thought of as

joint distributions for the random variables (X, Z). Besides, the marginal
distributions of Z are P’ and @’. Then

D(P[Q) = D(P(X,2)[Q(X,2))
= D(P(2)[Q(2)) + D(P(X|2)|QR(X|2))
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KL divergence

To calculate the KL-divergence, define a random variable Z as

7 _ lifxeA
Oifx¢ A
Since Z is a function of X, the distributions P and @ can be thought of as

joint distributions for the random variables (X, Z). Besides, the marginal
distributions of Z are P’ and @’. Then

D(P[Q) = D(P(X,2)[Q(X,2))
= D(P(2)[Q(2)) + D(P(X|2)|QR(X|2))
> D(P(2)[Q(2))
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KL divergence

To calculate the KL-divergence, define a random variable Z as
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joint distributions for the random variables (X, Z). Besides, the marginal
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Kl divergence

An application of Pinsker’s inequality How do you distinguish two coins of
slightly different biases?
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Kl divergence

An application of Pinsker’s inequality How do you distinguish two coins of
slightly different biases?

Suppose we are one of the two coins is given to us with the probability

p_ 1 wp
0 wp

distributions

+€
0 wp

NI= N

and Q = {IWP

NI N[
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Kl divergence

An application of Pinsker’s inequality How do you distinguish two coins of
slightly different biases?

Suppose we are one of the two coins is given to us with the probability
1

p={" "

0 wp

1
D(PIQ) = 3log

distributions

1 1
and Q = wpi—i-e

NI= N

1/2 1 1/2
+ -~ log
1/2+e 2 "1/2—¢
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Kl divergence

An application of Pinsker’s inequality How do you distinguish two coins of
slightly different biases?

Suppose we are one of the two coins is given to us with the probability
distributions

1 1 1 1
p_ wpi and Q — Wpi—i-e
0Owp 3 Owp 5 —¢
1 1/2 1 1/2
D(P = | —
(PIIQ) 2 %1 T2 B,
= lIo 1
2 81 se
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An application of Pinsker’s inequality How do you distinguish two coins of

slightly different biases?

Suppose we are one of the two coins is given to us with the probability

distributions

1 1 1 1
p_ wpi and Q — Wpi—i-e
0Owp 3 Owp 5 —¢
1 1/2 1 1/2
D(P = | —
(PIIQ) 2 %1 T2 B,
= lIo 1
2 81 se
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Kl divergence

An application of Pinsker’s inequality How do you distinguish two coins of
slightly different biases?

Suppose we are one of the two coins is given to us with the probability
distributions

1wp 2 1wp 2
P = Wp% and Q = Wpf—i_e
0Owp 3 Owp 5 —¢
1 12 1 1/2
D(P|Q) = =I by
(PIQ) = Flog o +3legn—
1, 1
T %1 42
1 4¢2
- In(1
21 2”( +1—42>
1 4¢? 2

usingl +z < €*,e <

=

€
<
2In21—4¢2 — 2In2’
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KL divergence

Consider the output of n independent coin tosses.
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KL divergence

Consider the output of n independent coin tosses. Then

nD(P|Q) = D(P"[[Q").
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KL divergence

Consider the output of n independent coin tosses. Then

nD(P|Q) = D(P"[[Q").

Suppose there is an algorithm T(xi,...,x,) — {0,1} which outputs 0 if
the coin is with distribution P, and 1 if the coin is with distribution @
such that T identifies both coins with probability at least 0.9 i.e.

9

10

]P)Xepn[T(X) = 0] Z % and ]P)XEQ"[T(X) = 1] 2
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KL divergence

Consider the output of n independent coin tosses. Then

nD(P|Q) = D(P"[[Q").

Suppose there is an algorithm T(xi,...,x,) — {0,1} which outputs 0 if
the coin is with distribution P, and 1 if the coin is with distribution @
such that T identifies both coins with probability at least 0.9 i.e.

9

]P)Xepn[T(X) = 0] Z g and ]P)XEQ"[T(X) = 1] 2 10

10

Question Find a lower bound of n without knowing anything about T.
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KL divergence

Note that 1 9
Exepr[T(x)] < m and Eycon[T(x)] > 10
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KL divergence

Note that 1 9
]EXEP"[T( )] < —0 and Eern[T(X)] = 10
which gives
8 n n 8
Erea[T(0)] = Bxep[T(0] 2 5 = IP" = Q" > ¢
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KL divergence

Note that 1 9
]EXEP"[T( )] < —0 and Eern[T(X)] = 10
which gives
8 n n 8
Erea[T(0)] = Bxep[T(0] 2 5 = IP" = Q" > ¢

Then

1 /8)? 1 8\?_ 1 [8)\?
”D(PHQ)ZW(§> =" 32 DP Q) (E) 28?(3)
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KL divergence

Recall

=3 ple) g ) — Dlp(x, ) (x)p(1)

!Kérner, Jénos (1973). " Coding of an information source having ambiguous alphabet

and the entropy of graphs’. 6th Prague conference on information theory: 411-425.
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KL divergence
Recall

106 ¥) = X plx. ) og LS — D(p(x 1) p(0p(1)

Graph entropy® Let G = (V, E). A subset S of the vertices V of an

undirected graph G = (V/, E) is independent if no edge in the graph has
both endpoints in S.

!Kérner, Jénos (1973). " Coding of an information source having ambiguous alphabet

and the entropy of graphs’. 6th Prague conference on information theory: 411-425.
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KL divergence

Recall

106 ¥) = X plx. ) og LS — D(p(x 1) p(0p(1)

Graph entropy® Let G = (V, E). A subset S of the vertices V of an

undirected graph G = (V/, E) is independent if no edge in the graph has
both endpoints in S.

Define the graph entropy H(G) as
inl(X;Y
min /(X; Y)

)

s.t. X is uniformly distributed over V

Y is an independent set in G containing X

!Kérner, Jénos (1973). " Coding of an information source having ambiguous alphabet

and the entropy of graphs’. 6th Prague conference on information theory: 411-425.
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KL divergence

Recall

106 ¥) = X plx. ) og LS — D(p(x 1) p(0p(1)

Graph entropy® Let G = (V, E). A subset S of the vertices V of an
undirected graph G = (V/, E) is independent if no edge in the graph has
both endpoints in S.

Define the graph entropy H(G) as
inl(X;Y
min /(X; Y)

)

s.t. X is uniformly distributed over V

Y is an independent set in G containing X

Question It is defined in terms of mutual information, why is it called
entropy?
!Kérner, Jénos (1973). " Coding of an information source having ambiguous alphabet

and the entropy of graphs’. 6th Prague conference on information theory: 411-425.
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KL divergence

Let 7 denote the independent vertex sets in G. Then we wish to find the
joint distribution of (X, Y) on V x Z with the lowest mutual information
such that (i) the marginal distribution of X is uniform and (ii) in samples
from the distribution, the Y contains X almost surely. The mutual
information of X and Y is then called the entropy of G.
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KL divergence

Let 7 denote the independent vertex sets in G. Then we wish to find the
joint distribution of (X, Y) on V x Z with the lowest mutual information
such that (i) the marginal distribution of X is uniform and (ii) in samples
from the distribution, the Y contains X almost surely. The mutual
information of X and Y is then called the entropy of G.

Examples

— Let K,, denote the complete graph on n vertices. Then

H(G) =logn
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KL divergence

Let 7 denote the independent vertex sets in G. Then we wish to find the
joint distribution of (X, Y) on V x Z with the lowest mutual information
such that (i) the marginal distribution of X is uniform and (ii) in samples
from the distribution, the Y contains X almost surely. The mutual
information of X and Y is then called the entropy of G.

Examples

— Let K,, denote the complete graph on n vertices. Then

H(G) =logn

— Let G be a bipartite graph, with n; vertices on one class and n;
vertices on the other. Then, for any vertex v, all the vertices in the
class which contains v form an independent set containing v. If X is a
uniformly random vertex and Y is the set of all vertices which
contains X then

/(X;Y)SH(Y)—nl’_’:n2log<n1’—7|—1n2)+ I Iog<n1,—7i;n2><]
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