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Singular value decomposition
Define

1
uj = —Avi
aj
i.e. oju; is a vector whose coordinates correspond to the projections of the

rows of A onto v;

Bibhas Adhikari (Spring 2022-23, IIT Kharag| Big Data Analysis Lecture 9 January 20, 2023 2/7



Singular value decomposition
Define
uj = iAvi
aj
i.e. oju; is a vector whose coordinates correspond to the projections of the

rows of A onto v;

Claim A = Z;:l a;uiviT
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Singular value decomposition
Define
uj = iAvi
agj
i.e. oju; is a vector whose coordinates correspond to the projections of the
rows of A onto v;

Claim A = Z;:l O’;UiViT
Proof Obvious!!
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Singular value decomposition
Define i
u; = —.AVi

aij
i.e. oju; is a vector whose coordinates correspond to the projections of the
rows of A onto v;

Claim A = Z;:l a;uiviT
Proof Obvious!!

SVD Then we have

nxd —A=USVT = | nxr [”” H rxd

where u; is the ith column of U, v;T is the ith row of VT, and ¥ is a
diagonal matrix with o; as the ith entry on its diagonal.
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Singular value decomposition
Define

1
u; = fAVi
gj

i.e. o;u; is a vector whose coordinates correspond to the projections of the
rows of A onto v;

Claim A = Z;:l a;uiviT
Proof Obvious!!
SVD Then we have

nxd —A=USVT = | nxr [”” H rxd

where u; is the ith column of U, v;T is the ith row of VT, and ¥ is a
diagonal matrix with o; as the ith entry on its diagonal. v;s are called
right singular vectors and u;s are called left singular vectors

Question Is this decomposition unique?
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Singular value decomposition

Let
k

Ak = ZO‘;U;V;T,]. < k <r
i=1
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Singular value decomposition

Let
k

Ak = ZU;U;V;T,]. < k <r
i=1

Then A, = Zf-‘:l oiujv; |, the matrix whose rows are the projections of the
rows of A onto Vj
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Singular value decomposition

Let
k

Ak = ZU;U;V;T,]. < k <r
i=1

Then A, = Zf-‘:l oiujv; |, the matrix whose rows are the projections of the
rows of A onto Vj
Theorem For any matrix B of rank at most k, ||A— Ax|lr < ||A—B||F
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Singular value decomposition

Let
k

Ax = Za;uiviT,l <k<r
i=1
Then A, = Zf'(:l oiujv; |, the matrix whose rows are the projections of the
rows of A onto Vj
Theorem For any matrix B of rank at most k, ||A— Ax|lr < ||A—B||F
— Suppose B minimizes ||A — B||2 among all rank k or less matrices
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Singular value decomposition

Let
k

Ax = ZU,‘U;V;T,]. <k<r
i=1
Then A, = Zf'(:l oiujv; |, the matrix whose rows are the projections of the
rows of A onto Vj
Theorem For any matrix B of rank at most k, ||A— Ax|lr < ||A—B||F
— Suppose B minimizes ||A — B||2 among all rank k or less matrices

— Let V be the row space of B
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Singular value decomposition

Let
k

A = ZU,‘U;V;T,]. <k<r
i=1
Then A, = Zf-;l oiujv; |, the matrix whose rows are the projections of the
rows of A onto Vj
Theorem For any matrix B of rank at most k, ||A— Ax|lr < ||A—B||F
— Suppose B minimizes ||A — B||2 among all rank k or less matrices
— Let V be the row space of B

— Then each row of B is the projection of the corresponding row of A
onto V
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Singular value decomposition

Let
k

A = Za;uiviT,l <k<r
i=1
Then A, = Zf;l oiujv; |, the matrix whose rows are the projections of the
rows of A onto Vj
Theorem For any matrix B of rank at most k, ||A— Ax|lr < ||A—B||F
— Suppose B minimizes ||A — B||2 among all rank k or less matrices
— Let V be the row space of B

— Then each row of B is the projection of the corresponding row of A
onto V

— Then ||A — B||% is the sum of squared distances of rows of A to V
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Singular value decomposition

Let
k

A = Za;uiviT,l <k<r
i=1
Then A, = Zf-;l oiujv; |, the matrix whose rows are the projections of the
rows of A onto Vj
Theorem For any matrix B of rank at most k, ||A— Ax|lr < ||A—B||F
— Suppose B minimizes ||A — B||2 among all rank k or less matrices
— Let V be the row space of B

— Then each row of B is the projection of the corresponding row of A
onto V

1

Then ||A — B||% is the sum of squared distances of rows of A to V

1

Since Ak minimizes the sum of squared distance of rows of A to any
k-dimensional subspace, ||A — Akl|lr < ||A— B||r
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Singular value decomposition

Observation Suppose we want to compute Ax, where A is an n x d large
matrix

Bibhas Adhikari (Spring 2022-23, IIT Kharag| Big Data Analysis Lecture 9 January 20, 2023 4/7



Singular value decomposition

Observation Suppose we want to compute Ax, where A is an n x d large
matrix

— It takes O(nd) to compute Ax
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Singular value decomposition

Observation Suppose we want to compute Ax, where A is an n x d large
matrix

— It takes O(nd) to compute Ax

— Suppose we approximate A by Ag, and then approximate Ax by Agx,
which can be done in O(kd + kn), where k < min{d, n}
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Singular value decomposition

Observation Suppose we want to compute Ax, where A is an n x d large

matrix
— It takes O(nd) to compute Ax
— Suppose we approximate A by Ag, and then approximate Ax by Agx,
which can be done in O(kd + kn), where k < min{d, n}

— How much will be the error?
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Singular value decomposition

Observation Suppose we want to compute Ax, where A is an n x d large

matrix
— It takes O(nd) to compute Ax
— Suppose we approximate A by Ag, and then approximate Ax by Agx,
which can be done in O(kd + kn), where k < min{d, n}

— How much will be the error?

max ||(A — Ag)x = [|[A — Akll2

[[x[la=1
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Singular value decomposition

Observation Suppose we want to compute Ax, where A is an n x d large

matrix
— It takes O(nd) to compute Ax
— Suppose we approximate A by Ag, and then approximate Ax by Agx,
which can be done in O(kd + kn), where k < min{d, n}

— How much will be the error?

max ||(A — Ag)x = [|[A — Akll2

[[x[la=1

Homework ||A|l2 = 01(A), called the spectral norm of All
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Singular value decomposition
Theorem The left singular vectors are pairwise orthogonal
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Singular value decomposition

Theorem The left singular vectors are pairwise orthogonal

Proof Let i be the smallest integer such that u; is not orthogonal to some
other uj, j > i
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Singular value decomposition

Theorem The left singular vectors are pairwise orthogonal

Proof Let i be the smallest integer such that u; is not orthogonal to some
other uj, j > i

— Without loss of generality assume that uiTuJ- =6>0
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Singular value decomposition
Theorem The left singular vectors are pairwise orthogonal

Proof Let i be the smallest integer such that u; is not orthogonal to some
other uj, j > i

— Without loss of generality assume that uiTuJ- =6>0
— Fore >0, let

, Vi + ev;j

vy = ——————
Y lvi+ evill2
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Singular value decomposition
Theorem The left singular vectors are pairwise orthogonal

Proof Let i be the smallest integer such that u; is not orthogonal to some
other uj, j > i

— Without loss of generality assume that uiTuJ- =6>0
— Fore >0, let

, Vi + €vj
Vi = ———
[lvi + evil|2
/ __ Ojujteoju; . .
— Then Av; = “ATe .whlch has length at least as large as its
component along u; given by

T a;u;+eajuj €2
i | > i 0)1——
B ( V1+ €2 ) (UI+€UJ)< 2
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Singular value decomposition
Theorem The left singular vectors are pairwise orthogonal

Proof Let i be the smallest integer such that u; is not orthogonal to some
other uj, j > i

— Without loss of generality assume that uiTuJ- =6>0
— Fore >0, let

, Vi + €vj
Vi = ———
[lvi + evil|2
/ __ Ojujteoju; . .
— Then Av; = “ATe .whlch has length at least as large as its
component along u; given by

T [ oivi + €T €2
P > - 0)(1——=
B ( 1+¢2 ) (07 + coj )< 2

2

63
g; — EU,"FEUJ@— EUJ'(S
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Singular value decomposition
Theorem The left singular vectors are pairwise orthogonal

Proof Let i be the smallest integer such that u; is not orthogonal to some
other uj, j > i

— Without loss of generality assume that uiTuJ- =6>0
— Fore >0, let

, Vi + €vj
Vi = ———
[lvi + evil|2
/ __ Ojujteoju; . .
— Then Av; = “ATe .whlch has length at least as large as its
component along u; given by

2

oiu; + €oju; €
ui’ (' ' J J) > (oj+ €0;d) (1—)
V1+ €2 2

2 63
g; — EU,’ + 60j5 - EUJ'(S
ai
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Singular value decomposition

Note that the above inequality is true for sufficiently small .
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Singular value decomposition

Note that the above inequality is true for sufficiently small €. However this
is a contradiction!!
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Singular value decomposition

Note that the above inequality is true for sufficiently small €. However this
is a contradiction!!

Lemma [|A — AkH% = J,%H
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Singular value decomposition

Note that the above inequality is true for sufficiently small €. However this
is a contradiction!!

Lemma [|A — AkH% = J,%H

Proof Let A= S"7_, ojujv; " be the SVD of A, and A, = S | oupv; T
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Singular value decomposition

Note that the above inequality is true for sufficiently small €. However this
is a contradiction!!

Lemma [|A — AkH% = 0,2(+1

Proof Let A= S"7_, ojujv; " be the SVD of A, and A, = S | oupv; T
Then

r
A— Ak = Z O‘,'uiViT.
i=k+1
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Singular value decomposition

Note that the above inequality is true for sufficiently small €. However this
is a contradiction!!

Lemma [|A — Ac3 =074
Proof Let A= 37, oiujv; | be the SVD of A, and A, = fozl oiuv; |

Then .
A— Ak = Z J,'uiViT.
i=k+1
Let {vi,v2,...,Vy, Vry1,...,Vg } be an ONB of RY. Then for the top
—_——
extended portion

singular vector v of A — Ay, writing v = Zd

j=16GjVj, we have

r
2 2
E:Ciai

i=k+1

,
I(A = Avll2a = ||D ciomui|| =

Jj=1 2
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Singular value decomposition

Question Which vector v gives the maximum value of ||(A — Ak)v]|2 in the
above expression?
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Singular value decomposition

Question Which vector v gives the maximum value of ||(A — Ak)v]|2 in the

above expression?
Since Y7, c,-2 =1, set ck+1 = 1 and rest of the ¢; = 0. This completes

the proof
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Singular value decomposition

Question Which vector v gives the maximum value of ||(A — Ak)v]|2 in the
above expression?
Since Y7, c,-2 =1, set ck+1 = 1 and rest of the ¢; = 0. This completes

the proof
Question What is the conclusion from the above lemma?
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Singular value decomposition

Question Which vector v gives the maximum value of ||(A — Ak)v]|2 in the
above expression?

Since Y7, c,-2 =1, set ck+1 = 1 and rest of the ¢; = 0. This completes
the proof

Question What is the conclusion from the above lemma?

Theorem For any matrix B of rank at most k,

|A—Akll2 < ||[A— B2
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Singular value decomposition

Question Which vector v gives the maximum value of ||(A — Ak)v]|2 in the
above expression?

Since Y7, c,-2 =1, set ck+1 = 1 and rest of the ¢; = 0. This completes
the proof

Question What is the conclusion from the above lemma?

Theorem For any matrix B of rank at most k,

|A—Akll2 < ||[A— B2

Proof Homework!!
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Singular value decomposition

Question Which vector v gives the maximum value of ||(A — Ak)v]|2 in the
above expression?

Since Y7, c,-2 =1, set ck+1 = 1 and rest of the ¢; = 0. This completes
the proof

Question What is the conclusion from the above lemma?

Theorem For any matrix B of rank at most k,

|A—Akll2 < ||[A— B2

Proof Homework!!
Analog of eigenvalues and eigenvectors

Av; = o;u; and ATy = oy
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