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The crack initiation period in an originally defect-free component can be a significant portion of its
total fatigue life. The initiation phase is generally believed to constitute the nucleation and growth of
short cracks, but the threshold crack length at which initiation occurs lacks a uniform definition.
Moreover, available methods for predicting fatigue damage growth usually require an existing flaw (e.g.
Paris law) and may be difficult to apply to the initiation phase. This paper presents a continuum
damage mechanics-based approach that estimates cumulative fatigue damage, and predicts crack initiation
from fundamental principles of thermodynamics and mechanics. Assuming that fatigue damage prior to
localization occurs close to a state of thermodynamic equilibrium, a differential equation of isotropic
damage growth under uniaxial loading is derived that is amenable to closed-form solution. Damage, as
a function of the number of cycles, is computed in a recursive manner using readily available material
parameters. Even though most fatigue data are obtained under constant amplitude loading conditions,
most engineering systems are subjected to variable amplitude loading, which can be accommodated
easily by the recursive nature of the proposed method. The predictions are compared with available
experimental results] 1998 Elsevier Science Ltd. All rights reserved

(Keywords: continuum damage mechanics; cyclic loads; deformation; engineering mechanics; fatigue; steel;
structural engineering; thermodynamics; variable amplitude loading)

INTRODUCTION

The total fatigue life,N;, of an initially defect-free
structure can be written as the sum,

Nr =N, + Np 1)

where N, is the crack initiation period, anll, is the
crack propagation period which includes the stable as
well as the accelerated stages of fatigue crack growth.
In many loading situations (for example, in high-cycle
fatigue), the crack initiation period is the most
important factor determining the total service life of a
structure. The initiation phase of fatigue life in a virgin

sity, AKy,. Moreover, depending on the stress rafv,
= OmidO0max Short cracks may grow at rates higher
than those for long crackslgnoring the short crack
growth stage, or using long crack growth rate para-
meters for short crack growth ‘can lead to potential
dangerous over-prediction of (fatigue) life’

The threshold crack lengtla,;,, below which LEFM
(and consequently the Paris—Erdogan law) is not valid,
may be estimated approximately?as

_ 1 [AKy)?
ath_ﬂ_<233> 2

material is often assumédo constitute the growth of
short cracks up to the siza,, which is the transition
length of short cracks into long cracks.

The growth rate of long fatigue cracks (in the stable

crack growth stage), along with the condition of their

non-propagation, can be successfully modelled by the

Paris—Erdogan lafv However, the preceding phase of
fatigue, when initiation and growth of short cracks
occur, is more difficult to model. Linear elastic fracture

mechanics (LEFM)-based crack growth concepts break &V

down at short crack sizé&sShort cracks grow at stress

intensities below the long crack threshold stress inten-
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where the endurance limitS, and AK,, are both
evaluated for fully reversed cycling (i.e. & = - 1).
However, the threshold crack initiation lengtla,
lacks a universally accepted definitfoh The comment

of Kujawski and Ellyir? highlights this point: “Usually
the crack initiation stage is associated with an arbitrary
specified crack length. The crack length ranging from
grain diameter to about 50-1Qom is used, depending
on the material and physical scale of interest”. How-
er, a wider range of values have been selected for
a;, in the literature, for example: 0.5 mm for structural
weld$; 1 mm for En7A steél 120 um for BS250A53
steel; and 51um for carbon steél In fatigue inspec-
tion of structures, the crack detection threshold usually
ranges between 1/8 and 1/4 in-(3—-6 mm), and crack
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S,.n;

H n S,.n

sizes in this range are also taken as the end of S,
‘initiation’ in many engineering analys&s
Empirical approaches are available for predicting S1-m M
crack initiation in a virgin material under fatigue load-
ing, among them: (i) AnS-N type approach, where
the number of cycles correspond to the formation
of an arbitrary threshold crack length under constant
amplitude stress or strain cycling; and (i) a Paris—
Erdogan type of short crack growth law with different h w u
parameters than those used to predict growth of long (a) N U
cracks. The first approach does not provide any meas- _ ) .
ure of residual strength at various stages of damageF9ur¢1 Two-level fatigue load cyclings, > S
accumulation prior to initiation. The second approach
is extremely sensitive (as illustrated in Kaynek al,
1996¥ to the initial crack length that, likey, lacks a obtained material parameters, and can accommodate
standard definition. variable amplitude fatigue loading in a natural and
Although most fatigue data have been obtained undernon-empirical way.
constant amplitude load cycling conditions, in most
engineered systems applied stresses (or strains) seldo
alternate between constant limits; instead the operatin(_‘;E:RACK INITIATION AND CDM
conditions lead to variable amplitude loadifgThe Continuum damage mechanics (CDM), a relatively new
problems in predicting cumulative fatigue damage development in solid mechanics, deals with the distri-
under variable amplitude loading have long been recog- bution, characterization and growth of microstructural
nized (e.g. Grover, 1958 A recent state-of-the-art defects in terms of macroscopic state varialieé4
review of the subjeét makes it clear that there are Physically, the CDM damage concept represents a loss
considerable uncertainties associated with existing rulesof material integrity which reduces the capacity of a
for predicting damage under variable amplitude load- damaged component to bear applied stresses. In CDM,
ing. the damage variableD(f), on an elemental cross-
Miner's rulet® is often applied to assess cumulative sectional plane (with unit normah)) is quantified by
fatigue damage under variable amplitude loading, duethe surface density of cracks and voids, weighted by
to its simplicity and its dependence only on readily the effects of stress concentration at the edges of
available constant amplitude fatigue data. Making the discontinuities and the interaction among the defects.
assumption that damage, occurs in linear increments: In general,D(f) is a tensor; however, if the weighted
fractional loss in cross-sectional area is the same in

U (b)

_§ n(s) 3 every orientation within the material, then damage is
T AON(S) ©) independent off{) and is said to be isotropic. Isotropic
=1 damage is quantified by the scalar variablB,
assuming values between zero and one. Damage is
= 1 at failure 4) considered to be isotropic in this paper.

The accumulation of damage, so defined, is a dissi-
Here n, and N, denote, respectively, the number of pative (i.e. irreversible) process that obeys the laws of
applied cycles at stress levd, and the number of thermodynamic®. The overall damage variable is a
cycles to initiation or failure at constant amplitude non-decreasing function of time in the absence of
stress levelS (utilizing the experimentally determined corrective human intervention. Failure occurs wHen
SN curve for the structural detail of interestNg reaches the critical damade. = 1. In the context of
denotes the number of different stress levels applied. CDM, ‘failure’ is not necessarily fracture, but is the
The linear damage increment rule has been called intocondition when one assumption essential to continuum
guestion by numerous experimental observatibHs's damage mechanics—that damage arises out of a vol-
It has been found, for example, that the major portion ume-wide degradation of the material microstructure—
of service-life may be spent without any manifestation loses its validity. Chaboche (1988)described this
of reduced capacity so that damage becomes apparentondition as the ‘breaking up of the continuum volume
and grows visibly at an accelerating rate only towards element’. At this point, the damage-causing process
the end of the life-tim¥-18 Moreover, Miner's rule  becomes localized and leads to the growth of a domi-
does not account for load sequencing effects on fatigue,nant defect, which, in the context of fatigue loading,
where it has been observed that a few cycleg at signals the initiation of a crack in an originally defect-
a high stress levelg) followed by cycling at a lower  free component-?’-2° Thus, CDM is able to model
level (S, n;) causes greater damage than when the damage growth in the initial ‘defect-free’ stage, unlike
order is reversedHigure 1). Several improvements in  methods that need a measurable flaw to be useful. The
Miner's linear damage rule have been suggésted CDM-based interpretations of failure allol@, to have
21 which have met with varying degrees of success values less than unity, as opposed to state variable-
for specific applications. type phenomenological models (including Miner’s rule)
The continuum damage mechanics (CDM)-based that, in effect, requireD, = 1 for failure to occur. A
analysis of fatigue crack initiation developed in this postulate of CDM°® is that D, is an intrinsic material
paper is independent of threshold crack sizes andproperty, and that its value determined from a simple
empirical growth parameters for microscopic cracks. It experiment (e.g. a static tension test) for a given
can provide estimates &f in terms of macroscopically material and temperature can be used to predict failure
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(i.e. crack initiation) in a more complex situation such t t
as fatigue loading. Experimentally determined values _
of D. range between 0.15 and 0.85 depending on dW(tz) = | 8ly()dt - | 8l (t)dt ©)

the materia®.

The stress distribution within a damaged material is
related to the state of damage within the matéti#i
through the concept of effective stress, defined as

t t

where the commutability of integration and variation
has been used, and

o L= W-Kg+ ov D (10)
&= 1= W™ Re ™55
T=1_p (5) oD
where o is the nominal stress. With the assumption
that the principle of strain equivalerf€ecan describe ov .

satisfactorily the constitutive law for the damaged '2:W‘KE‘£EU (11)
material of interest (as it indeed has for many engineer- !

ing alloysf®, the elastic modulus of the damaged

component can be described as a linear function of The term

the damage variatié SW(t) = g(6,¢;,D,80,06;,6D;t) = Ot  [tit)]  (12)

E=E(l-D) (6)  depends on the state of the system as well as on the

whereE is the original (undamaged) modulus of elas- choice of the variations in temperature, strain rate and
ticity of the component, and the Poisson’s ratio is damage, and is generally non-zero for an irreversible
assumed to be unaffected by dan&g@n appropriate ~ Process or for a system yet to achieve equilibrium.
gauge length including the damaged zone in the However, we assume that damage growth prior to
component may be necessary to measure the change ifpcalization of defects occurs slowly and close to equi-
stiffness accurately, and hence the CDM-based damagePrium; thus the functiong(-) is assumed to vanish
variable. Equation (6) provides a means to monitor the for a suitable set of variations. Under this assumption,
state of damage in a component in service by measur_Whl(:Sh 'haS been validated for load-induced ductile dam-
ing its change of stiffness. In the context of fatigue ag€® it can be shown that,

loading, this measurement can be used for early

detection/prediction of crack initiation in a structure. l, = J(Fi + 0y — pay)dudV + J(Ti - oy n,)80dn

R B
THERMODYNAMIC MODELLING OF DAMAGE
ACCUMULATION

Assume that damage growth is occurring prior to local-
ization in a deformable bodyi (having the closed
boundary i) which is in diathermal contact with a
heat reservoir at constant absolute temperaturéet
W be the work done orfi, and U, Kz and S be
the internal energy, kinetic energy and entropy of
N, respectively.

The Helmholtz free energy function ok, given by
¥ = U - 6S determines the maximum work that can
be obtained in a given isothermal proc&sdt is a
function of the absolute temperature, the damage vari-
able, and the symmetric strain tensog;. The
Helmholtz free energy is stationary for a system
undergoing a reversible process in diathermal contact
with a heat reservolf. The first variation in the free
energy of i at an arbitrary instant, is given by

(13)

whered),; C o is the free surface, ang (j = 1,2,3)

is the unit normal out oB9. The quantitiedy; and g
denote, respectively, the velocity and acceleration at a
point; p is the density;F(t) and T,(t) are, respectively,
the body forces it and the surface traction adth,.

The stress tensow;; = dy/0€;°°, where s is the free
energy per unit volume.

The right hand side of Equation (13) is zero as the
terms in parentheses constitute the equilibrium equa-
tions of a deformable body (damaged or otherwise) on
N and oN,, respectively’. Therefore the first term in
Equation (9) must also vanish.

Assuming thatél,(t) vanishes at allt, we apply
small variations in the velocity field (consistent with
the boundary conditions) that do not alter the instan-
taneous force, acceleration and strain distributions of
the body, and do not affect the rate of change in the

t t free energy with respect to damag#, = dy/dD, at
L that instant. Noting thatéD = d(éD)/dt and éD =
SW(ty) = 6W(ty) + 6| (W - Kg)dt - 5| I'dt (7)  (dDlde;)de;, we arrive at the set of coupled partial

t Yy differential equations,

where I is the rate of energy dissipation, which may
be expressed, with the help of the first and second
laws of thermodynamics and with =0, as>;

. NG A A A The solution to Equation (14) if the body is subjected
= KetWoj & —5p D= 0 (8)  to multiaxial straining is feasible but generally compu-
: tationally difficult. However, the uniaxial form of Equ-
ation (14),

oD
T+ Yp e = 0 ondN, (14)
ij

Assuming the initial condition (at timé&) is one of
thermodynamic equilibrium (i.edW¥(t,) = 0), the vari- db - _0= (15)
ation given by Equation (7) can be expressed as: de Yo
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in which o.. is the far-field stress acting normal to the damage increment in cycli&’, which depends on the
surface, is amenable to close-formed solutions asaccumulated damage and the endurance limit. An esti-
shown subsequently. The solution to uniaxial loading mate of y can be obtained by assuming that defects
is of particular interest here because experimental within the damaged material are spherical voids (of

fatigue data available to validate the analysis have different sizes) distributed uniformly in space within

been obtained mainly for uniaxial loading.

ISOTROPIC FATIGUE DAMAGE GROWTH
UNDER UNIAXIAL LOADING

The growth of fatigue damage is intimately connected
to load cycling. With each cycle, additional damage is
introduced in the material, provided the cyclic stress
range (in that cycle) exceeds the endurance lif§it,
The damage at the end of cycleacts as the initial
damage for the increment in cycle+ 1:

Di+l:Di+ADi1ADi 20,' :1,...,N|_l (16)

Note that the similarities of Equation (16) to Miner's
rule are more apparent than real, since in the CDM
formulation AD; need not be equal during each cycle

the material volume, that the force—displacement
relation at the microscale is linear, and that a void is
formed when the stress on its impending boundary
equals the true failure stress;. It can then be
shown that®:

3
Z (TfD
Equation (20) is a simple way of estimating the surface
energy of formation of voids in terms of readily
obtained quantities, and is suitable for use until more
accurate information regarding the number, shapes,
sizes and interaction of the voids as a function of time
becomes available.

The integral expression in Equation (19) is computed
using a Ramberg—Osgood type equation for the hyster-

Y= (20)

under equal stresses (or strains). Crack initiation occursesis loop in cyclei:

when the critical value for damage is reached:
DN| -1 < Dc
DN Dc

17)

=

It is assumed that the unloading portion of a hyster-

A, AF\M
= + 2
E, 2H,

The first term in Equation (21) represents the elastic
strain rangeAe., while the second term represents the
plastic strain rangeAe,, and their sum is the cyclic

Afi

(21)

esis loop and compressive stresses do not to contributestrain range,Ae. The quantity Ag; is the effective

to damage growthHigure 2), and that damage grows

stress rangek; is the elastic modulus, and;,M;" are

only during the reloading section above the endurancethe cyclic hardening modulus and the cyclic hardening

limit in the positive stress region (similar assumptions

exponent respectively. The subscripemphasizes the

regarding fatigue damage increment are also found infact that these quantities, along with the lower and

Kachanov, 1988 and Lemaitre, 1984). The equation
of fatigue damage growth in cycliecan therefore be
written as (cf. Equation (15)):

dD_{_Uw/lpD; =§5§=0,e>0
de 0 : otherwise

with the initial damageD = D;_;. The free energy per
unit volume in cyclei is,

(18)

€

¢:Jad6’_(y_yi—l)

€o;

(19)

where v is the surface energy of formation of defects
within the material, ande, is the threshold strain of

Ac,
Ac

mj

(i+1)

one load cycle

Figure 2 Stress—strain coordinates in

upper loop-tip coordinatesSemin, Omin aANd €max Tmax
(illustrated inFigure 2), may vary from cycle to cycle,
depending on cyclic softening or hardening of the
material and loading conditions. Since the damage
equations are applied incrementally, the changes in
stress—strain behavior as the material cyclically softens
or hardens can be taken into account (by using cycle-
dependent values foE;,H;,M,"); however, for sim-
plicity, we assume that it is sufficient to use the values
(E,H,M") from a stabilized cyclic stress—strain curve.

The value of &, omn), Of course, is constant
within any given cycle, and consequently, we can
write, de = dAe and dD/de = dD/dAe for that cycle.
Using the principle of strain equivalence and assuming
dD/dAe = dD/dAe,, the differential equation of damage
growth in cyclei, provided om.y = S, is®,

dD
1-D
{K'(Ae)™ - K'(Aepy) ™ }dAe,
12 !
og (Ae™ —AqM)+ et m e M
12
-5 A (A - AchM)
~ K'Ae¥ (Ae, — Aey) + 2 o (22)

with the initial conditionD = D;_, at Ae, = Aey. The
parameterK’ = 21 - ¥™'H  The damage at the end of
cycle i, D;, is the solution of Equation (22) at
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A€, = A€y, Which is the maximum plastic strain range 1 \\ " ; " "
for that cycle Figure 2). AssumingK'/E ~ 0 (i.e. H/E \ Initiation:
N ; f . ) . h \ —-—- predicted (D.=0.15)
0, which is valid for most engineering materials), )
. . \ predicted (D.=0.46)
the closed-form solution is: \ + 38um
D, = (23) AN A 125um
D' 014 o\ ----' Coffin-Manson
1 , : N ? "
A I Ae(l)rl/M _Aeéll';/l AEOI‘FCi N .\‘ \é Failure: .
< \, N * Dowling, 1993
—(l—Di_]) 1 g \‘\ ax B o Topper &
0 AL IM _A M A +C. '\ N N Morrow, 1870
1+1M’ Pm Pli pm == ‘\\ — —  Coffin-Manson
. 0.01+ . 1
D » Omax = Se P -
0 Di_, ; otherwise
where, TP
3 O AE%OT m

— _ 1M’ 0.001 + + + } t
G “AK 1+am T Aept" A€y, (24) 1 10 100 1000 10000 100000

Number of cycles., N

The proposed model of fatigue damage growth in Figure 3 Fatigue crack initiation and failure under constant ampli-
Equation (23) computes fatigue damage in a recursive lude strain-controlled load cycling of SAE 4340 steel
manner. The damage aftercycles is computed as

_ LI controlled cycling. The theoretical threshold crack
Da=1-(1- DO)iEIlf(E“Q) (25) length isa, = 27 um (Equation (2), withAK,, = 10
MPa/m)2. The predictedN, is obtained with the help
of Equation (25) and material properties fromable
1, using the initiation condition described by Equation
(17). Since an experimental value of critical damage
of SAE 4340 steel was not available, two different
values, 0.15 and 0.46, are used in Equation (17). The

where g represents the strain limits in cycle Q =
{EHM’",S, 07} is the set of material parameters, and
D, is the initial damage existing at the onset of fatigue
cycling. For a virgin material, D, = 0. The cycle-
dependent functionf(e;Q)), is

f(e:Q) = (26) former, D, = 0.15, is the same as that observed at
0 fatigue crack initiation in AISI 1010 carbon steel and
L aramM_pAaMAc 4+C AIS| 316 stainless ste®¥l The latter,D. = 0.46, was
D1+1/M’ o L obtained analytically from a CDM model of monotonic
O 1 Omax ™S ductile damage growth that used standard tensile
Aep™M -Aept Aepm+C; properties of SAE 4340 steel, as described by Bhattach-
D1+1/M , arya (1997%°. The prediction of crack initiation, as
o ;otherwise illustrated in Figure 3 is not especially sensitive to

D.. The predictedN, corresponding toD. = 0.46
compares very well with the number of cycles to the

initiation of a 38 um crack in the same nominal grade
FATIGUE DAMAGE GROWTH UNDER of material but with different material properties, e.g.
CONSTANT AMPLITUDE LOADING o, = 650 MP&. The number of cycles required for

Table 1presents tensile and cyclic stress—strain proper- the growth of the above cracks to (i) 126n and (ii)
ties for four engineering materials used in subsequentt© failure are also plottedrigure 3 also compares the
comparisons of predicted and observed fatigue proposed model with the empirical Coffin-Manson law,
behavior. The first three materials are used in constantWhich predicts fatigue life under constant-amplitude
amplitude load cycling examples in this section; the Strain-controlled cycling:
SAE 4130 steel is used in a later load-sequencing Ae o
example. S5 E
Figure 3 presents results from constant-amplitude
fully reversed strain-controlled fatigue cycling of SAE in which the empirical constants are:
4340 aircraft quality quenched and tempered steel. gy = 1758 MPa,e’ =2.12, b = - 0.0977 andc = -
This material softens under constant-amplitude strain- 0.774. Equation (27) separates the total strain ampli-

(2N)° + &' (2N)° (27)

Table 1 Tensile and cyclic material properties

Material Source E GPa H MPa M’ or MPa S MPa oy, MPa

SAE 4340 steel 38 192.9 1812 7.1 1911 542 1180
A106 Gr-B steel 39 196.5 1994 7.74 539 310 301
(288°C in air)

2024-T4 Al 38 70.4 856 9.1 683 138 304

SAE 4130 steel 40 221 1366 7.25 1692 530 780
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the maximum nominal stress rang®y,, = Gmax — Tmin

components, so that the first term in Equation (27) canremains constant, ande,, is obtained in terms of
be said to model the crack initiation stage, and the Ao, as,

second term the crack propagation stag€he total
fatigue life predicted by the Coffin—-Manson law agrees
well with the results of Topper and Morrd#v How-
ever, the Coffin—-Manson prediction of crack initiation
is not satisfactory, particularly in the low-cycle region,

whereas the CDM-based Equation (25) predicts the

Dowling crack initiation data more accurately.

Figure 4 describes fully reversed strain-controlled
fatigue cycling of A106 grade B steel (a steel com-
monly used in nuclear power plant piping) at 288
in air. The predicted\, is obtained from Equation (25)
(using material properties fromiable ) and Equation
(17) (assumingD. = 0.25). The predicted\, agrees
well with the number of cycles to initiate a 0.18 mm
crack. Figure 4 also plots the predictedN; = N, +
Ne, in which Ny is obtained by integrating the Paris
law (with parametersC = 6.9 x 10° mm/cycle, m=
3.0) between the limitgy, (Equation (2) withAK;=6.0
MPa/m) and a; = 6.35 mm, subject to the condition
Kmax = Min(KvEg, 5,), WhereK, = 66 MPa/m and
8; = 0.04 mn¥42 The predicted\; is compared with
the experimentaN; from Majumdar et al. (1998)and
N,s (the number of cycles to a 25% drop in the peak
tensile stress, a point at which failure is imminent)
from Chopra et al. (1995) and Chopra (19963, and
is found to lie within the experimental scatter. The

Ao, M
Aepm - (K’(l - D —1))
The solutions of Equations (28) and (29) are generally

different. The other plastic strain ranges used in Equa-
tions (23) and (24), namely,

(29)

_ Ao'li M’
o (K'(l -D, _])) GO
and
_ A0'1i S M
Aeg = (K’(l -D,_) " K’) (31)

can also be shown to be different under strain-con-
trolled and stress-controlled load cyclings. Thus, even
with the same prior damag®),_,, the same nominal
material propertie€), and an equivalence betweéwr
and Ae in a given cycle (through Equation (21)), the
damage increments in the two situations are different.
Figure 5 shows the predicted damage growth over 20
cycles of fully reversed strain-controlled cycling
(without pre-straining) of SAE 4340 steel at an ampli-
tude of + 0.005. The softening material stabilizes at a
stress amplitude of 827 MPa (+ 120 ksif! at Ae/2

= 0.005. If the cycling were conducted instead under

CDM-based approach can therefore act as a comp-stress control at 120 ksi, the predicted damage would
lement to fracture mechanics in providing a complete pe apout seven times larger after 20 cyclEgure 5

description of fatigue damage growth.

also shows that increasing the stress rafp,while

The rate of fatigue damage growth under constant keeping the stress amplitude constant at 120 ksi causes

amplitude stress-controlled cycling is generally differ-
ent from that under strain-controlled cycling. This dif-

the rate of damage accumulation under stress-controlled
cycling to increase significantly.

ference can be illustrated by the formulation presented ~Figure 6 describes fatigue crack initiation and failure

in this paper. In strain-controlled cycling, since the
strain range A€, = €mnax — €mins F€Mains constant, the
maximum plastic strain range in cyclg Ae,y, is
obtained in terms ofAe,, by (numerically) solving the
following equation (cf. Equation (21)):

A€y, + E A — Ae, =0 (28)

On the other hand, in purely stress-controlled cycling,

,—

predicted N,
+ N;. Majumdar et al,1993
]
v ---- predicted N
~ vo o N;. Majumdar et al, 1993
.g 0.01d o v v & Ny. Chopra et al,1995 |
) % v Nz. Chopra, 1996
-
- w vvev
Q 4 o w Vv
€ z v \
0 v ‘dgvay’ 7wy
.
E M A
0
C
-
v v ° v [
0.001 + t t +
100 1000 10000 100000

Number of cycles, N

Figure 4 Fatigue crack initiation and failure under constant ampli-
tude strain-controlled load cycling of A106 Gr B steel

of 2024-T4 aluminum under constant amplitude stress-
controlled cycling. As before, the predictel, is
obtained using Equations (17) and (25) and material
properties from Table 1 The critical damage is
unknown, and two different values db. are used:

(i) 0.10 based on experimental observations on other
engineering alloy®; and (ii) 0.32, obtained from a

0.10 —H——t—e—t——t : t ——t t
/ '/
0.09+ / T
4 / 4
o.o8+ 7 7 e
// 7 L’
0.07 Y
e .
0.06 T Y 1
a/ /'
O 0.05¢ e +
a /’/ Stress-controlled:
0.04~ e — — +160,-80ksi T
yd Pt —-— +140,-100ksi
0.03¢- -t ---- +120ksi T
LT Strain-controlled:
0.021 .- +0.005 T
0.01+"" +
0.00 + t : t : ¢ t ' }
2 4 B 8 10 12 14 16 18 20
N

Figure 5 Predicted mean stress effects, and difference between
strain-controlled and stress-controlled cyclings
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60 T

Conversely, ifS, is applied first forn, cycles, the

damage is
501
n2
g Dy, = 1= (1 = Do) I f(e;2) (35)
2 - i=1
2 1 This is followed byS, for n, cycles. The total dam-
30 T H
I age Is
o
G 20 o o 1 nl + ﬂ2
Doy =1~ (1-Dy) 1 f(ey;) (36)
T - Bounds on N; (Boyer, 1987) 1 i=np+1
10 o 0.015mm crack (Boyer, 1987)
Predicted N; (D.=0.10)
——- Predicted N; (D.=0.32)
010 100 10'00 lO(I)OO 100000 1000000 _ n2 . nl + n2 .
N, number of cycles =1- (1 - DO)_Hlf(EZiIQ)_ H+ 1f(§lilQ) (37)
i= i=ny

Figure 6 Fatigue crack initiation and failure under constant ampli-

tude. stress-controlled load cycling of 2024-T4 Al . . . . .
yelng It is obvious thatD, ,, in general is different from

_ _ Dn,n,- We can, however, find a condition that would
monotonic ductile damage growth mo#ethat used  make these two equal, and the Miner linear cumulative
standard tensile properties of 2024-T4 Al. As with the fatigue damage rule valid. Consider,

SAE 4340 steel considered, the predicted crack _ :

initiation is rather insensitive to the choice B, and & = el e [ +ng] (38)
agrees well the cycles to initiate a 1pm crack?,

which is of the same order as the grain size (#2). ,

The capacity of a degraded structure can be related € = € € [1,n +nj (39)
eé(pllﬁ'fly toh the %DNI' damaghe }’a”]f"b.'e béll Equation \hich means the strain limits in every cycle are inde-
(6). Thus, the residual strength of a fatigued component joqent of the past. Under this condition,

(in the pre-crack initiation stage) can be predicted as

a function of elapsed cycles B, is known (cf.Figure Moo Mmoo

5). The decrease in strength clearly is non-linear with ~ Dnyn, =1~ (1 - Do)il}lf(élvﬂ)i _Pﬂf@z,ﬂ) (40)
respect to the elapsed number of cycles. - ot

FATIGUE DAMAGE GROWTH UNDER =1~ (1 - Do)f"(e1;Q0)f"2(e2,() (41)
VARIABLE LOADING and

Equations (25) and (26) can easily incorporate variable o oy + 1y

amplitude stress (or strain) cycling, and predict the —1_(1— . ! .

number of cycles to a macro-crack initiation in con- Dromy =1 - (1 DO)Elf(El’Q)i:E”f(gl’Q) (42)

junction with Equation (17). The present research was,

however, unable to locate any published data that

indicated how the crack initiation life was affected by =1 - (1 - Do)f2(e;0)f(e1;2) (43)
load sequencing effects, though a sizeable set of results N

are available for total fatigue life when the propagation Under these conditions, the two accumulated damages
phase is included°2° To investigate the role of load are equal. In other words, if no strain hardening or
sequencing effects on crack initiation, let us consider softening occurs during fatigue cycling, and if the
the variable load occurring at just two levelS; for cycling takes place between exactly the same strain
n, cycles andS, for n, cycles (cf.Figure 1). The load limits for a given load level (irrespective of where in
level S, represents two fixed limits of applied stress the life of the component this load is applied), then
(or strain) cycling as doeS,. WhenS, is applied first ~ the load sequencing effect vanishes and Miner’s rule

for n, cycles, the damage is is valid. Of course, these conditions may often be
unrealistic in practice.
1 _(1_ i . Figure 7 shows two different (predicted) fatigue
D, =1-(1 DO)Elf(gli’Q) (32) damage growth trajectories in SAE 4340 steel under

stress-controlled cycling: one due to a high—low

L . . sequence and the other due to a low-high sequence,
: D,, acts as the |n|.t|al damage whe$ is applied | oo S = + 690 MPa (+ 100 ksi),n, = 100 andS,
or a furthern, cycles; the total damage at the end of _" 827 MPa (+ 120 ksi), n, = 20. The damage
= x x y 2 - .

n, + 1, cycles is caused by the high—low sequence aftgr+ n, = 120

N+ ny cycles isD,,,, = 0.9 (Equation (37)), whereas the dam-
Do, =1-(1-D,) I lf(ﬁzi;ﬂ) (33) age caused by the low—high sequence after the same
i=ng+

number of cycles is much lessD( ., =0.25 from
Equation (34)). This agrees with observed trends in
N oo n fatigue load-sequencif
1 1 2 . . . .
=1-(1-Dy) If(e:Q) TI f(e ;) (34) Figure 8 shows the various combinations of cycle
i=1 CR ratios n,/N, and n,/N, that lead to (predicted) crack

i=ng+
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Figure 8 Predicted failure (i.e. crack initiation) in two-level stress-
controlled fatigue cycling of SAE 4340 steel

initiation after n, + n, cycles of two-level stress-
controlled cycling of SAE 4340 steel. As beforg, =
+ 690 MPa andS, = + 827 MPa; the predicted cycles
to crack initiation areN, = 210 andN, = 42, respect-
ively, corresponding tdD, = 0.46. The initiation life
under two-level cycling is lower if the higher stress is
applied first, which is evident inFigure 8 As an
example, if 14 cycles ofs, are applied first, only 124
cycles of S, may be applied before crack initiation
occurs. However, the same 14 cycles $&f may be
preceded by 153 cycles d§, if S, is applied first,
resulting in a 21% increase iN,. Miner’'s rule, how-
ever, plots as a straight line and cannot distinguish
between the ordering of the blocks; it predidip =
154 regardless of where the large cycles occur.
Figure 9 shows the effect of high to low stress-
controlled cycling on fatigue crack initiation and failure

B. Bhattacharya and B. Ellingwood
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Figure 9 Effect of high to low load sequencing on crack initiation
and fatigue life of SAE 4130 steel

Equation (17) withD. = 0.24, obtained from a mono-

tonic ductile damage growth experiment on French
30CD4 (equivalent to SAE 4130) reported by Lemaitre
(1985Y5. The predicted relation between applied and
remaining cycle ratios to crack initiation plots to the
left of the Miner line, and agrees qualitatively with

the corresponding experimental fatigue data.

CONCLUSION

Starting with the first principles of thermodynamics
and mechanics, a CDM-based model for predicting
fatigue crack initiation was developed in this paper.
The proposed model uses only readily available macro-
scopic material properties. Fatigue damage is computed
recursively as a function of elapsed cycles, which
facilitates the inclusion of variable amplitude loading
from cycle to cycle. The effects of strain-controlled
and stress-controlled load cyclings can be differen-
tiated, mean stress effects can be exhibited, and load
sequencing effects were predicted correctly. Although
the loading was treated deterministically in this analy-
sis, random loading can be incorporated without much
difficulty by treating o.. in Equation (15) as a ran-
dom process.

The CDM analysis presented herein in based on
the notion of isotropic damage that is volumetrically
homogeneous prior to localization. There is evidence
that fatigue damage prior to initiation is a surface-
related rather than a volume-related phenomenon. The
prediction of crack initiation behavior herein agreed
reasonably well with experimental data. Additional
research aimed at incorporating any surface-related
effect within the CDM framework may lead to
further improvements.
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