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7.17.3.2 Example: power demand 

The peak daily power demand, D, in Los Angeles is a Normal variable with mean 5 GW 
and coefficient of variation (c.o.v.) 40%.  The power supply network for Los Angeles has 
a capacity, C, which is also a Normal random variable with mean 8 GW and c.o.v. 20%.  
C and D are independent of each other.   

A “brownout” is said to occur if D exceeds C. 

a) Find the probability of a brownout in Los Angeles on a given day. 

b) The probability of daily brownout needs to be reduced to 0.023.  This is possible by 
bringing up the capacity to Cnew .  What should be the mean of Cnew (assume that Cnew 
remains a Normal variable and its c.o.v. is still 20%) ? 

7.17.3.3 Independent vs uncorrelated Gaussian variables 

Examples 

 

7.18 Convergence of a sequence of RVs 

A sequence8 of real numbers is called convergent if it has a limit. A real number l is the 
limit of a sequence if for each positive ε there is an N such that for all n≥N we have 
| |nx l   .  A sequence can have at most one limit, and conventionally, +/- ∞ is not 

considered a valid limit.  Also, a sequence is convergent if and only if it is a Cauchy 
sequence.  A sequence is a Cauchy sequence if given ε > 0 there is an N such that for all 
n≥N and all m≥N, we have  | |n mx x   . 

Now consider a sequence of random variables 1 2{ , ,..., }nX X X . Not all sequences or 

random variables converge to anything.  But in some cases we know they do, as in the 
mean of n iid random variables.  Can we generalized this? The question whether a 
sequence of RVs converge arises naturally in cases of differentiation and integration of a 
stochastic process, X(t).   

Define the “derivative” of process X the usual way as: 

 
( ) ( )

( , ) , 0
X t h X t

Y t h h
h

 
   (7.80) 

 What does it mean? Is Y a legitimate stochastic process? If so, in what sense? What and 
how does it converge to?  We will deal with these questions in Sections 10.7 and 10.8. 
First, we describe the four different ways that convergence of a sequence of random 
variable can be talked of.  

                                                 
8 A sequence is a function of positive integers, i.e., <xn> is a function that maps each natural number n into the real 
number xn.  
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7.18.1 Almost sure convergence 

Consider a probability space (, F, P).  The statement that two random variables X’ and X 
are equal “almost surely” means that, except for events belonging to a set of zero 
measure, the statement is true with probability 1: 

 ' a.s. [ '( ) ( )] 1X X P X w X w w A       (7.81) 

where , and ( ) 0c cA A B P A  . The set Ac is called the exception set.  

This brings us to the definition of almost sure (a.s.) convergence of a sequence of random 
variables: 

 lim [ ] 1n
n

P X X


   (7.82) 

This is spoken as “a.s.” convergence and written as . .a s
nX X  . Eq (7.82) is equivalent 

to any of the following statements:  

(i) nX X  except for a set of events with probability zero. That is, there is a measurable 

set A such that P(A)=1and for every w in A, lim Xn(w)=X(w).  

(ii)     lim | | 0n
n

k n

P X X 




 
   

 
     (7.83) 

(iii) limsup ( ) liminf ( ) for "almost all"n nnn
X w X w w


   (7.84) 

For a.s. convergence to be relevant, all RVs must be defined on the same sample space. 
Further, such RVs are generally highly dependent. 

7.18.2 Convergence in Lp 

 lim [| | ] 0p
n

n
E X X


    (7.85) 

When p = 2, this is mean square convergence. 

Mean square convergence is also written as l .i .m . n
x

X X


  and pronounced as “limit in 

mean.” 

Mean square convergence is meaningful only if the random variable is second-order, i.e., 
2[ ]iE X    for every n.  

7.18.3 Convergence in probability 

For any ε > 0,  

 lim [| | ] 0n
n

P X X 


     (7.86) 

Compare Eq (7.86) with a.s. covergence (Eq (7.83)).  
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7.18.4 Convergence in distribution 

 lim ( ) ( )
nX X

n
F x F x


  for every continuity point x of FX.  

It is the weakest mode of convergence. If a sequence of RVs is defined in terms of a 
sequence of a parameter, then convergence of the parameter sequence usually means 
convergence in distribution for the sequence (with the limiting value of the parameter). 

7.18.5 Hierarcy of of the modes of convergence 

a.s. convergence implies convergence in probability.  Converse not necessarily true. 

L2 convergence implies convergence in probability.  Converse not necessarily true. 

Convergence in probability implies convergence in distribution. Converse not necessarily 
true. 

Although convergence in distribution does not imply a.s. convergence, a related sequence 
can be derived that converges a.s. by making use of the property that a.s. convergence 
typically requires high dependence in the sequence.  Say, Xn converges in distribution to 
X.  Then define Yi to have the same marginal CDF as Xi, and Y to have the same marginal 
CDF as X.  But make sure that each Yi and Y are mapped (by inverting the distribution) 
from the same random deviate.   Then Yn converges a.s. to Y. 

7.19 Law of large numbers 

Consider the case of partial sum Sn of n RVs that are mutually independent, but not 
necessarily identiacally distributed:  

 1 2 ...n nS X X X     (7.87) 

Let 2( ), var( )k k k kE X X    if they exist. Define Yn=Sn/n , i.e, the average.  Does the 

sequence Yn converge to anything?  Say the sequence Yn “converges” in some sense to μ. 
The nature of convergence will depend on the probability structure of the Xi’s. And the 
nature of convergence determines which Law of Large Numbers governs – the strong type 
or the weak type. 

Strong law:  If the convergence is in L2 norm, or almost surely, then we have the strong 
law of large numbers.  The convergence of the series 2 2/k k  is a sufficient condition for 

the Strong Law to hold for the sequence of mutually independent RVs (Kolmogorov 
criterion). Also, if the sequence is IID and the mean exists, the Strong Law holds.   

Weak law:  If the convergence is only in probability, then we have the weak law of large 
numbers. The Weak Law holds whenever the Xk are uniformly bounded, i.e., whenever 
there exists a constant A such that |Xk| <A for all k.  Another sufficient condition for the 
Weak Law to hold is 2 2(1 / ) 0kn   . 


