CHAPTER 7. JOINTLY DISTRIBUTED RANDOM VARIABLES

7.1 Introduction

We have so far focused on the description of one random variable at a time. Even when
we had several random variables to work with, they were implicity taken to be
independent of each other. In many situations of interest, a group of random variables
may vary together, that is, they may exhibit dependence — whether associative or causal.
The joint probabilistic behaviour need to be described in such cases. We will also
formally look at the concept of independence among random variables.

7.2 Joint probability description

We start with the joint cumulative distribution function (JCDF) of two random variables X
and Y. Itis given by the probability:

Foy(X,y)=P[X <xY <] (7.1)

It must be a monotone function taking values between 0 and 1. In the discrete case, it is
given by the sum of the joint probabiliy mass function (JPMF):

Foy (6Y)=PIX XY <y]= D > Py (%, Y)) (7.2)

ngy X <X

while in the continuous case, it is given by the integration of the joint probability density
function (JPDF), £ (x,y),

y X

Foy (X y) = J' _[ fyy(u,v)dudv (7.3)

—00 —00

The JPMF is a non-negative function and sums to one. Its interpretation of the JPMF is as
in the one variable case:

px,v(xiayj)ZP[sziaYzyj] (7-4)

Likewise, the joint probability density function of two continuous random variables non-
negative, contains a volume of unity under it, and is interpreted as:

fo, (% Y) AXAy =P[X € (X, x+AX)Y e (y,y+Ay)](7.5)

The probability content of a region A can be given by:



ZZ I.Py v (X,Y), discrete case

ally all x

Pl(x,y) e A]= (7.6)

o0 o0

I J I, fy v (X, y)dxdy,continuous case
I, if (X,y)eA
A 10, otherwise
where
Since the treatments are similar, we focus on joint continuous random variables in this
chapter, rather than the discrete case.

dF
Recall, f,(x)= % . Similarly, the JPDF is the mixed partial derivative,
X

2

fX,Y (X, y)zﬁi_ayFX’Y (X, Y) (7.7)

When sevaral random variable are present, the word “marginal” is often used to denote
the distribution (or density or mass function) of any one of them. The marginal
distribution of X is thus the same as the distribution of X.

7.3 Characteristic fn of jointly distributed random variables

The characteristic function of jointly distributed RVs (or order n) is the function:

My xoox (012050e0,) = E[ expi0 X, +16,X, +......] ] (7.8)
If X,,X,,......, X, are independent, then the joint CF becomes the product of marginal
CFs:

My x,.x, (6.6,,....6,)= My, (6)M X, (6,)..M,,(6,) (7.9)

Consider the sum of 2 independent random variables:
Z=X+X,, X, LX, (7.10)

The CF of Z is:
M, (0) =My ., (0)=E[e” |=Ee" ") = E[e" e |

:E[eiex,]E[ewxz]:MX1 (H)sz(g) (7.11)



Example, if X; and X, are each Normal with mean and variance z,, 012 and ,uz,azz

respectively, then it can be easily shown through the CF that Z too is Normal with mean
and variance 4, + u,,0, +0; .

In case of jointly distributed random variables, the covariance function can be obtained
from:

82
E(X‘Xz)z—a@a@ My x2(0,0) (7.12)
or equivalently in log space as:
1 & |
cov(X, X,) =7 3040, nM,,,,(0,0) (7.13)

7.4 Joint moments

Define joint moments

7.4.1 MGF for joint RVs
The moment generating function of the jointly distributed random variables X and Y is
given by:

Oy v (5,5,) = E[eslx*szq (7.14)

so that the joint moments are recovered as:

o am+n
E[ XY ]:Wg”(sl,sz) ats, =0,s,=0 (7.15)

Show that the covariance between X and Y can be given by:

2

cov(X,Y)=

Ing, (s,s,) ats =0,s,=0
1752

Show that if X and Y are independent:

Ox v (8:5,) = 9x (89 (5,)

Show that if X and Y are independent and Z = X + Y,
9,(5)=9x(5)9y(s)

7.5 Marginal probability description

The marginal PDF of X can be recovered from the JPDF using the theorem of total
probability:



fe 00 = [ fy (6 y)dy (7.16)

There is no difference between marginal pdf & individual or ordinary pdf. The marginal
CDF of X is the joint CDF evaluated at the right end point of Y:

Fy (%) = Fy v (X,0) (7.17)

7.6 Conditional probability descriptions

7.6.1.1 Conditional pmf

The conditional PMF of X given Y has taken a particular value is:

pX Y (Xa y)
Puyoy (X, Y)=P[X =X]Y =y]=——7— (7.18)
" P, (¥)
The JPMF can be written in terms of the conditional and marginal PMFs as:
Px v (x,y)= pxw:y(xa y)py(y)= pY|X:x(y’ X) Py (X) (7.19)
7.6.1.2 Conditional pdf
The conditional PDF of X given a particular realization of Y is,
fy (% ¥)
fryo, (%) =22 7.20
xiv-y (X Y) f) (7.20)
The explanation can be given as:
fryy (% Y)dX = P[X € (X, Xx+dX) [Y € (y, Yy +dy)]
_ PIX e(x,x+dx),y e (y,y+dy)]
PY € (y,y+dy)]
_ Fv(x y)dxdy
fy (y)dy
The joint PDF can be given as the product of the conditonal and the corresponding
marginal:
fv G Y) = fiy oy (Y (W) = Fy o (¥, £ (%) (7.21)

7.6.1.3 Conditional cdf

Z pX/Y:y(Xi ,y) for discrete X

X <X

Fyvoy (X Y) =1 x
.[ fxv-, (U, y)du for continuous X

—00



In the continuous case, the conditional CDF becomes

¢t Fvuy) 1 7
F X, y)= [ =2 du = f. . (u,y)du
om0 = [ Tt [ ey

Note: Fyy (X, Y) # Fyy_, (X, V)R (Y)
P(X <Y <y)=P(X <x|Y <y)P(Y <)
and P(X <x|Y <y)# F_ (X, Y)

7.7 Independence

If X and Y are independent, the conditional distribution (or density or mass) of one is
identical to its marginal. Equivalently, the joint distribution (or density or mass) is the
product of the marginals. Each of these is both a necessary and sufficient condition for
independence of X and Y.

Fyy-y (X, ¥) = F, (X) for all X, y (continuous or discrete)

o Foy (X y)=F, (X)F, (y) for all X, y (continuous or discrete)
X is independent of Y < ’ .
Pxy-y (X, ¥) = Py (X) for all X, y (discrete)

fyy (X, y) =, (X) f, (y) for all X, y (continuous)

(7.22)

If X and Y are independent, so are g(X) and h(Y)
More from Papoulis p. 184.

7.7.1.1 Generalization to N dimensions

A vector {X;,teT}of random variables is mutually independent iff for all subsets J of T,
the joint CDF is the product of the marginal CDFs:

Fy(x,te ) =] PIX, <x] (7.23)

ted

7.8 Conditional moments

7.8.1 Conditional mean

The expection of X given Y=Y is:



Z XPyy-y (X, y) for discrete X

allx

E[X[Y =y]= Hyy=y = (7.24)

j X, v—, (X, y)dx for continuous X

This can be generalized to conditioning by any event A:

z XPya(X)  for discrete X
allx

E[X[A]= tiyn =1 = (7.25)
I Xfy 4 (X)dx for continuous X

—00

Example: Find the conditional mean of the random variable X given that it is less than the
number a:

jl xf, (X)dx
E[X|X<a]l=2——— (7.26)

J‘ f, (X)dx

The unconditional mean of X can be recovered from the conditional mean provided
sufficient information is available:

Zﬂxw:y Py (Y)

ally

e = (7.27)

J- Hyy =y fy (y)dy

If XandY areindependent, then g, =y .

7.8.2 Conditional variance

The conditional variance of X given Y =Yy is:
02X|Y:y =E[(X _/uxw:y)2 Y =y]

When X is continuous:
= _LO(X - ﬂxwzy)2 fyy=y (X, Y)AX

= J‘j; x* foy (X, y)dX— (/uX\Y=y)2

When X is discrete :



=2 (Xi ~ Hx=y )2 Pxjy-y (%> Y)

all X;

= Z(Xi )2 Pxiy=y (%> ¥) _('uleZV)Z

all x;

Unconditional variance in terms of conditional variance and conditional mean (Ross p

118)
var(X ) = E(var(X |Y))+var(E(X |Y))

Proof:

2

Var(X)=I(X—yX) f, (x)dx
= [ [ (x= ) fyy (% y) dxdy

:”(x—yx )zfX‘Yzy(x,y)dx f, (y)dy
We can write X —u, = (x—yx‘Y:y)+(/¢X‘Y:y — Uy )
Thus var(X ) can be expressed as the sum of three integrals.
1* integral
:”(x—yxwzy)zfxwzy(x, y)dx f, (y)dy
=jvar(x Y =y)f, (y)dy
= E(var(X]Y)).
2" integral
= 2 [ (Xttayoy = Xaty = 23y + bttty Ny (X]y) 0, () dy
=2 sty by T (Y)Y =2 pry iy, (y)dly
=2f sy, B (y)ay +2f s gy, £, (y)dy

=0 (firstand third terms, and second and fourth terms, cancel each other)

3 integral
2
:II(ﬂX\Y=V ~ Hx ) fX\Y=y(X’y)dX f, (y)dy

- I ( Hyy -y = Hy )2 f, (y)dy (noxdependance in thesquared term)

(7.28)



By definition of “variance” the 3" integral is the variance of 4, ,_, which we denote as
var(E(X|Y)).

Thus:

var(X)=E(var(X|[Y))+var(E(X|Y))

7.8.2.1 Example: sum of random variables

Find the mean and variance of the sum, S, of a random number (N) of iid RVs (Xj). N is
independent of each X;.

S =

X

N
=1

Answer:

E(S) = 1y 1y

var(S) = o,y + 0y

7.8.2.2 Example: joint CDF

Fo (X, %) =1-e" —e™ +e(=X — X, = XX,)
Find conditional density and conditional moments of X;.

7.8.2.3 Example: proof loading

The theoretical strength of a beam is exponentially distributed with mean 10 kNm. A moment
of 12 kNm is applied on the beam (at the critical cross section) and it is found to survive without
damage. What can you now say about the mean and standard deviation of the beam’s strength?

7.8.2.4 Example: flaws in a weld

Flaws of random size and number exist in a weld of length 1 m. Assume that the size of each
flaw is Exponentially distributed with mean 2 mm, and the flaw sizes are independent of one
another. The number of flaws in the weld is Poisson distributed with rate one every 15 cm.

(a) What is the probability that there are exactly 10 flaws in the weld?

(b) An ultrasonic test is used to detect flaws in the weld. The instrument has a resolution of 3
mm (i.e., it can detect weld flaws if they are 3mm or larger).

(1) What is the probability that no flaw will be detected?
(i) If no flaw is detected, what is the probability that the weld is flawless?

7.9 Measure of dependence

The variance of a random variable can be expressed as E[(X — 2, )(X — £, )]. In the same
vein, the covariance between two random variables is defined as:

Covariance = oy, = E[(X =z, )(Y — 1,)]



=E(XY) — BE(X)E(Y)

- T T Xyfy o (X, y)dxdy — g1, 12,

X—00 y—OO
The correlation coefficient is:
o
_ XY
Pxy =
Oy Oy

7.9.1 Properties of correlation coefficient

7.9.1.1 Linearity and independence

a) | pyy > 1= high linear dependence between X andY

b) | pyy > 0= no linear dependence between X and Y

c) If X,Y are independent, E(XY)=E(X)E(Y) and o,, =0 i.e., p,, =0. The
converse is not necessarily true.

Example:

Exi

Let Z ~U(0,1). Define: X =sin2zz,Y =cos2zz. The means of X and Y are
both zero:

E(X):jsinzﬂz(l)dz =0

1

E(Y) =jcos27zz(1)dz =0
0

Further,

1 1
E(XY)= jsin 27z cos2zz(l)dz = j%(sino +sin4rz)dz =0
0

0

E(XY)-E(X)E(Y) _

OOy

Thus the correlation coefficient between X and Y p = 0

But, it is also true that, X* + Y? = 1 implying a definite dependence which the correlation
coefficient is unable to capture.

7.9.1.2 Linear transformation

p 1s not affected by a linear transformation.

Proof:
Let ppy =p



Define X =aU+b, Y =cV +d.
E(X)=ay, +b,E(Y)=cy, +d,0, =a0,,0, =Co,
E(XY)=E(acUV +adU +bcV +bd)=acEWUV)+ady, +bcy, +bd
E(XY)-E(X)E(Y)=acE(UV)+adu, +bcu, +bd —(ag, +b)(cy, +d)
=acEUV)—acy, 4,
~.cov(X,Y)=accov(U,V)
_ COV(XY) accov(U,V) covU,V)

oo ao,bo, o, 0y

XY uv

7.9.1.3 Bounds on correlation coefficient

The absolute value of the correlation coefficient is less than or equal to one.

| pyy 11 (7.29)
Proof:
Define two normalized random variables, X, = X ; Ax Yo = Y ;’UY . Their mean, and
variance are: u, =, =0,0, =10, =1. ' Y
The correlation coefficient between X, and Yy is:
Pxy, = E{(X _’L;Xx)g _M)} = O_XIO_Y cov(X,Y) :ﬁvaax@ = Pyy

The variance of their sum,

var(X, +Y,) = var(X,) + var(Y,) + 20y oy pxy, =1+1+2py =2(1+ p,,) must be non-
negative. Therefore:

1+ pyy 20 (7.30)

Similarly, the variance of their difference,

var(X, —Y,) =1+1-2cov(X,,Y,) =2-2p,, =2(1- py, ) must be non-negative as well,

giving us:
l-py 20= p,, 2-1 (7.31)
7.9.2 Limitations of the correlation coefficient
1)o,,0, must be finite

2)p is not invariant under monotone transform

3)p =0 = independence



7.9.3 Desirable features of a correlation measure
Universal existence

invariance under monotone transformation

Zero < independence

The following measures satisfy all three requirements

7.9.3.1 The sup correlation (or maximal correlation)
,B(Xla xz) = Supp(gl(xl), gz(xz))

Where sup is taken over all Borel measureable functions g,(X,),d,(X,) such that ¢,,9,
have finite positive variance, and p is the ordinary corr. coeff.

7.9.3.2 The monotone correlation

Same as p but sup is taken over all monotone functions g, g, only .
Relationship
lplsp <p<l

All 3 are equal for multivariate Normal rv’s.

7.9.4 Examples: jointly distributed random variables

7.9.4.1 Example: Joint PMF

You and your friend go into a sports bar where a dart throwing competition is going on.
You buy m darts at 1 rupee each. You throw these m darts at the board. Of these, N darts
hit within the inner circle. Your friend picks up these N darts, and throws them at the
board. X of them hit the inner circle. You and your friend earn 10 rupees for each of the
X hits. Of course, N and X are random numbers. Assume that your throws are
independent and each has a probability p; of hitting the inner circle. Your friend’s throws
are also independent, and each has a probability p, of hitting the inner circle.

a) What is the distribution of N?

b) What is the distribution of X?

¢) How much do you expect to earn from this game?
d) Say, p; > p2. Does it matter who goes first?
Answer:

Clearly, N is a binomial random variable with parameters m and p;. Given N = n, X too is
Binomial:

Pxnon (M) =P[X =x|N =n]=()p;(1-p,)"" (7.32)

The unconditional PMF of X can be found by theorem of total probability:



px(x) ZpX\N n(X n)pN(n) Z( )pz(l_ pz)n X( )p1 (1_ pl)m nI(X<n)

alln

where the indicator function ensures that your friend can never have more successes than
the darts you win. The PMF of X can be written as:

px( ) Z |( _ )' pz)n %Q( _p1)
_m!pz (l_pz pln(l_pl)
- X! ,Z;‘ (n—x)! (m—-n)!

Substituting V=n—X so that n=X =V =0,and n=m = v =m- Xxallows us to rewrite the
above summation as:

m ! . m—xX 1 _ \ V+X 1 _ m-v-—Xx
px(x):szz( p2) pl ( pl)
. v=0

vi(m—-Xx—-v)!
Rerranging the terms,
m! X 1n X 1 < (m B X)‘ VoAV m-x—v
X)=— 1- 1-

and substituting m'=m— X, we obtain

pﬂﬂ-,( (Qm)Z( }m—gmﬂkﬁﬁ”
=(Tj(plpz)*<l—plpz Z[ j[pl_plpz] =Rt

[1 - pl pz] [1 - p1 pz]m'_v

m X S P, P, ' l_pl "
= ) 1- )
(Xj(pp)( PiP2) Z(;[ J|: 1_p1p2}|:1_p1p2}

Using the binomial identity, we replace the sum and obtain:

m . el p-pp,  1-p |
p(X)=( j(pp)(l—pp) [1 2+ 1}
X X e e 1_p1pz 1_p1p2

Since the two terms in the square brackets sum to one, the unconditional PMF of X
simplifies to:

m _
Px (X) :(X ](p] pz)x(l_ P, pz)m "

Thus, X is Binomial with parameters (M, p,p,) .

The expected earning is:

E[earning] = -mx1+10x E[X |=-m+10mp,p, = (10p, p, —1)m (7.33)



Since the solution is symmetric in p; and p,, it does not matter who goes first.

7.9.4.2 Example: marginal densities from joint PDF

Given the joint density function,
(X+y)/3, 0<x<l,0<y<?2
fyy(X,y)= {

0, elsewhere

find the marginal density functions of X and Y.

Answer:

0 21
f 0= [ £, (o)dy =[x+ y)dy, 0<x<l
0

—00

1 yi o, 1 2’ 2
=—(Xy+-—); ==(2X+—-0-0)=—=(x+1), 0<x<1
3( y 2)0 3( 5 ) 3( )
2
Check LO fx(x)dx:jo'%(xﬂ)dx:%(%ﬂ)g =§(%+1—0—0)=1.0K.

1

K 1
f(y)= [ e (6 ydx= [-(x+y)dx, 0<y <2

0

=%(x2/2+xy)‘0 =%(y+%), 0<y<2

Check f; f, (y)dy = (yjté)dy:%(y2 12+Yy/2); :%[4+2—0—0]:1.0K.

1
3

O Gy 1O

We can show that X and Y are not independent as f,  (x,y) # f, (x)f, (y) for

0<x<1,0<y<2.Wecan further show that
oy =E[XY]—=p 8, =2/3-(5/9)(11/9)=-0.0123.

7.9.4.3 Example: correlation coefficient from joint PDF

Given the joint density function of X and Y,

8Xy, 0<x<1,0<y<x

frr (X, )= )
0, otherwise

find the marginal densities and the correlation coefficient.

Answer:

X 2 X
f, (x):LO fo (X, y)dy:I8xydy, 0SXS1=8X{y?:| =4x’,0<x<1
0

0

Cheek if f, >0 and [ fydx=1. Checked.



© 1
fY (Y) = I fXY (Xa Y)dx = J. 8Xy dx
—o0 0
y<x

The variable upper limit on y can be taken care of by the Indicator function:
1
fY(y):I8xy 1(0<y<X)dx
0
The integral can now be split as:

y 1
f, (y) :J-8xy| (0<y< X)dx+j-8xy| (0 <y < x)dx
0 y

1
:0+I8xy(l) dx =8y[x* /2], =4y(1-y*),0<y<1
y

Thus we find f,, (X,y)# f, (X)f,(y) for some X,y.

So XandY are not independent. Hence we find the correlation coefficient.

First, we determine the means of X and Y:

Uy =_"01 x4x3dx=y,
1

= [ yaya-y) =4 -9 =,

The variances are:

ol = j; x24x3dx—(§)2 :%xé B —(%)2 =2/175

1
8 4 4 8
o, =y 4y(d-yH)dy—(—) =—(yH == |y |! =(—)> =11/225
: {y Ya=y)dy - = (= 1Yl )
Finally, the expectation of the product,

1 1
E(XY)= [ [ xy8xydxdy
y=0x=y

3 6

1 1
ool 8 2r3ql 8 » 3 8.Y Y,
J,8Y*[ x°dxdy £3y[><]ydy £3y( Yy =215l =4/9
4 48
ielding th i Ow =———.—=4/225
yielaing the covariance XY 9 5’15
N 4235 4924

2775117225



7.9.4.4 Example: effect of correlation coefficient under nonlinear monotonic
transformation

Let us define two new random variables U and V by squaring X and Y respectively in
Example 7.9.4.3. Since X and Y have non-zero probabilities only for positive values, this
transformation is non-linear but monotonic. Does the correlation coefficient stay
unchanged?

Answer:

We have,U = X*,V =Y 2. Their means can be found from the first two moments of X and
Y:

2 16 2
E(X)=var(X)+u,° =—+—==
(X7) =var(X)+ uy 75T 3
11 64 1
EY*)=var(Y)+p,° =—+—=—
() =var(¥)+a” =72+ 57573

The variance of U and V are:

var(U) = var(X*) = E(X*) = (E(X*))’ = [ x*4x’dx - (2/3) =1/18

var(V) = E(Y )= (E(Y?))’ :j.y44y(l—y2)dy—(l/3)2 :4[%—%]—1/9:1/18

Finally, the mean of their product,
oy [ [y (8 s (V3] y' Y1
E(UV)=E(X"Y ):Hx y“8xy dx dy =£Zy [Xx ]ydyzzgy -y )dy:2[7_§]° =Z.
The correlation coefficient between U and V is then,
_EUV)-EU)EWV) _1/4-2/3)x(1/3) 1

Pov - JUigi/18 2

Thus, we find a slight change in the correlation coefficient between X and Y when they
are squared. This is because p measures linear dependence between two random
variables.

7.9.4.5 Example: conditional mean from joint PDF

Find the conditional mean of X and the conditional CDF of X given Y=Y =z, in Example
7.9.4.3.

Answer:

We need to find the conditional density:

fX,Y (X, 44y )
fY (#4)

for which we need the marginal density of Y evaluated at its mean:

fX\Y:ﬂY (X)=



fy (i) = 4(a )1 = p1,") = 1.527
which gives,

fX,Y (X, 4,) _ 8X 4y
f, (1) 1.527

fyyoy ()= =2.795X, %< x<1

1
Check that the conditional density integrates to one: j fyow (OdX =1,
8/15

The conditional mean of X is:

1
Hyey = | Xy, (0dX = [ X 2.795 xdx =2.795 [y,,=0.79

8/15

The conditional CDF is obtained by integrating the conditional density:
wa:;lv (X)= _[ fX|\(=ﬂY (u)du

which needs to be described in three different regions:

0, X<8/15
wam (x)= j 2.795udu =1.3975(x2 —.2844), 8/15<x<1

s

1, x>1

7.9.4.6 Example: verifying independence from joint PDF

The joint density function of X and Y is:

X(1+3y*)/4, 0<x<2,0<y<l1
0, elsewhere

f XY (X, y)= {
a) Verify that the PDF integrates to one.
b) Find the probability that X is between 0 and 1 and Y is between 1/4 and 1/2.

c) Are X and Y independent?

Answer:
“ £ x(1+3y%) 01X A+3y?) ’

f., (X, y)dydx = | | ————=dxdy = — d
UXY(y)y H ; y!{z y ly

1

1 2 1 351 1
=|=1+3y )dy=— =—{+1-0-0)=1
!2(+ ydy =2 (y+y7), =1+ )

Verified.



PlI0< X <1n1/4<Y <1/2]

e 2 A 2 %

= jj@dxdy: J(%.%/g)dyz j%.(l+3y2)dy:
Y40 A YA

1 s 11 1 1 1. 132+8-16-1_ 23

s[y y]% 8[2 8 4 64] 8 64 512

In order to determine the independence between X and Y, we need their marginal density
functions.

) 1 2
f,(X)= I fX’Y(x,y)dy:J’@dyzx/z, 0<x<2
—0 0

© 2 2 22
()= [ ey 6= [ 22 g = L1392 X
- 0 4 4 21, O<y<l

:%(l+3y2), 0<y<l

We see that f, ., = f,(X)f,(y) everywhere. Hence, in this example X and Y are

independent.

7.10 Bayesian updating of distribution parameters

Let X be a continuous random variable with pdf fx and cdf Fx. Let 6 be the parameters of
the distribution. The type of this distribution may have been decided from analytical
considerations or expert judgment.

Now, suppose the true value of 8 is unknown, and there is uncertainty about these
parameters. It may then be useful to describe these parameters as random variables, i.e.,
as ® , using our convention of upppercase letters for random variables. The earlier
expressions, fx and Fy, of the pdf and cdf of X, which had © as their parameters, now
should be acknowledged as conditional on particular values of @ =0 .

P[X <x|@=40]= FX\Q(X;Q)
dFy o (X;0) (7.34)

fro(X:0)= dx
Let the pdf of @ be fo. It should be emphasized that fg depends on our current state of
knowledge. We can do two things here. We can be happy about the state of affairs and get
the unconditional distribution of X by the application of total probability. We can also try
to improve our knowledge on ® by collecting more data. The second route takes us on a
Bayesian updating of the distributions of X and ©® .

Suppose we make random samples on X, and end up with a set of observations x . Can
these observations help us improve our knowledge about fg , and hence of fx itself?



Based on the observations on X, the updated distribution of ® is:

fxno-0 XD T (@) Ty 00 (X:0) T (0)

= 7.35
feea(X) [ fiosos(X:0) fo(@)d0 7

fé (Q) = f@|>§=1(g;5) =

The superscript prime indicates the updated pdf of the parameters, ®. For notational
simplicity, let us rewrite Eq (7.35) as:

fxIOf© __ fx]9)f @
f [ fxle)f@de

f(@="10@x=
(7.36)
e oy

ie,f (0)= ‘ f(9)

where all subscripts have been removed for improved readibility. It is clear that the
updated density f” depends on the prior density f and the likelihood function,
£(x,0) = (x| 8). The normalizing constant is €(X)= f(X).

More generally, instead of observing X directly, we may be able to observe some function
of X or some constraint on some function, i.e., h(X) < 0. The conditioning in Eq (7.35)
will then be h(X) < 0.

Sequential updating is also possible. Suppose data are coming in batches, or periodically
in time. We would like to keep current with the updating process. Let x'”) be the first set

of data, 1(2) be the second and so on. After the first data set arrives, the updated pdf of ® ,
following Eq (7.36), is:

_fxV9f@ _ fxV9f@)

f' @ = (7.37)
@ [ f(x"10)f©)de
After the second data set arrives, the updated pdf becomes:
(2) My £ (2) My £
F0) = f(8]xV x?) =1 & |%)z 3)f @ _  fXT[.x )T (@)  (73g
P XY rx®16,x")f@]x")de

The recursive nature of this relation is obvious. When estimating f”’, f” becomes the prior
density function. For a time series, there may be dependence in the sequential
observations (i.e., between x'” and x'?). If however, the two observation sets are
independent, the updating relation simplifies to:

_fe®ot© _ tx?10f'©
) Jfx® 9@l x"e

f'(6) (7.39)

Likewise, the updated distribution of X can be given by:



fy x (X, X)

fo(x)= o (X)) = Xf (X)_ (by definition)
_ XX|®( _)f 0 de
=] = @
=[] RRTIGY 0)f, (x)déo d 7.40
= 0 fox—x (@) fx (x)d@ dx (7.40)

= [ fxxe(x 0 foy_,(0)d0 dx

=[ fre(0foy(@)d0

7.10.1 Example: Bayesian updating of an Exponential distribution

Let X be a random variable. Its distribution is exponential only if the parameter theta of
the distribution can be known accurately. It so happens, that the parameter theta is
uncertain, and it can be described as an exponential random variable with parameter A.
The parameter A is known.

Therefore, f(X|0)=0exp(—xb), f(6)=Aexp(—16). Now suppose n random samples

of X are obtained. Then the samples are iid with the same distribution as X. Their joint
conditional density, which is also the likelithood function, is,

L£(x,0)=f(x|0)= ﬁ@exp(—@xi) =6" exp(—ezn: Xij (7.41)

i=1 i=1

The unconditional joint density of X, which is also the normalizing constant, is
f(x)= J.: 0" exp (—02 X j/i exp(—10)do = #F(n +1) (7.42)
i=l

where A'=4+ Z X; . Thus, the updated density of theta is,

R R

/1n T(n+1) r(n+1)
A"

f(O1x) =

(7.43)

which is clearly the gamma density function with parameters A'and n+1. The updated
density function of X can likewise be obtained as:

f00=f,00=] f(x]6.07@]xd0= X“:ﬂl,[xf'”j (7.44)



