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Some Properties of Convex Functions

The following properties are true for convex functions.

o If f:R" — R is a convex function, then it is continuous over the interior of
dom(f). Moreover, f is Lipschitz over every compact subset of the interior
of dom(f).

e If f and g are strictly convex functions, then f + g is strictly convex as well.

e If f is a strongly convex function and g is a convex function, then f + g is
strongly convex as well.
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Level-set Characterization — ‘V‘////\///?'?

Definition 15. For any o € R, the level set of function f : R" — R at level
a 1s defined as

levo(f) := {z € dom(f)|f(z) < a}.
To @9{'4@\.5]’1 ?"G'OPOQ'C'h'm :15) P\"(-,K n H & ’Qe/vo{C:?) .

D Prwgee, fly) £
we need 4y dhoto ?mm‘(\—%)'a é Loy () ~wnen a&lo,1) .

Proposition 15! If a function f is a convex function, then every level set
of f is a convex set.

we @aluake LA t(1-0%) < AFEO +U-1F0Y)
‘ £ 9+ = X
Thesefore Qov (f) s @ convexr Set -

/

e

In other words, if we can find some « for which lev,(f) is not a convex set, the
function f is not a convex function.

(agxg «)ﬂcrx):ﬁ ) Ovex 9(703

Converse is not true. A function is called quasi-convex if its domain and all level
sets are convex sets.

HW: Give an example of a function which is quasi-convex but not convex.
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Restriction of a Convex Function on a Line

Proposition 16. If a function f is convex if and only if for any x,h €
the function ¢(t) = f(x + th) is a convex function on R.

St wtth € domlT)

If we know how to check convexity of functions defined on R, then we can check
convexity of functions defined on R".
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Proposition 17. If a function f is differentiable, then it is convex if and
only if dom(f) is a convex set and for any x,y € dom(f), we have

(F0)= 1) €5F@) (=2 A(9)) : Foc

A global lower bound on the function can be obtained at any point based on local
YM«}] < information (f(x),Vf(x)). '
Bupece Foc 15 Sakisfeed o §o Shaw sk F s @ tonvex Forotron,
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Second Order Condition

Proposition 18. If a function f is twice differentiable, then it is convex if
and only if dom(f) is a convez set and V?f(y) = 0 for every y € dom(f).

= Positove ~Semd deprak )

02.)6 (vy) - mT 5"/0

Z
e The function f is strongly convex if and only iff V2f(y) = mlI)for some
m > 0 for every y € dom(f). Here I is the identity matri appropriate
dimension.

o If V2f(y) = 0 for every y € dom(f), then the function is strictly convex.
The converse is not true.

e f is concave if and only if V2f(y) < 0 for every y € dom(f).

L, des @O

§on = ~log (r), e = I S

L% 26]
Example: f(z) = 22, —log(x),||Az — b||%, and so on.

Iix= 220 D xLis a tonvex funchion

Ty = NAVIE 70
0= llax-bll , VM= 2AA VA ’
3 o M“’aﬂg posirve

\} a&wqu convex gem 4‘(/“"”{ .

o steick cowexidy
%A"Msjf have Jull tolumy ooy 6 mspae[B) =p.
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Examples of Convex Functions

Hence

xR, yero ﬁzae‘ a gOthx(nt)

B ——

o fo(x) =log(> i, e") (log-sum-exp function).

o f3(X) ® log det(X) where X € S (log-determinant function).

o fi(z,y) = % if'y > 0 and o0 if y < 0 (square to linear function).

T
2. - 2 Vyyxv
p ! yz = ! T
_2 vI)tTV; + 2 X%V
2
—_— e e e e — — e - \0
~L.2xVy 2 3 % Vy -
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T
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LECTURE 4 161 {Enuo«rﬁ

Examples of Convex Functions

Fiy= —log IX1 , xeSk. |
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o dom( £ . Since  dom(f) ie aconvex

O\OW) % Qf ('Jcc ) | ,me ol 1//
Utrysech on oonvex

Convexity Preserving Operations tets is a convex Sef

i 2 X dom g i¢ ajso A
QC ‘ X éFS\Q/ ’% Q ) f% ( ) % CoNvLx Qe{' .
Proposition 19 (Conic Combination). Let { f;(x)}icz be a collection of con-

vex functions and let a; > 0 for all i € I. Then, g(z) = Y., aifi(x) is a
conver function.

a(ﬂ'v(l‘r(l—g)’nz) = Cz_t X; JQ,*U\’)(,, T(l—A)m@

A $ 7 (3000 +0-m0n)
jet
= ﬁ%(xrr)’f‘()"/)r)a(”z = '1 ide'f;\(x‘l) T U'\Q)Z dl'ﬁcl‘('ﬁ@
et ez

Proposition 20 (Affine Composition). If f : R™ — R is a convez function,
then g(z) := f(Ax + b) is also a conver function where A € R™" b e R™.

. b ol Xtb
2 a (At (-4) %)

> 1
1<l = TAsfwllS =4 ( A (Al -2072) 1)
AE domg & MMtbe o\@mjz
= 2 AlAx+6) 0= AN AR L)

ma (5 INVEYSE 0‘%"0«
i wéuflf% Ol(;m ‘Sl ,hence £ {_(‘Ax\«t-b) £(1-4) 4 (Arafh)

Lonvey - = 2900 +Ci-Mg(r2) .
Example: g(z) = ||Az + b||*, h(z) = — > 1, log(a; = + D).

—
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> Convexity Preserving Operations

=

roposition 21 (Pointwise Maximum). Let { f;(x) }ies is a collection of con-
vex functions, then g(x) := max;e; fi(x) is a convex function.

) e f¢

The set I need not be a finite set. opig =
C%/%)GQF{ q & 8(‘70 4+ ot
& Nx JW?Z t Sinee  LhtrseChon d‘jﬁ
= . LoNWVex Sets Ig
2 fost WL v

e’P\ ca, g a (PMER Qet

Q (e e,(mf ¥
> % \'s QA Cmv-QX“TFUnc’hOW

w%(' _ 7,}(;0\ TRl
+ -l

Zx -

=z ¢

nxn
Example: Largest singular value of a matrix X -J'- -7 K
F(X) = omax(X) = 1max [[Xvl]s.

vif[ofla=1

Proposition 22 (Pointwise Supremum). Let f(z,w) is convex in x for any

w € Q, then g(x) = sup,cq f(z,w) is convex in x.
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Convexity Preserving Operations

(stncHy)
Proposition 23 (Partial Minimization). If f(x,y) is conver in (x,y), and

Y is a convex set, then g(z) = infyey f(z,y) is a conver function.

- (SWC/F(;)

Example: Schur Complement Lemma i @ =8 c SQ(HW)))C(VHM)
$= T /

Suppese WL aste 6Even o mokdY

and Az 70 . Then
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Convexity Preserving Operations

Proposition 24 (Scalar Composition). Let f(x) := h(g(z)) where g : R — R
and h : R — R. Then, f is convex if ;
\/g s convex and h is convex non-decreasing :WCX) Ny I(g(,y'))ﬁ )
® g is concave and h is convexr non-increasing. ,g”(yc) _\/_\/Cﬂ_(z) (ﬁ__,
rf is concave if < 1\\((5[34)) 3”()()

L ® g is convex and h is concavd non-increasing 7/0 e

® ¢ 1S concave and h 1s concave non- decreasmg

The condltlons do not necessarily hold in the reverse direction.
lef us pvove Qase-3 * W need fo  show
L0t C-a) 2 AP0 T §05) 4 5y edon

Qﬂ:[?/)l-
s |y (3@1%\-%)3) 7, \,\)}\ TCl-Q)@]
7 4 h(300) +01-4) h(9l)
= A fon) (-0 §09).
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Convexity Preserving Operations

Proposition 25 (Vector Composition). Let {g;}icq12..k are convex func-

tions on R", and h : R* = R is conver and non-decreasing in each argument,
then the function f(x) = h(g(x)) is convez. -

Other scalar composition rules can also be directly extended to the vector case.
- oM

1R~ . g, ()

b RSN h(900) =

L SR SR N

—
€
-—

Examples:

e If g is convex, then e9(®) s also convex.

T —

e If g is concave and positive, then Tla;) IS convex.

e If g; are convex, then log(Zf:1 e%(*)) is convex.
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Recall: Optimization Problem

An optimization problem can be stated (in abstract form) as

min f (), (2)

where
e 1 decision variable, often a vector in R"
e X set of feasible solutions, often a subset of R"

o [ :R" — R cost function

Goal:

e Find 2* € X that minimizes the cost function, i.e:, f(z*) < f(x) for every
z € X.

e Optimal value: f*:=inf,cx f(x)
e Optimal solution: z* € X if f(z*) = f*.

Often, we write optimization problems-in standard form as:

min - f(z)
subject to' g;(z) < 0, ie{l,2,...,m}

hi(r) =0,  je{l2....p}

- v | g.00)£0, (=0, Lef), M.
X %KQHZ lg‘ Y je 12, -p]
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Recall

e The problem is infeasible when X is an empty set. In this case, f* := +o0.

e The problem is unbounded when f* = —o0.

Definition 16. Recall that

e a feasible solution x* € X is a global optimum if f(z*) < f(x) for all
x € X. In this case, f* = f(x¥),

e the set of global optima: argmin,.x f(x) :={z € X|f(2)

=/},
e a feasible solution x* € X is a local optimum if f(z*) < f(x) for all
x € B(z*,r) for somer > 0.

Theorem: Weierstrass Theorem

If the cost function f is continuous and the feasible region X is compact
(closed and bounded), then (at least one global) optimal solution x* exists.
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Feasibility Problem

Goal: Find =z € R" which satisfies a collection of inequality and equality con-
straints.

min 0
reR™

subject to  g;(z) <0, ie{l,2,...,m}
h;(z) =0, je{l,2,...,p}.

f* =0 if a feasible solution exists. Otherwise, f* = +o0.
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Convex Optimization Problems

An optimization problem in abstract form

min f(z), (3)

is convex when the feasibility set X is a convex set and the cost function f(z)
is a convex function.

An optimization problem in standard form

mln x
xeR"

subject to’ gi(z) <0, ie{l,2,...,m}
(x):O7 j6{1727"'7p}7

is convex when

'/)J' ™) 20
~hi0 40

fxe e e d =]

IS nad o
convex Set

e f and g; are convex functions.

e /; are affine functions.
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Simple Examples of Convex Functions

min  G-2)* ~ Convex
e : mox 1)
Q. = mio (5

mox Loy _ wnvex, a3 -logX s a ponvex fonctron.

—

min o [q’;‘"’w%ﬂdgw).?s a convex fonthion
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Wl'_ [Q* ‘X/b be bo th "Fh‘mﬁe ﬁa]‘d’\'ms~ / iFQx):gaC‘j):fé

e CT-0)0) & & fmy+lt-0) fin) = §7
/‘/‘)' Flne %) Stoce "f* ‘s the optinm]

* 1. Local Optimum is Global value,

L2t (1~4)v) =47

e ttli-40 ¢ Hopt

Consider the optimization problem min,ey fo(x). If fj is a convex function
and X is a convex set, then any locally optimal solution is also globally
optimal. Moreover, the set of optimal solutions X := argmin,.y fo(2)
IS a convex set.

poob: et @ bea lowly optins] solution.
WQ,WM"’ Jo Show ?FCU.)?/ {ZDCQL) __\}.\:ré'x . 9‘50

Since X is a covex Set, /%1//
?m%r(fld/\)zbm e X . Y
£ (A e (1-2) ) ¢ afed) + C\~/A)@
> LAt t0-A)y) ~fld) & (1-A)Fy) 2 L0 - { o)
lek o be locally optina] = (1-07 | £09) - ffx) 'Vj\.

oves chlm) .
Hhen we G e A S\uf%\‘u‘mM alose Jo 1 St
A 014y e 800
W, gty £ g (T (-5 )

thow g2 fo(Aatt LB y)— L) 4 1147 [$6) b))

3 THEENLHM) wyeX
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2. Uniqueness under Strict Convexity

Theorem: Uniqueness under Strict Convexity

Consider the optimization problem min,cx fo(x). If fy is a strictly convex
function and X is a convex set, and z* is an optimal solution to the problem,
then, x* is the unique optimal solution, i.e., X5 := {2*}.

Swgpose A, Y € Xoﬁ, XFY - A, ey
aﬂ(%w Ci-a)y) < A Lo + (1-2)4C9)
J “ " 4
= APl =
wnch  violates ‘me* eptimality 2f ‘xm*
bene Xy =X )
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3. Necessary and Sufficient Optimality Condition

Theorem: Necessary and Sufficient Optimality Condition

Consider the optimization problem min,cx fo(z) where f; is a convex and
differentiable function, and X is a convex set. Then,

*

z* is optimal <= "V fo(a*) ' (y — 2*) > 0, Vy € X.

Sudfieienty : Suppose. L o sofsftes Vj(’af‘é)cr[%f)?/@ aex.
Fesp ocder  tondihion * b
ft) 7 for) 1 OfutiTto-) #on e/

r 0

§o (97 F50) ¥ yex
Necessity) © e arte Qivew  dnat o s an opttmal Solutiovy.

(750:)_' :JEuC%%tC?J"%)) / 3

Cﬁ&)”ﬂ{(%i«t[‘o—m)) (v-t)
CMEL 0T Ly =)
aince. ~* 15 an optima] Solakion, ¢@;)L&F

|l

> 0 . Yye X |
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Equivalent Optimization Problems

Consider the following two optimization problems:

min f(z). (4)
min g(y). (5)

The above problems are equivalent if

e Given an optimal solution z* of (4), we can find an optimal solution y* of
(5), and

e given an optimal solution y* of (5), we can find an optimal solution z* of

(4).
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Equivalence: Maximization
min T Cx) N aX — i)

&) NEX 7_0,_ & ALY )

Loy ' € Xo}}%'

ro . TFM?) Z rF-(«y() ¥ xe X

— + ' on Solu o
> )7 ~fm) $XEX 7R 5; CW optimad "
B) .
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Equivalence: Epigraph Form

w@ ), (8
L{;:p; Lzt

A
b LT Xy, then (o i) s optrma) soluh TE-

\7300{1\03 contadichon © Suppse we  hawe Q?_,? )E XBOP* ,
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Equivalence: Slack Variables

| min Cy.
B) o Do) &) Do, l
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Equivalence: From Equality to Inequality Constraints

@) i f Oy A o (8) o fon)
- VA%
$,+, \/\\U(.).-D "Hé):)/ ot 1/||C)C)§ O |
hy(x)=0 —hy ) L0 ¥ Ep

S

ygmx:o

—
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Equivalence: From Constrained to Unconstrained

&) "ot @ M., ﬁ‘t)f L0
sd AEX | =
@Pﬁmd soludions °F botin prodoms  Ase tdentread, -
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Equivalence: Scalar Multipliers and Constant Terms

XEX bep
@Ph‘mad? voue s differand ) louk
optimad  gduron {5 vachunged .

my o ®) Min  afeOtb  avOo
3) W—Pu

mi ot B miy 'jQ('X)
@0 %e?R“ ’FC ) nepn
a gb(‘)\)éo .t K A:00) SO
by () =0 B by (X)=0 .
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A
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e ?}ﬁrew voulnes famd ~ans}‘\oi\4® aofs.
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Equivalence: Monotone Transformations

(&) Min P00 (8) 72, B(fo0)

NeR”
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Inner Approximation

RIS
min , fola) (B) -
aeX
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Relaxation and Soft Constraints
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