Closed-Form Analytical
Solutions for Laminar Natural
Convection on Horizontal Plates

A boundary layer based integral analysis has been performed to investigate laminar nat-
ural convection heat transfer characteristics for fluids with arbitrary Prandtl number
over a semi-infinite horizontal plate subjected either to a variable wall temperature or
variable heat flux. The wall temperature is assumed to vary in the form
T,,(X) — To = aX" whereas the heat flux is assumed to vary according to q,,(X) = bx".
Analytical closed-form solutions for local and average Nusselt number valid for arbitrary
values of Prandtl number and nonuniform heating conditions are mathematically derived
here. The effects of various values of Prandtl number and the index n or m on the heat
transfer coefficients are presented. The results of the integral analysis compare well with
that of previously published similarity theory, numerical computations and experiments.
A study is presented on how the choice for velocity and temperature profiles affects the
results of the integral theory. The theory has been generalized for arbitrary orders of the
polynomials representing the velocity and temperature profiles. The subtle role of Prandtl
number in determining the relative thicknesses of the velocity and temperature boundary
layers for natural convection is elucidated and contrasted with that in forced convection.
1t is found that, in natural convection, the two boundary layers are of comparable thick-
ness if Pr <1 or Pr=1. It is only when the Prandtl number is large (Pr > 1) that the ve-
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1 Introduction

Natural convection flows are driven by buoyancy force caused
by density differences in a fluid. The density difference can be
caused by temperature gradients in the fluid. Natural convection
may arise in many real situations, such as in the cooling of elec-
tronic equipments, solar energy devices, nuclear reactors, heat-
recovery systems, room ventilation, crystal growth in liquids, etc.
Thus, the phenomenon of natural convection has been studied
extensively.

For a vertical semi-infinite plate, analytical study of laminar
natural convection for both constant wall temperature and con-
stant heat flux is standard and can be found in Refs. [1-3]. Experi-
mental investigations on both laminar and turbulent natural
convection from vertical plates can be found in Refs. [4,5]; these
either use constant wall temperature or constant heat flux bound-
ary condition. Correlation equations for Nusselt number variation
for natural convection on a vertical plate have been determined
analytically [1-3], experimentally [4,5] and on dimensional
grounds [6].

Experimental and numerical studies of laminar natural convec-
tion from a finite, isothermal horizontal plate have been presented
by Fujii and Imura [7], Goldstein and Lau [8] and Clifton and
Chapman [9]. Numerical study of laminar free convection heat
transfer above an upward facing semi-infinite horizontal heated
plate was provided by Yu and Lin [10], Lin et al. [11] and Pretot
et al. [12]. Mahajan and Gebhart [13], Pera and Gebhart [14] and
Afzal [15] have considered higher order boundary layer effects of
natural convection flow over horizontal surfaces. According to
Schlichting and Gersten [16], Stewartson [17] was one of the
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pioneers to show the existence of this type of boundary layer flow.
Stewartson [17] considered an isothermal semi-infinite flat plate
and derived the self-similar velocity and temperature profiles for
the case of both hot and cold surface facing upward. Later on, Gill
et al. [18] interpreted the inconsistency of this solution and
showed the existence of similarity solution with either hot surface
facing upward or cold surface facing downward. Dayan et al. [19]
also showed the nonexistence of self-similar solutions for natural
convection underneath a heated horizontal plate and developed an
integral analysis for this flow configuration. A similarity analysis
has been performed by Rotem and Claassen [20] for free convec-
tion over a heated semi-infinite horizontal plate; the reference also
includes experimental data and colored visualization pictures. The
natural convection boundary layer above a horizontal plate is
formed indirectly because of an induced pressure gradient and
thus it is termed as “indirect natural convection” [16].

Many engineering heat transfer applications involve cases of
laminar natural convection where the surface heating conditions
are nonuniform [21]. Solutions for vertical plates with nonuniform
surface temperature are given in Refs. [3,21]. For horizontal
plates, Chen et al. [22] solved integro-differential equations by fi-
nite difference method for two values of the Prandtl number—0.7
and 7. In a recent study [23], similarity theories have been devel-
oped for natural convection in fluids with arbitrary Prandtl number
on horizontal surfaces for generic power-law variations in wall
temperature or wall heat flux.

The aim of the present work is to develop analytical, closed-
form solutions for boundary layer based models of natural convec-
tion flow on horizontal plates. Integral methods constitute a stand-
ard solution procedure in boundary layer analysis and are
described in textbooks (e.g., Refs. [1-3,16,21]). Integral solutions
for natural convection on a vertical plate are easily available in
the literature (including the five textbooks mentioned previously).
Natural convection on a horizontal plate involves additional
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physical mechanisms not present in the flow on a vertical plate (as
explained above). Unlike the boundary layer that forms due to
forced convection, the boundary layer on a horizontal plate due to
natural convection is such that dp/dy # 0 and Op/Ox cannot be
neglected inside the boundary layer (even when dp../0x is zero).
Many of such subtle physics of natural convection above a hori-
zontal plate have been included in the theory formulated in this
paper. The theory applies to fluids with arbitrary Prandtl number
and to nonuniform surface heating conditions. The theory has
been generalized for arbitrary orders of the polynomials represent-
ing the velocity and temperature profiles. Correlation equations
for the local and average Nusselt numbers are also theoretically
derived here (Table 1 given later in Section 2.5 summarizes com-
parative features of the present and previous correlations on Nus-
selt number variation). In the course of the present formulation
the consequences of certain mathematical steps which are com-
mon to integral methods for natural convection (including the
widely available literature on vertical plates) are examined and
the role of Prandtl number in determining the relative extent of
the velocity and thermal boundary layers has been established.

2 Mathematical Modeling

2.1 Description of the Physical Problem and Governing
Equations. A semi-infinite horizontal flat plate is subjected to a
variable wall temperature T (X) or surface heat flux gy (¥). The
heated plate faces upward. The wall temperature or wall heat flux
varies as the power of the horizontal coordinate in the form
Ty(X) — Too = ai" or qy(X) = bx™. The common mathematical
approach for both cases is described below in this section, the part
where the mathematical analysis is different for the two boundary
conditions is then presented separately in Secs. 2.2 and 2.3.

For mathematical modeling of the physical problem, the flow
of fluid is assumed to be incompressible, steady, laminar and two
dimensional. The viscous dissipation term in the energy equation
is neglected. The Boussinesq approximation for the density varia-
tion is applied. The boundary layer equations in dimensional form
then become [23]

Continuity equation

ou 9Jv
=+ —=0 1
ox "oy )
X-momentum equation
ou _ou _ 10p 0%u
_Ou _lop | ou 5
“ox Ty T Tpax  Vap @
y-momentum equation
10p L
—— L4 gp(T-Ty)=0 3)
o5 BT~ T)

Energy equation

T 0T  o°T

The boundary conditions are

Aty =0, it =0 (no slip), v =0 (impermeable wall)
To(¥) =T = ax® or gy (%) =bx" 3)
As y — 00, ﬁ:O,T:T%,ﬁ:ﬁo@

In order to eliminate pressure p from Egs. (2) and (3), Eq. (3) is
partially differentiated with respect to ¥, and the resulting equation
is then integrated with respect to y (noting that 9p/0x =0 at
¥ — 00). This results in the following combined form of ¥ and y-
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momentum equations for natural convection over a horizontal
plate:

0%t
0y?

814 8u <0 -
Wt Vg =] T Ty ©
The set of Egs. (1), (6), and (4) needs to be solved, subject to the
boundary condition given in Eq. (5).

In an integral boundary layer analysis, the integration with
respect to y is carried not up to y — oo but up to the edge of the
boundary layer at y = J. All existing integral analyses [1-3,16,21]
for natural convection on a vertical plate assume the same thick-
ness (0) for the velocity and thermal boundary layers. This is to
reflect the coupled nature of the velocity and temperature bound-
ary layers in a natural convection problem. This equality is also
assumed in the present analysis for horizontal plates; its effects on
the results have been discussed later in Sec. 3.1.

To solve the boundary layer equations, the temperature profile
is approximated by a parabolic equation of the form

T=0C +C2,V+C3)72 (7
The boundary conditions for Eq. (7) are

(T —Ty) =ax", or, qy(¥)=br"
g O _ ®)

The three conditions given in Eq. (8) are used for determining the
three coefficients Cy, C,, and C3 in Eq. (7). Cy, C,, C3, and 0 are
all functions of ¥ only. The temperature distribution can therefore
be obtained as

0 T-Tx 7\ ?
- = 1-2
=t (13) ®
where, 0y, = (T, — Ts) = ax" for variable wall temperature
1 )
= Eb_m % for variable surface heat flux

10)

The profile for velocity # may be assumed to be a third-order
polynomial given by

it = Cy + Csy+ Cey” + C75° (1)

Cy, Cs, Cg, and C are all functions of X only. One needs four bound-
ary conditions to determine the four coefficients in Eq. (11). Three
of these conditions can be determined in a straightforward manner

aty=0, u=0
aty =0, gﬁ: 0 12)
ty=9, —=0
at y P
An additional condition is obtained from Eq. (6)
aty=20 V@—f’ﬂi (T, ff)é (13)
y - Y ayz - g df w o] 3

In deriving Eq. (13) (and also a few other equations given
below), Leibnitz’s rule (d/dxfk (x,y)dy —fk f (x,y)/0x dy

+ f(x, (x))dl/dx — f(x, k(x ))dk/dx) has been used
Applying the four conditions listed in Eqgs. (12) and (13) to the
velocity profile given by Eq. (11), one obtains
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o N2
u 'y y
L2 14
=5(0-3) a4
__gps* d
where, iy = LT [0w 0] (15)

Integrating momentum Eq. (6) in the boundary layer within
limits y = 0 and y = J, the momentum integral equation becomes

AP, PO~ = . (O
il po o] {[ G -rote(F) o

By following a similar procedure, the integral energy equation
can be obtained from Eq. (4) as follows:

d Jé r : "y (8T)
Sl T-Toady= a2
dx 0( ) 8_)1 $=0

Substituting the velocity and temperature profiles from Egs.
(14) and (9) into the integral form of the momentum Eq. (16) and
energy Eq. (17) yields

a7)

1d, ,. _.d[& Vil
R%(”}é)—gﬁ%(ﬁow) -5 (18)
1d _ 0y

Equations (18) and (19) are generic equations applicable when ei-
ther the wall temperature or the wall heat flux is prescribed.

2.2 Power-Law Variation of Wall Temperature. It is
assumed that #i; and ¢ vary according to the following functions:

iy = Cgx® and 6 = Cox? (20)
where Cg, Co, ¢, and d do not depend on X.

The expressions for i, and ¢ from Eq. (20) are substituted in
Egs. (18) and (19), and the first relation of Eq. (10) is used. This
results in two simultaneous equations for Cg and Co. It is then
argued that for a self-similar solution to exist, both sides of
the two equations must be independent of X. On equating the
exponents of ¥, one obtains ¢ = (2n+1)/5 and d = (2 —n)/5.
The two simultaneous equations can then be solved to give

Co

[ 6000 o 4(3n4+4) 175
= gﬁa(2n+l)(3n+4){ r+21(2n+1)H
Cg = 1000/C3(2n + 1)

Equation (20) for boundary layer thickness may be written as
3/% = Cox’~! which, on substitution of the just-determined
expressions for d and Co, yields

1
4 (3n+4)75

L 5.6968 21(2n+1) o
X

(2n+ )4+ 30 Pr*Gry

The local heat transfer coefficient from the surface of the plate
may be evaluated from gy (%) = —k(9T/9y);_o= hx (T — Two).
Evaluating (0T /0y);_, from Eq. (9) and using the expression for
temperature difference (T, — T ) from Eq. (10), one obtains

heX

=2
k

(22)

2l =i

On substitution of the value of J/% from Eq. (21) in Eq. (22), one
obtains the local Nusselt number
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W=

Pr’Gry

4 3n+4)
P et

Nu; = 0.3511{(2n + 1)(4 + 3n)}§ (23)

The average heat transfer coefficient is given by h=1 /L fOL hdx.
Using the expression for local heat transfer coefficient (A1) from
Eq. (22), 6 from Eq. (20), and,substituting the value of d and Co,
the average Nusselt number (Nu) over a plate length of L can be
written as

A 1.7555 1 Pr’Gry,
Nu = 2n+1)(4 5|——- 24
u (3+n){(n+ )(4+3n)} Pr+4(3n+4) 24
21 (2n+1)

2.3 Power-Law Variation of Wall Heat Flux. For a plate
subjected to variable heat flux of the form gy (X) = b¥", we
assume iz and 0 to vary according to the following functions:

iz = Cox¢ and 6=0Cni (25)

A similar mathematical procedure as in Sec. 2.2 is now followed,
the only difference is that the second relation of Eq. (10) is now
used for determining 0y, (the first relation was used in Sec. 2.2).
This givese =m+ 1/3,f =2 —m/6,

B 2880 ko L 2(m+2) C
N gﬁb(m—l—Z)(m—l—l){P +7(m+1)H
Cio = 600/C2 (m+ 1)

Cll

The expression for boundary layer thickness becomes

1
2(m+2)76
P —

s 3.7719 It )
X

= ; (26)
{m+ Dm+2))s | PO

The local heat transfer coefficient is evaluated from
hy = qw(X)/(Tw — T). Substituting the value of (Ty, — T.,) from
Eq. (10), one obtains

hf)f X
N X — — = 2—. 27
TTTETS @n
With the help of Eq. (26), Eq. (27) becomes
6
1 Pr’Gr:
Nuy = 0.5302{(m + 1)(m +2)}6 % 28)
Pr+—
7(m+1)

Following the same mathematical steps given in Sec. 2.2, the av-
erage Nusselt number (Nu) over a plate length of L is determined
to be

Ao 3812 Ll Pr’Gry
Nu = (4+m){(m+1)(m+2)}6 W (29)
7(m+1)

2.4 Summary Results of a Similarity Theory. In a recent
work [23], a similarity theory has been developed for steady, lam-
inar natural convection in fluids of arbitrary Prandtl number over
a semi-infinite horizontal flat plate for power-law variation in both
the wall temperature (Ty(X) — To, = aX") and the wall heat flux
(gw(X) = bx™). The theory automatically captures the thicknesses
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of the velocity and temperature boundary layers in natural convec- _ % % - é
tion flow for fluids with arbitrary Prandtl number. The details of Z | R ~— gg
the derivation and many physical reflections are given in the cited 59 @ FEERE @ B5En
paper; only the final Nusselt number correlations from Ref. [23] &2 2| . @ & 3 ‘% = 'ﬁ &2 & : g ﬁ nl‘é
are quoted below so that the predictions of the present integral E :_% % + g g g ‘é_ﬁ & \» + e “é .% : ;i‘: b
analysis can be assessed. . ' o ) Eﬂ ! q wd s g E& SESCNR- I
When the wall temperature is prescribed as Ty (X) — T = aX”, = N Sl S £ s%
the similarity theory of Ref. [23] shows that the local Nusselt =
number (Nug) and the average Nusselt number (IQIu) are, respec-
tively, given by = —
.% Q
1 _ R=PFy
Nu; = —g' (0)(Gry) (30) 3T
Quz— 5 (Gn )i HESE
Nu = e (GrL)5¢'(0) 31 ;@ Z5 i é g
=~ @ 5]
T > =
£'(0) in Egs. (30) and (31) specifies the surface heat flux and is & 5 é
defined as g’ = d, J dn,,;» where 1, is the similarity variable given g‘
by 1y, = ¥(Grg)'”> /%. ¢'(0) depends on the Prandtl number Prand =
the exponent n. The function g specifies the self-similar tempera- & e
ture profile in the similarity theory and is determined (together "'é T E
with two other functions giving velocity and pressure) by numeri- = +& £
cally solving a system of three nonlinear coupled ordinary differ- & 5 = @ EEL
ential equations with variable coefficients. E | g o |5 s § z
When the wall heat flux is prescribed as gy (¥) = b¥”, the simi- & || § 2 & g::é g2
larity theory of Ref. [23] shows that the local Nusselt number (Nuy) g || % 2 +5 28
and the average Nusselt number (Nu) are, respectively, given by ,g § = é S
o = SO
N S S
Nug = ——— (Gr?) /¢ 3 =
(18)6G(0) 2
o —nn
fu=0 L gy (33) & g g
m+4 Z ] q =
(18)5G(0) g _ S
8|12 + E=%
G(0) in Egs. (32) and (33) represents the wall temperature for the E E § “j.: @ % g §
case of specified wall heat flux; it depends on the Prandtl number g Z =2 S E2 S
Pr and the exponent m. The function G specifies the self-similar £ s d 09 =
temperature profile in the similarity theory and is determined (to- G N + E
gether with two other functions giving velocity and pressure) by & 2 A= @
numerically solving a system of three nonlinear coupled ordinary 2
differential equations with variable coefficients. Details are avail- 2
able in Ref. [23]. - 5 =
2 B zZ
(] = g L&
2.5 Comparison of the Present Integral Analysis and the § é 2. g g
Similarity Theory of Ref. [23]. For the case of specified wall E z2q | ~ 8 g & SEZ=EA
temperature, the present integral analysis gives Eq. (23) for the '@ || 52 SEz g _|®g&¥
variation of Nusselt number and the similarity theory of Ref. [23] s ES TC"QE E g @.E E E
gives Eq. (30). A comparison of Egs. (23) and (30) show that they g || < E g Ei — g S8
can be combined through a common functional form 3 82 S 5
o S 2 s
1 o =.8 SZ
Nug = fi (n, Pr)(Gr,)3 34 - =
o
Similarly, for the case of specified wall heat flux, a comparison E 5
of Egs. (28) and (32) show that they can be combined through a X < B % < %
common functional form " = 2E = 2=
22| & T 2888 . Y T 2288«
1 s 2 + TITEoee + AT =S
Nu; = g1 (m, Pr)(Gr%)s (35) E 2l = T :E:S = ? = ‘*E‘ 1“—5:8 E g
22| T T EELE T E|s EEEZ
The functions fi(n, Pr) and g,(m, Pr) in Egs. (34) and (35) are £a & _T_ % g § s = T @ £E8 =
summarized in Table 1 for ready reference. - = & k= = & = 5
It is interesting to consider Egs. (23), (24), (30), and (31) to § —— 22 S =/ =5
note that the integral analysis and the similarity theory give the =
same ratio for Nu /Nu,
A 5 G % E E
TL \ > IS
Nu /Nu. = 36 < &
/Nu; n+3 (Gr;,) (36) = o
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Table 2 Values of fi(n, Pr) in Eq. (34) for an isothermal plate for various values of Pr

Integral analysis Numerical solution by

Numerical solution by

Integro-differential Similarity analysis by

Pr (present study) y =2, 2=3 Yu and Lin [10] Pera and Gebhart [14] analysis by Chen et al. [22] Samanta and Guha [23]
0.01 0.0773 0.0708 n/a n/a 0.0876
0.1 0.1900 0.1748 n/a n/a 0.1961
0.7 0.3723 0.3491 n/a 0.3554 0.3543
1 0.4137 0.3897 0.3940 n/a 0.3895
10 0.7235 0.6962 n/a n/a 0.6770
100 1.1619 1.1224 n/a n/a 1.0896

Table 3 Values of fi(n, Pr) in Eq. (34) for various values of n
when Pr=1

Table 5 Values of g;(m, Pr) in Eq. (35) for various values of m
when Pr=1

Integral analysis Similarity

Integral analysis Similarity

n (present study) y =2, A=3 analysis [23]  m (present study) y =2, 2=3 analysis [23]
0 0.4137 0.3895 0 0.5519 0.5626
1 0.5997 0.6466 1 0.6735 0.7285
3 0.8146 0.9327 3 0.8302 0.9301
5 0.9655 1.1220 5 0.9422 1.0680

Similarly, for the prescribed wall heat flux, it is noted through a
consideration of Egs. (28), (29), (32), and (33) that the, integral
analysis and the similarity theory give the same ratio for Nu /Nu,

1

A 6 Gr\ 6
Nu /Nu, = —— | ==+

u /Nu; m+4(Gr;)

(37

It is to be noted that the correct functional dependence of the Nus-
selt number on Grashof number, i.e., the index 1/5 for wall tem-
perature case and the index 1/6 for the wall heat flux case, that
comes out of the present mathematical analysis is also borne out
by the similarity theory [23] and the numerical solution of
integro-differential equations [22].

2.6 Special Features of the Present Solution. The distinc-
tive features of the present analytical solutions in the context of
available literature can be appreciated from a study of Table 1.
The heat transfer correlation equations (Egs. (23), (24), (28), and
(29)) have five important characteristics all of which are not
simultaneously present in the previous work on natural convection
over a horizontal plate: (i) the correlation equations are mathe-
matically derived from the equations for conservation of mass,
momentum and energy, (i) they are explicit analytical relations,
(iii) they produce the correct functional dependence of the Nusselt
number on Grashof number (the index 1/5 for wall temperature
case and the index 1/6 for the wall heat flux case), (iv) they can be
applied with reasonable accuracy over a wide range of Prandtl
number, (v) they are valid for nonuniform wall temperature or
wall heat flux. The features of previously available correlations
[10,11,14,22] are summarized in Table 1. All of these correlations
were found by curve-fitting through numerical solutions, they

apply either to constant surface temperature or to constant heat
flux case, some apply only over a restricted range of Prandtl num-
ber. The similarity solutions of Ref. [23] are valid for arbitrary
Prandtl number and nonuniform surface heating conditions but
explicit correlations showing algebraic dependence of the Nusselt
number on Prandtl number are not available from the similarity
theory whereas such algebraic dependence is available in the pres-
ent work.

3 Results and Discussion

Table 2 presents a comparative study of the characteristic nu-
merical values of the function f(n, Pr)appearing in Eq. (34) for an
isothermal plate (i.e., n = 0) for various values of Prandtl number.
Table 3 shows the numerical values of fi(n, Pr) for various values
of n when Pr=1. Table 4 presents a comparative study of the
characteristic numerical values of the function g,(m, Pr) appearing
in Eq. (35) for a constant-heat-flux plate (i.e., m =0) for various
values of Prandtl number. Table 5 shows the numerical values of
g1(m, Pr) for various values of m when Pr= 1. From Tables 2 and
4, it is seen that, as the Prandtl number increases, the value of
fi(n, Pr) or g{(m, Pr) and hence that of Nuj; increases. From Tables
3 and 5, it is seen that Nuy increases with increasing value of n or
m. The difference between the results of the integral analysis and
the similarity analysis increases as the value of n or m increases.

A careful observation of Tables 2 and 4 reveals that the ratio
Nuyure/Nugwr is always greater than 1, where the subscripts UHF
and UWT, respectively, denote “uniform heat flux” and “uniform
wall temperature.” The ratio decreases with increase in Prandtl
number. These behaviors of the ratio Nuyyr/Nuywr, and the role
played by the values of the exponents n or m, may be understood
quantitatively from a study of the explicit, closed-form correla-
tions that have been derived in this paper, viz., Egs. (23) and (28).

Table 4 Values of g;(m, Pr) in Eq. (35) for a constant heat flux plate for various values of Pr

Integral analysis

Numerical solution

Integro-differential Similarity analysis by

Pr (present study) y =2, A=3 by Linetal. [11] analysis by Chen et al. [22] Samanta and Guha [23]
0.01 0.1403 0.1326 n/a 0.1689
0.1 0.2952 0.2816 n/a 0.3276
0.7 0.5077 0.5011 0.5203 0.5216
1 0.5519 0.5492 n/a 0.5626
10 0.8655 0.8907 n/a 0.8788
100 1.2810 1.3261 n/a 1.3200
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10 7
1 1 1
10° 10° 10° 10° 10’
GI‘E
Fig. 1 Local Nusselt number versus local Grashof number for

an isothermal horizontal plate for Pr=0.7: assessment of the
present integral analysis (—— Present integral analysis (1 = 3, g
= 2), + Numerical solution [10], <> Numerical solution [14], A Inte-
gro-Differential analysis [22], ® Similarity solution [23],
X Experimental correlation [24], (] Experimental correlation [25])

10 ———rrrr e

NUE

10 10

Fig. 2 Local Nusselt number versus modified local Grashof
number for a horizontal plate with constant heat flux for
Pr = 0.7: assessment of the present integral analysis (—— Pres-
ent integral analysis (4 = 3, y = 2 ), + Numerical solution [11],
/\ Integro-Differential analysis [22], ¢ Similarity solution [23])

Figure 1 depicts the variation in local Nusselt number (Nuy)
with local Grashof number (Grz) for an isothermal plate when
Pr=0.7. The prediction of the present integral method is com-
pared with other theoretical and experimental results available in
the literature [10,14,22-25]. The integral analysis agrees well
with more complex theoretical models. The experimental results
show higher values for the Nusselt number and, Fishenden and
Saunders [24] had proposed 1/4th power-law variation with Gra-
shof number (instead of the 1/5th power predicted by all theories
including Eq. (34)); this aspect has been noted by Goldstein and
Lau [8]. The equivalent Nug versus Gry relation that may be con-
structed from the experiments of Ref. [8] based on naphthalene
sublimation would follow the same trend of experimental results
shown in Fig. 1 in the approximate range of Grashof number
10> < Gry < 10*. The experiments, however, confirm the exis-
tence of this type of boundary layer flow above a heated plate. It
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tion [23]; — — — — third order velocity profile 2 = 3, second order
temperature profile y =2 ; — - — - — eighth order velocity profile i
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Fig. 4 Nondimensional velocity and temperature profiles for
an isothermal horizontal plate for Pr = 0.7 (—— similarity solu-
tion [23]; — — — — third order velocity profile 4 = 3, second order
temperature profile y =2 ; — - — . — eighth order velocity profile i

= 8, second order temperature profile y = 2)
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Fig. 5 Nondimensional velocity and temperature profiles for
an isothermal horizontal plate for Pr = 100 (—— similarity solu-
tion [23]; — — — — third order velocity profile 4 = 3, second order
temperature profile y =2 ; — - — . — eighth order velocity profile i
=8, second order temperature profile y = 2)
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is possible to carry out stability analysis of the laminar flow solu-
tion and find out the magnitudes of critical Grashof number; such
aspects are not within the scope of this study. While this paper
was in press, we traced an early attempt of applying integral anal-
ysis to isothermal horizontal plates [26], but the solution under-
predicts values of the Nusselt number (as compared to the present
isothermal results) by a factor 3'”. Details of the derivation are
not given in Ref. [26], but one possibility is that the X-derivative
of the temperature term was inappropriately taken outside the in-
tegral sign while evaluating Eq. (16), which would result in the
same error.

Figure 2 presents the variation of local Nusselt number (Nuy)
with modified local Grashof number (Gr}) for a constant heat flux
plate when Pr=0.7. A comparison with the existing correlations
available in the literature [11,22,23] shows that the present inte-
gral analysis gives good prediction of Nug.

3.1 Comments on the Relative Thicknesses of the Velocity
and Thermal Boundary Layers. Three major approximations in
an integral analysis are: the assumed velocity profile, temperature
profile, and the relative thicknesses of the two boundary layers.
The last aspect is discussed here briefly while the choice of profiles
has been analyzed in Sec. 3.2. All published integral analyses of
natural convection flow on a vertical surface [e.g.,
Refs. 1-3,16,21] assume that the thicknesses of the two boundary
layers are equal (dy = 1= ). This assumption has also been used
in developing the present integral analysis for horizontal plates.
The advantage of this assumption is that closed-form analytical
solutions with reasonable accuracy can be formulated; however,
one disadvantage is that, with one less variable, one of the equa-
tions has to be discarded (i.e., not used in the final solutions): usu-
ally the original equation defining if; is discarded. In the present
formulation, Eq. (15) is not used in the subsequent analysis, and iz
is calculated by Eq. (20) giving ity = Cox: it is found that, in
replacing Eq. (15) by Eq. (20), the value of the exponent ¢ remains
unaltered but the value of the coefficient Cy gets changed.

The role of Prandtl number is also subtle. In the case of forced
convection heat transfer [1,16,27], it is found that oy / &1~ Pr'/?
for fluids with low Prandtl number and vy / dr~ Pr'”® for fluids
with medium or high Prandtl number. Therefore, for forced con-
vection, dy < ot when Pr< 1, dy ~ ér when Pr~ 1, dy > dr when
Pr> 1. This behavior is consistent with the definition of Prandtl
number which is defined as the ratio of the momentum and thermal
diffusivities. It may be construed that this role of Prandtl number
remains the same for the case of natural convection also. A com-
ment made by one of the reviewers, which is similar to the state-
ment made in Ref. [1, p. 525] (“0y = ot only if Pr~ 17), has drawn
our attention to this possible implication. Ghiaasiaan [28, p. 278)
has also commented that the relative thickness of the two boundary
layers follows the same trend in forced and natural convection. An
opposite qualitative argument could also be formed that, since the
two boundary layers are coupled in natural convection, they would
be of similar thickness at all Prandtl numbers (as may be implied in
Fig. 10.16 in Schlichting and Gersten [16, p. 281]).

In order to settle this issue qualitatively and quantitatively,
detailed calculations have been performed with the help of the
recently developed similarity theory for natural convection on
horizontal plates [23]. For the sake of brevity we only report the
main results in Figs. 3-5. The similarity variable is plotted in the

abscissa; it is shown in [23] that, for an isothermal horizontal
plate, the similarity variable is given by n,, = y (Gry)'/°/x. It is
found that, in natural convection, the two boundary layers are of
comparable thickness if Pr<1 or Pra1. It is only when the
Prandtl number is large (Pr > 1) that the velocity boundary layer
is thicker than the thermal boundary layer. In natural convection,
the velocity boundary layer is never less thick than the thermal
boundary layer since the fluid is set into motion due to thermal
effects (buoyancy). The velocity boundary layer can, however,
become thicker than the thermal boundary layer, when the Prandtl
number is very large, because natural convection velocity may
persist away from the wall due to shear force and inertia (even
when buoyancy is absent).

From the above discussion it can be concluded that the assump-
tion oy / 0t~ 1 made in the integral analysis of natural convection
is reasonable, inaccuracy in the results due to this assumption is
expected only at high Prandtl numbers. Comparison with the pre-
dictions of the similarity theory or other data given in the tables
and figures of this paper, however, shows that the percentage error
of the Nusselt number predicted by the integral theory is lower at
high Prandtl number than that at low Prandtl number.

3.2 Effects of Various Choices for Velocity and Tempera-
ture Profiles. In this paper, the algebraic details of the mathemat-
ical theory are given only for the case of cubic velocity profile
(Eq. (14)) and a quadratic temperature profile (Eq. (9)). Other
choices for the profiles are also possible. In fact, the boundary
condition dp/0x =0 at y — oo was used in deriving the com-
bined momentum Eq. (6). This boundary condition implies,
according to Eq. (2), that 6%ii/03* — 0 at § — oc. Similarly, Eq.
(4) implies that 9*T/0y* — 0 at y — oo (since # — 0 and
0T /0y — 0). Thus, it seems that a cubic profile for the tempera-
ture and a fourth-order polynomial for the velocity should be the
natural choice for an integral analysis of free convection on hori-
zontal plates. Even higher order polynomials can be used by set-
ting higher order derivatives of velocity (9'ii/dy') and
temperature (a’T/ay’) to zero at y — oo, where [ =3, 4,..., etc.

By systematically applying the various boundary conditions at
¥y =0and y — o0, it is found that the various velocity and temper-
ature profiles can be generically written as

(3%)
(39)

where 1 and y are integers, and denote the order of the polynomial
used, respectively, for the velocity and temperature profile.

By repeating the integral analysis for various velocity and
temperature  profiles, for prescribed wall temperature
Tw(X) — Too = ax", we found that the Nusselt number can be
expressed by the generic expression

Pr’Gry

(Bn+4)
P S~ 7
AR pry

Nus = ar {(2n + 1)(4 +3n) 5 (40)

Table 6 Values of f; (n, Pr) for various velocity profiles for isothermal plate (n=0 in Eq. (40)) for quadratic temperature profile

(x=2in Eq. (39))

Third order
A=3,a;,=0.3511,a,=4/21

Similarity
Pr solution [23]

Fourth order
A=4,a,=0.3282,a,=1/9

Sixth order
A=6,a;=0.2946, a, = 8/143

Eighth order
2.=8,a,=0.2707, a=11/306

0.01 0.0876 0.0773 0.0803
0.7 0.3543 0.3723 0.3655
100 1.0896 1.1619 1.0869

0.0824 0.0823
0.3425 0.3204
0.9762 0.8970
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Table 7 Values of f; (n, Pr) for various velocity profiles for isothermal plate (n= 0 in Eq. (40)) for cubic temperature profile (y =3 in

Eq. (39))
Similarity Third order Fourth order Sixth order Eighth order
Pr solution [23]  A=3,4,=0.4099,a,=2/5 71=4,a,=03869,a,=2/9 1=6,a;=0.3519,a,=15/143 A=8,a,=0.3259, a,=11/170
0.01 0.0876 0.0779 0.0826 0.0871 0.0886
0.7 0.3543 0.3969 0.4034 0.3936 0.3759
100 1.0896 1.3542 1.2800 1.1655 1.0796

)41/6

*
T.

Nugz(Gr

Fig. 6 Variation in nondimensional heat transfer coefficient
with Prandtl number: assessment of the present integral analy-
sis ( Present integral analysis (=3, y=2), A Numerical
solution (isothermal plate) [10], A Numerical solution (constant
heat flux plate) [11], ¢ Similarity solution (isothermal plate) [23],
O Similarity solution (constant heat flux plate) [23])

The values of a; and a, in Eq. (40) for various profiles are given
in Tables 6 and 7.

For prescribed surface heat flux ¢y, (¥) = bx”, we found that the
Nusselt number can be expressed by the generic expression

1
6
Pr? Gr}

(m+2)
Pr+a4( )

Nu;:a3{(m—§—1)()71—5—2)}l 41)

For quadratic temperature profile (y =2), the values of a3 and a4
in Eq. (41) for third, fourth, sixth, and eighth order velocity pro-
files are, respectively, given by (a3=0.5302, a4=2/7),
(a3=0.5013, ay=1/6), (a3=04582, ay=12/143), and
(a3 =0.4269, a, = 11/204).

A study of Figs. 3-5 and Tables 6 and 7 shows that, with poly-
nomials of higher order A, the velocity profile close to the wall
becomes steeper and the velocity approaches more gradually to
zero at y = 0. At low values of Prandtl number (Pr < 1), higher
order velocity profiles thus improve the prediction of Nusselt
number (and skin friction coefficient). At Pra 1, and at Pr> 1,
very high orders of the velocity profile may, however, make the
velocity gradient at wall greater than the correct value; this results
in underprediction in Nusselt number (and overprediction in skin
friction coefficient). For the prediction of Nusselt number for iso-
thermal horizontal plate, the best compromise for all Prandtl num-
bers is to use the second-order temperature profile (y =2) and
fourth-order velocity profile (1 =4).

Figure 6 depicts the variations in local Nusselt number (Nuy)
with Prandtl number (Pr) both for an isothermal and an iso-heat-
flux plate. The composite variables Nug(Grs) '’ and
Nug(Gry) ™~ 16 are plotted as the ordinates so that data generated
by comprehensive computations can be presented in a concise

102501-8 / Vol. 135, OCTOBER 2013

manner. It is found that present closed-form Nusselt number cor-
relations agree well with results of similarity theory [23] and other
previous work at all Prandtl numbers (for both constant tempera-
ture and constant heat flux cases).

4 Conclusion

In this paper, a boundary layer based integral analysis of steady,
laminar natural convection over a semi-infinite horizontal flat
plate for power-law variation in both the wall temperature
(Ty (%) — To, = ax") and the surface heat flux (g, (¥) = b¥") has
been made. The present theory results in explicit, closed-form
algebraic solutions for the boundary layer thickness /% and the
local Nusselt number Nug: Egs. (21) and (40) for prescribed wall
temperature show that ¢/x ~ 1/(Gr; )1/5, Nug ~ (Gr; )1/5, and
Egs. (26) and (41) for prescrlbed wall heat ,flux show that
6/x ~ 1/(Gr; )'/6, Nug ~ (Gr; )!/¢ The value of Nu /Nu, is speci-
fied by Egs. (36) and (37). The present theory shows that Nug
increases with increasing values of exponent n or m, and with
increasing Prandtl number. The explicit relations derived here are
valid for a wide range of values of Pr and n or m, and compare
well with the results of previous works [10,11,14,22,23]. Table 1
summarizes comparative features of present as well as previous
works. The particular cases of constant wall temperature and con-
stant heat flux can be obtained by, respectively, substituting n =0
or m=0 in the present solutions. It can be shown that the constant
heat flux case results in a variation of surface temperature such
that n = 1/3. Similarly in order to maintain constant surface tem-
perature, the surface heat flux must vary such that m = —2/5.

It is shown that, in natural convection, the velocity and thermal
boundary layers are of comparable thickness if Pr <1 or Pr~1. It
is only when the Prandtl number is large (Pr > 1) that the velocity
boundary layer is thicker than the thermal boundary layer. Thus,
the role of Prandtl number in natural convection is quite different
from that in forced convection.

For the prediction of Nusselt number for isothermal horizontal
plate (n=0), the best compromise for all Prandtl numbers is to
use the second-order temperature profile (y =2) and fourth-order
velocity profile (1=4), i.e., a; =0.3282, a, =1/9 should be used
in Eq. (40). For constant heat flux case (m =0), the second-order
temperature profile (y =2) and third-order velocity profile (1= 3)
give good agreement at all Prandtl numbers, i.e., a3 =0.5302,
a4 =2/7 should be used in Eq. (41).

Nomenclature

a = dimensional constant in the power-law variation of
wall temperature
b = dimensional constant in the power-law variation of
wall heat flux
fi(n, Pr) = a function defined in Eq. (34)
g = gravitational acceleration
g1(m, Pr) = a function defined in Eq. (35)
Gr; = Grashof number defined as gf [Ty (¥) — Too ¥ /12
Gr! = modified Grashof number defined as gfq. (¥)x*/kv?
hx = local heat transfer coefficient, gy (¥)/[Tw(X) — Too]
h = average heat transfer coefficient given by
h=1/L fo hdx
k = thermal conductivity of the fluid
L = reference length of the plate in X direction
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m = exponent in the power-law variation of wall heat flux
n = exponent in the power-law variation of wall
temperature
Nu; = local Nusselt number, /x/k

Nu = average Nusselt number, /;L/ k
Pso = static pressure in the undisturbed fluid
Pr = Prandtl number, v/o
T = fluid temperature
T~ = temperature of the quiescent fluid
= velocity component in the X direction
ity = velocity scale derived in Eq. (15)
ifo,; = velocity scale obtained from similarity theory [23],
gy = VGrf/s/f
v = normal velocity component
X = horizontal coordinate
y = vertical coordinate

=
I

Greek Symbols

o = thermal diffusivity
p = coefficient of thermal expansion at the reference
temperature
s = order of polynomial for temperature (Eq. (39))
0 = boundary layer thickness derived in Egs. (21) and
(26), respectively
1w, = similarity variable defined as 1, = y(Gr;)l/ 3%
A = order of polynomial for velocity (Eq. (38))
v = kinematic viscosity
p = density of fluid
0 = temperature difference given by (T — Tx,)
0,, = temperature difference defined in Eq. (10)

Subscripts

w = condition at the wall
oo = condition in undisturbed fluid

References

[1] Burmeister, L. C., 1983, Convective Heat Transfer, John Wiley, New York.

[2] Martynenko, O. G., and Khramtsov, P. P., 2005, Free Convective Heat Trans-
fer: With Many Photographs of Flows and Heat Exchange, Springer, New
York.

[3] Kays, W. M., and Crawford, M. E., 1993, Convective Heat and Mass Transfer,
3rd ed., McGraw-Hill, New York.

[4] Rajan, V. S. V., and Picot, J. J. C., 1971, “Experimental Study of the Laminar
Free Convection From a Vertical Plate,” Ind. Eng. Chem. Fundam., 10(1), pp.
132-134.

Journal of Heat Transfer

[5] Martynenko, O. G., Berezovsky, A. A., and Sokovishin, Yu. A., 1984, “Laminar
Free Convection From a Vertical Plate,” Int. J. Heat Mass Transfer, 27(6), pp.
869-881.

[6] Aydin, O., and Guessous, L., 2001, “Fundamental Correlations for Laminar and
Turbulent Free Convection From a Uniformly Heated Vertical Plate,” Int. J.
Heat Mass Transfer, 44(24), pp. 4605-4611.

[7] Fujii, T., and Imura, H., 1972, “Natural-Convection Heat Transfer From a Plate
With Arbitrary Inclination,” Int. J. Heat Mass Transfer, 15(4), pp. 755-767.

[8] Goldstein, R. J., and Lau, K. S., 1983, “Laminar Natural Convection From a
Horizontal Plate and the Influence of Plate—Edge Extensions,” J. Fluid Mech.,
129, pp. 55-75.

[9] Clifton, J. V., and Chapman, A. J., 1984, “Natural Convection on a Finite Size
Horizontal Plate,” Int. J. Heat Mass Transfer, 12(12), pp. 1573-1584.

[10] Yu, W.-S., and Lin, H.-T., 1988, Free Convection Heat Transfer From an Iso-
thermal Plate With Arbitrary Inclination,” Wirme-und Stoffiibertragung, 23,
pp. 203-211.

[11] Lin, H.-T., Yu, W.-S., and Yang, S.-L., 1989, “Free Convection on an Arbitra-
rily Inclined Plate With Uniform Surface Heat Flux,” Wirme-und Stoffiibertra-
gung, 24, pp. 183-190.

[12] Pretot, S., Zeghmati, B., and Le Palec, G., 2000, “Theoretical and Experimental
Study of Natural Convection on a Horizontal Plate,” Appl. Therm. Eng.,
20(10), pp. 873-891.

[13] Mahajan, R. L., and Gebhart, B., 1980, “Higher Order Boundary Layer Effects
in Plane Horizontal Natural Convection Flows,” ASME J. Heat Transfer,
102(2), pp. 368-371.

[14] Pera, L., and Gebhart, B., 1973, “Natural Convection Boundary Layer Flow
Over Horizontal and Slightly Inclined Surfaces,” Int. J. Heat Mass Transfer,
16(10), pp. 1131-1146.

[15] Afzal, N., 1985, “Higher Order Effects in Natural Convection Flow Over a Uniform
Flux Horizontal Surface,” Wirme —und Stoffiibertragung, 19(3), pp. 177-180.

[16] Schlichting, H., and Gersten, K., 2004, Boundary-Layer Theory, 8th ed.,
Springer, New Delhi.

[17] Stewartson, K., 1958, “On the Free Convection From a Horizontal Plate,” Z.
Angew. Math. Phys., 9(3), pp. 276-282.

[18] Gill, W. N., Zeh, D. W., and Del Casal, E., 1965, “Free Convection on a Hori-
zontal Plate,” Z. Angew. Math. Phys., 16(4), pp. 539-541.

[19] Dayan, A., Kushnir, R., and Ullmann, A., 2002, “Laminar Free Convection
Underneath a Hot Horizontal Infinite Flat Strip,” Int. J. Heat Mass Transfer,
45(19), pp. 4021-4031.

[20] Rotem, Z., and Claassen, L., 1969, “Natural Convection Above Unconfined
Horizontal Surfaces,” J. Fluid Mech., 38(pt 1), pp. 173-192.

[21] Gebhart, B., Jaluria, Y., Mahajan, R. L., and Sammakia, B., 1988, Buoyancy-
Induced Flows and Transport, Hemisphere Publishing Corporation, New York.

[22] Chen, T. S., Tien, H. C., and Armaly, B. F., 1986, “Natural Convection on Hori-
zontal, Inclined and Vertical Plates With Variable Surface Temperature or Heat
Flux,” Int. J. Heat Mass Transfer, 29(10), pp. 1465-1478.

[23] Samanta, S., and Guha, A., 2012, “A Similarity Theory for Natural Convection
From a Horizontal Plate for Prescribed Heat Flux or Wall Temperature,” Int. J.
Heat and Mass Transfer, 55(13-14), pp. 3857-3868.

[24] Fishenden, M. W., and Saunders, 0. A., 1950, An Introduction to Heat Transfer,
Oxford University Press, London.

[25] Kihm, K. D., and Cheeti, S. K. R., 1994, “Study of Thermal Flows From Two-
Dimensional, Upward-Facing Isothermal Surfaces Using a Laser Speckle Pho-
tography Technique,” Exp. Fluids. 17(4), pp. 246-252.

[26] Levy, S., and Schenectady, N. Y., 1955, “Integral Method in Natural Convec-
tion Flow,” J. Appl. Mech., 77, pp. 515-522.

[27] Samanta, S., and Guha, A., 2013, “Similarity Theory for Forced Convection
Over Horizontal Plates,” AIAA J. Thermophys. Heat Transfer, 27(3), pp.
506-514.

[28] Ghiaasiaan, S. M., 2011, Convective Heat and Mass Transfer, Cambridge Uni-
versity Press, Cambridge, UK.

OCTOBER 2013, Vol. 135 / 102501-9

Downloaded From: http://heattransfer.asmedigitalcollection.asme.or g/ on 09/04/2013 Terms of Use: http://asme.org/terms


http://dx.doi.org/10.1021/i160037a021
http://dx.doi.org/10.1016/0017-9310(84)90008-5
http://dx.doi.org/10.1016/S0017-9310(01)00107-7
http://dx.doi.org/10.1016/S0017-9310(01)00107-7
http://dx.doi.org/10.1016/0017-9310(72)90118-4
http://dx.doi.org/10.1017/S0022112083000646
http://dx.doi.org/10.1016/0017-9310(69)90092-1
http://dx.doi.org/10.1007/BF01807322
http://dx.doi.org/10.1007/BF01590018
http://dx.doi.org/10.1007/BF01590018
http://dx.doi.org/10.1016/S1359-4311(99)00067-8
http://dx.doi.org/10.1115/1.3244291
http://dx.doi.org/10.1016/0017-9310(73)90126-9
http://dx.doi.org/10.1007/BF01403753
http://dx.doi.org/10.1007/BF02033031
http://dx.doi.org/10.1007/BF02033031
http://dx.doi.org/10.1007/BF01593934
http://dx.doi.org/10.1016/S0017-9310(02)00116-3
http://dx.doi.org/10.1017/S0022112069002102
http://dx.doi.org/10.1016/0017-9310(86)90061-X
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2012.02.031
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2012.02.031
http://dx.doi.org/10.1007/BF00203043
http://dx.doi.org/10.2514/1.T4033

	s1
	cor1
	l
	s2
	s2A
	E1
	E2
	E3
	E4
	E5
	E6
	E7
	E8
	E9
	E10
	E11
	E12
	E13
	E14
	E15
	E16
	E17
	E18
	E19
	E20
	s2B
	E21
	E22
	E23
	E24
	s2C
	E25
	IE81
	E26
	E27
	E28
	E29
	s2D
	E30
	E31
	E32
	E33
	s2E
	E34
	E35
	E36
	T1
	E37
	s2F
	s3
	T2
	T3
	T4
	T5
	F2
	F3
	F1
	F4
	F5
	s3A
	s3B
	E38
	E39
	E40
	T6
	E41
	s4
	T7
	F6
	B1
	B2
	B3
	B4
	B5
	B6
	B7
	B8
	B9
	B10
	B11
	B12
	B13
	B14
	B15
	B16
	B17
	B18
	B19
	B20
	B21
	B22
	B23
	B24
	B25
	B26
	B27
	B28

